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Overview

Lusztig, Kashiwara (1990): canonical basis of Ug(n).
Lusztig, (2000): semicanonical basis of U(n).

Sherman-Zelevinsky (2004): canonical basis of rank 2 cluster
algebras of finite and affine type.

o Caldero-Zelevinsky, (2006): semicanonical basis of rank 2
cluster algebras of affine type.

Problem
Compare these bases.




Algebras

«O>» «Fr «=)r» « =) = Q>



DA



The algebra A




The algebra A

A, algebra over Q(q)




The algebra A

A, algebra over Q(q)

o Generators : ug, ui, Uy, U3




The algebra A

A, algebra over Q(q)

o Generators : ug, ui, Uy, U3

@ Relations :
Uilit1i = q 2uip1u;, (0<i<?2),
_ _ 2 .
uiiyz = q 2uipoui+ (7% — 1)u? (0<i<1,

uitiys = q 2uipsui + (g7 — Vuipouiy1, (i =0).




The algebra A

A, algebra over Q(q)
o Generators : ug, uy, Up, U3
@ Relations :
uitipr = G Ui, (0<i<2),
uitiya = q luipaui + (g7 = )P, g, (0<i<1,
uiuivs = q 2uipsui + (@7 — Duipouipr, (i =0).

Standard monomials

ula] := v ud?u ud, (a = (a3,a2,a1,a0) € N*).

form a Q(q)-basis of A.
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Rescaling :



The algebra A

Rescaling :

Ela] := ¢*®@ufa),  b(a) = 23: (2)

Definition
{E[a] | a € N*} is the dual PBW basis of A.
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po = uzuo_qzu% )

E[0.1.0.1] - gE[0.0.2.0].
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Special elements :

po = uwup—q?u? = E[0,1,0,1] — gE[0,0,2,0],
pr = uwsui—q*u3 = E[1,0,1,0] — gE[0,2,0,0].
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The algebra A

Special elements :

po = wuw —q’ui = E[0,1,0,1] —gE[0,0,2,0],
p1 = u3U1—q2U§ E[1,0,1,0] - E[0,2,0,0].
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The algebra A

Special elements :

po = wuw —q’ui = E[0,1,0,1] —gE[0,0,2,0],
p1 = U3U1—q2U§ = E[1,0,1,0] - gE0,2,0,0].

po and p1 are g-central :

Poto = q°UoPo, Pols = U1Po, Poli2 = q “UzPo, Pols = q *u3po,

pruo = q*uop1, piur = qPuip1, piup = Wap1, pruz = q ‘uzpi.
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A= @ 7la.a7 ula) = ) Zla, a7 Elal.
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Integral form :

acN4

Az = @ Zla, g ulal = € Zla, g Elal
Specialization g — 1

acN4
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The algebra A

Integral form :

Az = P Zla,q Y ula] = P Zlg,q '] E[al].

acN4 acN*4

Specialization g — 1 :

A:=Q ®z[q,q1] Az



The algebra A

Integral form :

Az = P Zla,q Y ula] = P Zlg,q '] E[al].

acN4 acN*4
Specialization g — 1 :
A= Q®gqq-1) Az = Qlxo, x1, x2, x3],

where x; = 1 ® u;.



The algebra A

Integral form :

Az = P Zla,q Y ula] = P Zlg,q '] E[al].

acN4 acN*4

Specialization g +— 1 :
A= Q ®zpq,g-11 Az = Qlxo, x1, X2, X3],
where x; =1 ® u;. Set
fo:=1® po = xox0 — X,

fi=1®p=x3x1 — X5.
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The algebra A
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Proposition

A is a cluster algebra
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The algebra A

0 2
2 0
=10 1
1 0

Proposition

A is a cluster algebra with initial seed ((x1, x2, fo, 1), B), where
fo and f; are frozen variables.

X22 + f X12 + 1y
X3 = ; X0 =
X1 X2

are cluster variables. A has affine cluster type A(ll).
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Other cluster variables :

_ a® + foxi® + 2ffie® + foxo?

