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Hopf subalgebras of rooted trees from Dyson-Schwinger
equations

Loic Foissy

ABSTRACT. We consider the combinatorial Dyson-Schwinger equation X =
B*(f(X)) in the Connes-Kreimer Hopf algebra of rooted trees H, where BY is
the operator of grafting on a root, and f a formal series. The unique solution X
of this equation generates a graded subalgebra H; of H. We characterize here all
the formal series f such that H; is a Hopf subalgebra. We obtain in this way a
2-parameter family of Hopf subalgebras of H, organized into three isomorphism
classes:

(1) A first (degenerate) one, restricted to a polynomial ring in one variable.

(2) A second one, restricted to the Hopf subalgebra of ladders, isomorphic to
the Hopf algebra of symmetric functions.

(3) A last (infinite) one, which gives a family of isomorphic Hopf subalgebras
of H. These Hopf algebras can be seen as the coordinate ring of the group
G of formal diffeomorphisms of the line tangent to the identity: in other
terms, we obtain a family of embeddings of the Faa di Bruno Hopf algebra
in H.

In the second and the third cases, Hy is the graded dual of the enveloping alge-
bra of a graded, connected Lie algebra g, such that the homogeneous components
gn of g are 1-dimensional when n > 1. Under a condition of commutativity, we
prove that there exist three such Lie algebras:

(1) The Faa di Bruno Lie algebra, that is to say the Lie algebra of the group
of formal diffeomorphisms G.

(2) The Lie algebra of corollas.

(3) A third one.

Embeddings in H of the dual of the enveloping algebra of the first case are given by
the Dyson-Schwinger equations. For the second case, such an embedding is given
by the subalgebra generated by corollas. We also describe an embedding in H for
the third case.
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Introduction

The Connes-Kreimer algebra H of rooted trees was introduced in [8]. This
graded Hopf algebra is commutative, non-cocommutative, and is given a linear
basis by the set of rooted forests. A particularly important operator of H is the
grafting on a root BT, which satisfies the following equation:

AoBY(z) =BT (z)®1+ (Id® B") o A(x).

In other words, B™ is a 1-cocycle for the Cartier-Quillen cohomology of coalgebras.
Moreover, the couple (H, BT) satisfies a universal property; see Theorem 3 of the
present text.

We consider here a family of subalgebras of H, associated to the combinatorial
Dyson-Schwinger equation [1, 9, 10]:

X =B (f(X)),

where f(h) = > p,h"™ is a formal series such that pg = 1, and X is an element of
the completion of H for the topology given by the gradation of H. This equation
admits a unique solution X = > z,, where x,, is, for all n > 1, a linear span of
rooted trees of weight n, inductively given by

1 = DPo-,
n

Tn+1 — Z Z pkBJr(xCh "'xak)'
k=1lai+-+ar=n
We denote by Hy the subalgebra of H generated by the z,,’s.

For the usual Dyson-Schwinger equation, f(h) = (1—h)~!. It turns out that, in
this case, Hy is a Hopf subalgebra. This is not the case in general; we characterise
here the formal series f(h) such that 7 is Hopf. Namely, M is a Hopf subalgebra
of H if and only if there exists (o, 3) € K2, such that f(h) = 1 if « = 0, or
f(h) = e if 3 =0, or f(h) = (1 — ozﬂh)fé if a8 # 0. We obtain in this way a
two-parameter family H, g of Hopf subalgebras of ‘H and we explicitly describe a
system of generators of these algebras. In particular, if & = 0, then Hqy 3 = K. ];
if « # 0, then Hy g = Hi 8.

The Hopf algebra H, g is commutative, graded and connected. By the Milnor-
Moore theorem [11], its dual is the enveloping algebra of a Lie algebra g, 5. Com-
puting this Lie algebra, we find three isomorphism classes of H, g’s:

(1) Hoa, equal to K[.].

(2) Hi,—1, the subalgebra of ladders, isomorphic to the Hopf algebra of sym-
metric functions.

(3) The Hi g’s, with 5 # —1, isomorphic to the Faa di Bruno Hopf algebra.
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Note that non-commutative versions of these results are presented in [6].

In particular, if H, s is non-cocommutative, it is isomorphic to the Faa di
Bruno Hopf algebra. We try to explain this fact in the third section of this text.
The dual Lie algebra g, g satisfies the following properties:

(1) ga,p is graded and connected.
(2) The homogeneous component g(n) of degree n of g is 1-dimensional for
allm > 1.

Moreover, if H, g is non-cocommutative, then [g(1), g(n)] # (0) if n > 2. Such a
Lie algebra will be called a FdB Lie algebra. We prove here that there exist, up to
isomorphism, only three FdB Lie algebras:

(1) The Faa di Bruno Lie algebra, which is the Lie algebra of the group of
formal diffeomorphisms tangent to the identity at 0.

(2) The Lie algebra of corollas.

(3) A third Lie algebra.