X120

>

<

>

DA



Other cluster variables :

22+ foxa? + 2fAx? + foxo®

X120
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The algebra A

Other cluster variables :

2+ foa? + 2ff0? + fpxo?
B x12xa

2
X4 = xox3 + X23 — 2X1X2X3,

f02X22 + fix02 + 2fpfixi? + fix? 5 3
X_1 = = XpX3 + X{ — 2XpX1X2,
X102




The algebra A

Other cluster variables :

2+ foa? + 2ff0? + fpxo?

2
X4 5 = xox3 + X23 — 2X1X2X3,
X1X2
f02X22 + fix02 + 2fpfixi? + fix? 5 3
X_1 = = XpX3 + X{ — 2XpX1X2,
X1 X2

3 4 2
X5 1= xgxg + xf’x32 + xfx%x;; + 2X0X5 X3 — X1X3 — 4XoX1X2X3 .



The algebra A

Other cluster variables :

_2xa? + foxa? + 2fpfi0? + fxo®

2
X4 : 5 = xox3 + X23 — 2X1X2X3,
X1X2
f02X22 + fix02 + 2fpfixi? + fix? 5 3
X_1 = 5 = XpX3 + X{ — 2XpX1X2,

X1X2

X5 1= xgxg + xf’x32 + XfX22X3 + 2XOXZ3X3 — X1 — 4XOX1XQX§.

A has infinitely many

e cluster variables x, (n € Z),



The algebra A

Other cluster variables :

_2xa? + foxa? + 2fpfi0? + fxo®

2
X4 : 5 = xox3 + X23 — 2X1X2X3,
X1X2
f02X22 + fix02 + 2fpfixi? + fix? 5 3
X_1 = 5 = XpX3 + X{ — 2XpX1X2,

X1X2
X5 1= xgxg + xf’x32 + XfX22X3 + 2XOXZ3X3 — X1 — 4XOX1XQX§.
A has infinitely many

e cluster variables x, (n € Z),

o clusters {xp, xn+1} (n € Z).
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Geometric interpretation of A
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@ G Kac-Moody group of type Agl)

o W = (sp,s1) the Weyl group

@ W = 51505150

o v, ={a>0|w(a) <0} ={a, a1, S0S100, S0S15001 }
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W = (sp,s1) the Weyl group
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N(w) = (N, | @ € ®,,), a unipotent subgroup of G of
dimension 4
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W = (sp,s1) the Weyl group

W = 51505150
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N(w) = (N, | @ € ®,,), a unipotent subgroup of G of
dimension 4

For ve W, k= 0,1, generalized flag minor A () € C[G]



Geometric interpretation of A

@ G Kac-Moody group of type Agl)
W = (sp,s1) the Weyl group
W = 51505150

¢, ={a>0]|w(a) <0} = {ag, s, sos1%0, S0S15001 }

N(w) = (N, | @ € ®,,), a unipotent subgroup of G of
dimension 4

o For ve W, k=0,1, generalized flag minor A, € C[G]

Proposition (Geiss-L-Schroer)

The assignment

Xp = ASO(wo)vxl = Asosl(wl)a fo — Asoslso(wo)a fi — Asoslsosl(wl)v

extends to an isomorphism A = C[N(w)].
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Fock-Goncharov, Berenstein-Zelevinsky: Quantum cluster algebras.
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Interpretations of A (1)

Fock-Goncharov, Berenstein-Zelevinsky: Quantum cluster algebras.

Proposition

A is the quantum cluster algebra with initial seed
((U]_, uz, po, p1)7 B; L), where

N O N O
\
N
oo N o
o oo
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e C[N] = U(n)* as Hopf algebras.
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@ Drinfeld, Jimbo: U(n) has a quantum deformation Ugy(n).
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Interpretations of A (2)

e C[N] = U(n)* as Hopf algebras.

@ Drinfeld, Jimbo: U(n) has a quantum deformation Ugy(n).

@ Hence, C[N] has a quantum deformation C,[N].

o C[N(w)] = C[N]V' (™) (where N'(w) = N N (w~ Nw)), the
polynomial subalgebra of C[N] with generators

ASo(wo)7 A5051(W1)7 ASO(W0)7515050(WO)7 A5051(171)750515051(12'1)'

Proposition

A = C4[N(w)], the subalgebra of C,4[N] generated by

up = A u =

q q
so(w0)’ ASosl(wl)’

_ q _ q
2 = ASO(WO)7S15050(WO)’ us = A5051(13'1),50515051(17«'1)'
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o Cluster monomials: fok"ﬂklxﬁ"
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o Cluster monomials: fok"ﬂklxﬁ"
® 7 1= X3Xp — X2X1.
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Canonical basis of A

@ Cluster monomials: fokoflklxﬁ"xsﬁf, n, ko, ki, an, ant1 € N.

@ Z 1= X3Xp — X2X1.

@ Cy, kth (normalized) Chebyshev polynomial of the first kind.
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B is a Q-basis of A, characterized by positivity properties.




Canonical basis of A

@ Cluster monomials: foko flklxﬁ"xa”+1 n, ko, ki, an, ant1 € N.

n+1>
@ Z 1= X3Xp — X2X1.
@ Cy, kth (normalized) Chebyshev polynomial of the first kind.

o B := {cluster monomials}U{(fof) /2 Ci(z(fhf1)"1/?) | k > 1}.

Theorem (Sherman-Zelevinsky)

B is a Q-basis of A, characterized by positivity properties.

Example: Co(t) = t? — 2, hence z? — 2fyf; € B.
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o Cluster monomials: fokoﬂklx,‘;’"
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o Cluster monomials: fokoﬂklx,‘;’"

X
@ Z = X3Xp — X2X1.

an+1
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Semicanonical basis of A

o Cluster monomials: fbkoflklx,",’"x
@ Z = X3Xpg — XoX1.

an+1
n+1>

n, ko, ki, an, an+1 € N.
@ Sy, kth Chebyshev polynomial of the second kind.
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Semicanonical basis of A
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S is a Q-basis of A, coming from the representation theory of the
Kronecker quiver.




Semicanonical basis of A

@ Cluster monomials: ﬂ)k‘)flklxﬁ"xsfll, n, ko, ki, an, an+1 € N.
@ Z = X3Xp — X2X1.
@ Sy, kth Chebyshev polynomial of the second kind.

o S := {cluster monomials} U {(fof1)*/2S,(z(fof1)~Y/?) | k > 1}

Theorem (Caldero-Zelevinsky)

S is a Q-basis of A, coming from the representation theory of the
Kronecker quiver.

Example: S(t) = t2—1, hence z2 — ffL € S.
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e U(n) has a semicanonical basis * (Lusztig).
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@ U(n) has a semicanonical basis * (Lusztig).

e C[N] = U(n)* has a dual semicanonical basis ¥* coming from
generic representations of the preprojective algebra.

o A= C[N(w)] = C[NNM c C[N].

Theorem (Geiss-L-Schroer)

o Y*NCIN]V'W is a Q-basis of C[N]V' ().
o Via A= C[N]N'("), get a basis ** of A containing the cluster
monomials.

o Can show that ¥* = {cluster monomials} U {z¥ | k > 1}.



Dual semicanonical basis of A

@ U(n) has a semicanonical basis * (Lusztig).

e C[N] = U(n)* has a dual semicanonical basis ¥* coming from
generic representations of the preprojective algebra.

o A= C[N(w)] = C[NNM c C[N].

Theorem (Geiss-L-Schroer)

o Y*NCIN]V'W is a Q-basis of C[N]V' ().
o Via A= C[N]N'("), get a basis ** of A containing the cluster
monomials.

o Can show that ¥* = {cluster monomials} U {z¥ | k > 1}.