In particular, with a stronger condition of non-commutativity, a FdB Lie algebra
is isomorphic to the Faa di Bruno Lie algebra, and this result can be applied to all
Hip’s when 8 # —1. The dual of the enveloping algebras of the two other FdB
Lie algebras can also be embedded in H, using corollas for the second, giving in a
certain way a limit of H; 3 when 3 goes to oo, and the third one with a different
construction.

Notation. We denote by K a commutative field of characteristic zero.

1. The Hopf algebra of rooted trees and Dyson-Schwinger equations

1.1. The Connes-Kreimer Hopf algebra. Let us first recall the construc-
tion of the Connes-Kreimer Hopf algebra of rooted trees.

DEFINITION 1. [13, 14]

(1) A rooted tree is a finite graph, connected and without loops, with a special
vertex called the root.

(2) The weight of a rooted tree is the number of its vertices.

(3) The set of rooted trees will be denoted by 7.

Examples. The rooted trees of weight < 5 are

aviv b Vi v U by VT

The Connes-Kreimer Hopf algebra of rooted trees H was introduced in [2]. As
an algebra, H is the free associative, commutative, unitary algebra generated by
the elements of 7. In other terms, a K-basis of H is given by rooted forests, that is
to say not necessarily connected graphs F' such that each connected component of
F'is a rooted tree. The set of rooted forests will be denoted by F. The product of
‘H is given by the concatenation of rooted forests, and the unit is the empty forest,
denoted by 1.
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Examples. The rooted forests of weight < 4 are

Lo oot to Voo, Vol v, K/ Y% .

In order to make H a bialgebra, we now introduce the notion of cut of a tree ¢.
A non-total cut c of a tree t is a choice of edges of t. Deleting the chosen edges, the
cut makes ¢ into a forest, denoted by W¢(¢). The cut c is admissible if any oriented
path! in the tree meets at most one cut edge. For such a cut, the tree of W€(t)
which contains the root of ¢ is denoted by R¢(¢) and the product of the other trees
of W¢(t) is denoted by P¢(t). We also add the total cut, which is by convention an
admissible cut such that R°(t) = 1 and P¢(t) = W¢(t) = t. The set of admissible
cuts of ¢t is denoted by Adm,(t). Note that the empty cut of ¢ is admissible; we
denote Adm(t) = Adm,(t) — {empty cut, total cut}.

Example. Let us consider the rooted tree t = K/ . As it has 3 edges, it has
23 non-total cuts.

ae | V¥V T[SV B o

Admissible? | yes | yes | yes | yes | no | yes | yes | no yes

we(t) AT A R T T T P I,
Re(t) V2 B V2 I T VR N AP RV

Pe(t) 1 ! . . X te | oo X K/

The coproduct of H is defined as the unique algebra morphism from H to HQH
such that, for all rooted tree t € T,

Aity= Y PHRR(M)=tol+lot+ »  P(t)eR(1).
c€Adm, (t) ceAdm(t)

As H is the polynomial algebra generated by 7, this makes sense.

Example.

A(R/):K/®1+1®K/+I®I+.®V+.®f+r.®.+..®l.

THEOREM 2. [2] With this coproduct, H is a bialgebra. The counit of H is
given by
- { H — K
’ FeF — 51,F~

The antipode is the algebra endomorphism defined for allt € T by

S(t) = - > (=1)"We(d),

¢ non-total cut of ¢

where n. is the number of cut edges in c.

1The edges of the tree are oriented from the root to the leaves.



HOPF SUBALGEBRAS OF ROOTED TREES FROM DYSON-SCHWINGER EQUATIONS 5

1.2. Gradation of H and completion. We grade H by declaring the forests
of weight n homogeneous of degree n. We denote by H(n) the homogeneous com-
ponent of H of degree n. Then H is a graded bialgebra, that is to say

(1) For all i,j € N, H(i)H(j) C H(i + j).
(2) Forall k € N, A(H(k)) € > H(i) @ H(j).
i+j=Fk

We define, for all 2,y € H,

val(x) = max{neN|z¢€ @H(k’) )
k>n
d(;[;7 y) = 2*"31(1*?/)’

with the convention 27°° = 0. Then d is a distance on H. The metric space (H,d)
is not complete; its completion will be denoted by H. As a vector space,

H= ][] H.

neN

The elements of 7 will be denoted S, where z,, € H(n) for all n € N. The
product m : H ® H — H is homogeneous of degree 0, so is continuous. So it can
be extended from H @ H to 7—A{, which is then an associative, commutative algebra.
Similarly, the coproduct of H can be extended as a map

A:H— HEH = [] H() @ H().
i,jEN

Let f(h) = > pnh™ € K[[h]] be any formal series, and let X = > x,, € H, such

o~

that g = 0. The series of H of terms p,, X™ is Cauchy, so converges. Its limit will
be denoted by f(X). In other words, f(X) = >_ y,, with

n
yn:Z Z DPkZTay * " Tay,-

k=lai+---+ar=n
Remark. If f(h) € K[[h]], g(h) € K[[h]], without constant terms, and X € H,
without constant terms, it is easy to show that (f o ¢)(X) = f(g(X)).