@ Remark : This is the same as Dupont’s basis coming from
generic representations of the Kronecker quiver.
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Dual canonical basis of A

@ Let o be the anti-automorphism of A such that

o@)=q', o(u)=¢"uy, (0<i<3)
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N(a) := (a3 + a» + a1 + a0)? — (7a3 + 5an + 3a; + ap).




Dual canonical basis of A

@ Let o be the anti-automorphism of A such that

o@)=q', o(u)=¢"uy, (0<i<3)

o For a = (a3,as,a1,a0) € N*, put

N(a) := (a3 + a» + a1 + a0)? — (7a3 + 5an + 3a; + ap).

o (agb) <= (b—acN(-1,2,-1,0)@®N(0, 1,2, —1)).




Dual canonical basis of A

@ Let o be the anti-automorphism of A such that

o@)=q", olu)=q¢"uy, (0<i<3).

o For a = (a3,as,a1,a0) € N*, put

N(a) := (a3 + a» + a1 + a0)? — (7a3 + 5an + 3a; + ap).

o (agb) <= (b—acN(-1,2,-1,0)@®N(0, 1,2, —1)).

o 5(a):={beN*|a<b and b # a} is finite.
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Dual canonical basis of A

There is a unique Q(q)-basis B = {Bl[a] | a € N*} of A satisfying
() Bla] - E[lal € €D qZqlEb],

beS(a)
(i) o(Bla]) = ¢~ Bla].




Dual canonical basis of A

There is a unique Q(q)-basis B = {Bla] | a € N*} of A satisfying
(i) Bla] - Elal € € qZ[qlE[b,

beS(a)
(i) o(Bla]) = ¢~ Bla].

Examples: BJ0,0,0,1] = ug, B[0,0,1,0] = vy, B[0,1,0,0] = u»,
8[1707070] = u3, B[Ov 1,0, 1] = po, B[]-’Ov 130] = P1-

B[2,0,0,1] = E[2,0,0,1] — (¢ + ¢°)E[1,1,1,0] + ¢*E[0, 3,0, 0].



Dual canonical basis of A

There is a unique Q(q)-basis B = {Bla] | a € N*} of A satisfying
(i) Bla] - Elal € € qZ[qlE[b,
beS(a)
(i) o(Bla]) = ¢~ Bla].

Examples: BJ0,0,0,1] = ug, B[0,0,1,0] = vy, B[0,1,0,0] = u»,
8[1707()’0] = u3, B[Ov 1,0, 1] = po, B[]-’Ov 130] = P1-

B[2,0,0,1] = E[2,0,0,1] — (¢ + ¢°)E[1,1,1,0] + ¢*E[0, 3,0, 0].

Remark: Via A — C4[N], B is a subset of the dual of Lusztig's
canonical basis of Ug(n).
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Dual canonical basis of A

@ For ag, a1, a», a3z € N,

B[OvoaalaaO] - E[0707 31730]7
8[073273170] = E[073273170]7
8[33,82,0,0] = E[a3,32,0,0].




Dual canonical basis of A

@ For ag, a1, a», a3z € N,

B[OvoaalvaO] - E[0707 31730]7
8[073273170] = E[073273170]7
8[33,82,0,0] = E[a3,32,0,0].

@ fora= [33, ap, ai, ao] S N4,

B[a]po _ qf(c‘92+231+330)B[a37 a + ]_7 ai,aog + 1]
q2(2"3+32_a°)p08[a],

p1Bla] = q7(3a3+2az+al)B[a3 +1,ap, a1 + 1, a0)
q2(7a3+31+2ao)8[a]p1‘
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Dual canonical basis of A

Proposition implies:
@ every element of B is product of a monomial in g, pg, p1 times
an element of the form:

B[0,0, a1, ao], B[O, a2, a1,0], Blas, a2,0,0],

5[33, 0, 0, ao].
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Dual canonical basis of A

Proposition implies:
@ every element of B is product of a monomial in g, pg, p1 times
an element of the form:

B[0,0, a1, ao], B[O, a2, a1,0], Blas, a2,0,0],
5[33, 0, 0, ao].

@ The first three types are the quantum cluster monomials
supported on {uo, u1}, {u1, u}, {un, us}.

e We are left with type B[as, 0,0, ag].
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Define

Z = B[1,0,0,1] = E[1,0,0,1] — ¢°E[0,1,1,0] = u3up — q*up 1.

«O» «Fr « >

« =
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Imaginary elements of 3

Define
Z = B[1,0,0,1] = E[1,0,0,1] — ¢?E[0,1,1,0] = u3up — q*usu11.
Then

q*7? = B[2,0,0,2] + B[1,1,1,1] = B[2,0,0,2] + ¢*pop1.
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Imaginary elements of 3

Define
Z = B[1,0,0,1] = E[1,0,0,1] — ¢?E[0,1,1,0] = u3up — q*usu11.
Then

q*7? = B[2,0,0,2] + B[1,1,1,1] = B[2,0,0,2] + q°pop1.

Hence
B[2,0,0,2] = ¢*Z* — ¢’ pop1 € B.

Specializing g — 1, we get z° — ffy € A.
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Note: 72 — fof & 5.



Imaginary elements of 3

Note: z2 — fofy ¢ B.

The q — 1 specialization of Luzstig-Kashiwara's dual canonical
basis BB is not equal to the Sherman-Zelevinsky canonical basis 3.
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Imaginary elements of 3

Note: z2 — fofy ¢ B.

Corollary

The q — 1 specialization of Luzstig-Kashiwara's dual canonical
basis B is not equal to the Sherman-Zelevinsky canonical basis .

| \

Conjecture
For k € N:

q**B[1,0,0,1] B[k,0,0, k] = B[k +1,0,0, k + 1] + B[k, 1,1, k].

@ Computer checked for k < 5.

e —> the g — 1 specialization of Blk,0,0, k] is given by
Chebyshev polynomial of second kind.



DA



Real elements of B
Can check

B[2,0,0,1]B[0,1,0,0] = g >(¢B[2,1,0,1] + B[2,0,2,0]),
B[0,0,1,0]B[1,0,0,2] = ¢ 3(qB[1,0,1,2]+ B[0,2,0,2]).



Real elements of B
Can check

B[2,0,0,1]B[0,1,0,0] = g >(¢B[2,1,0,1] + B[2,0,2,0]),
B[0,0,1,0]B[1,0,0,2] = ¢ 3(qB[1,0,1,2]+ B[0,2,0,2]).

Conjecture
For k > 2 we have

Blk+1,0,0,k]B[k —1,0,0, k — 2] = g~ *(k=1)(gB[2k, 0,0, 2k — 2]

4Bk +1,k—2,k+1,k—2]),

Blk—2,0,0, k—1]B[k, 0,0, k+1] = g~ *k(k=1)(gB[2k — 2,0,0, 2]
+Blk —2,k+1,k—2, k+1]).
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o Computer checked for k < 4.
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o Computer checked for k < 4.

e — uy,u,Blk+1,0,0,k],B[k,0,0,k + 1] (k > 0) are the
quantum cluster variables.
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Real elements of B

@ Computer checked for k < 4.

e = uj,u, Blk+1,0,0,k], B[k,0,0, k 4+ 1] (k > 0) are the
quantum cluster variables.

If a3 # ag then Blas, 0,0, ag] is a quantum cluster monomial.
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Conclusion

When q +— 1, Lusztig-Kashiwara's dual canonical basis B of A
specializes to Caldero-Zelevinsky's semicanonical basis S of A.
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@ Can we describe the g +— 1 specialization of B in terms of
representation theory of quivers, or preprojective algebras 7



Conclusion

When q — 1, Lusztig-Kashiwara's dual canonical basis B of A
specializes to Caldero-Zelevinsky's semicanonical basis S of A.

@ Can define B for non affine rank 2 quantum cluster algebras,

e.g.
0 3
-3 0
0 -1
1 0

@ Can we describe the g +— 1 specialization of B in terms of
representation theory of quivers, or preprojective algebras 7

e What is the positive cone spanned by 5q—; 7