1.3. 1l-cocycle of H and Dyson-Schwinger equations. We define the op-
erator BY : H — 'H, sending a forest ¢ ---t, to the tree obtained by grafting

1, ,t, to a common root. For example, BT(1.) = I\/ . This operator satisfies
the following relation: for all x € H,
(1) AoBT(r)=BT(r)®1+ (Id® BT) o A(x).

This means that BT is a 1-cocycle for a certain cohomology, namely the Cartier-
Quillen cohomology for coalgebras, the notion dual to the Hochschild cohomology
[2]. Moreover, (H, B*) satisfies the following universal property:

THEOREM 3 (Universal property). Let A be a commutative algebra and let
L:A— A be a linear map.

(1) There exists a unique algebra morphism ¢ : H — A, such that ¢ o BT =
Lo ¢.
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(2) If moreover A is a Hopf algebra and L satisfies (1), then ¢ is a Hopf
algebra morphism.

The operator Bt is homogeneous of degree 1, so is continuous. As a conse-
quence, it can be extended as an operator BT : H — H. This operator still
satisfies (1).

DEFINITION 4. [1, 9, 10] Let f € K[[h]]. The Dyson-Schwinger equation
associated to f is

(2) X =B (f(X)),
where X is an element of 7/'2, without constant term.

PROPOSITION 5. The Dyson-Schwinger equation associated to the formal
series f(h) =Y pnh™ admits a unique solution X = > x,, inductively defined by

o = Oa
1 = Po-,
n

Tn+1 = Z Z pkB+(xa1"'$ak)'

k=1lai+--+ar=n

PROOF. It is enough to identify the homogeneous components of the two mem-
bers of (2). O

DEFINITION 6. The subalgebra of H generated by the homogeneous com-

ponents x,, of the unique solution X of the Dyson-Schwinger equation (2) associated
to f will be denoted by Hy.

The aim of this text is to give a necessary and sufficient condition on f for Hy
to be a Hopf subalgebra of H.

Remarks.

(1) If f£(0) = 0, the unique solution of (2) is 0. As a consequence, H; = K is
a Hopf subalgebra.

(2) Forall « € K, if X =3 x, is the solution of the Dyson-Schwinger equa-
tion associated to f, the unique solution of the Dyson-Schwinger equation
associated to af is ) a"x,. As a consequence, if a # 0, Hy = Hqoy. We
shall then suppose in the sequel that py = 1. In this case, 1 = ..

Examples.

(1) We take f(h) =14+ h. Thena; =., 29 =1, 25 = E, Xy = % . More gen-
erally, z,, is the ladder with n vertices, that is to say (B™)"(1) (Definition
7). As a consequence, for all n > 1,

Alzy) = Z T ® ).
i+j=n

So Hi4p is Hopf. Moreover, it is cocommutative.
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(2) We take f(h) =1+ h+ h? + 2h3. Then

L1 =
Ty = 1,
r3 = V+£,
ry = 2\I/+2R/+Y+£.
Hence
Alz) = z1®14+1®a,
Alzy) = 22014+1Qxs + 21 ® 21,
Alrs) = 2301+1@13+ 2] @21 + 371 @ 22 + 22 ® 71,
A(zyq) 24 @1+ 1@ x4+ 1023 ® 22 + 75 @ 71 + 322 ® 72

4201y @x + 3@+ (8 YV +5£),
so Hy is not Hopf.

‘We shall need later these two families of rooted trees:

DEFINITION 7. Let n > 1.
(1) The ladder I, of weight n is the rooted tree (B*)"(1). For example,

et b ot
(2) The corolla c,, of weight n is the rooted tree B*(."~1). For example,
ci=e,0c0=1,c5=V,e,=V.
The following lemma is an immediate corollary of proposition 5:

LEMMA 8. The coefficient of the ladder of weight n in x, is p?il, The
coefficient of the corolla of weight n in x, S pn_1.

Using (1):
LEMMA 9. For alln > 1,

(1) A(l,) = Zli ® i, with the convention lo = 1.
i=0

n—1
— 1\ .
@ A= a1+ Y (") e
=0

2. Formal series giving Hopf subalgebras

2.1. Statement of the main theorem. The aim of this section is to prove
the following result:

THEOREM 10. Let f(h) € K[[h]], such that f(0) = 1. The following asser-
tions are equivalent:

(1) Hy is a Hopf subalgebra of H.
(2) There exists (o, 3) € K? such that (1 — afph)f'(h) = af(h).
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(3) There exists (o, B) € K? such that f(h) =1 if a =0, or f(h) = e*" if
B=0, or f(h) = (1—aph) "5 if aff #0.
It is an easy exercise to prove that the second and the third statements are
equivalent.

2.2. Proof of (1) = (2). We suppose that Hy is Hopf.
LEMMA 11. Let us suppose that p1 = 0. Then f(h) =1, so (2) holds with
a=0.

PROOF. Let us suppose that p, # 0 for a certain n > 2. Let us choose a
minimal n. Then 1 = ., 29 =--- =2, =0, and 41 = PrCpt1. SO

A@mﬂ)xm4®1+1®xm4+§:(ﬁpw“®%+hier®Hﬁ

i=1

In particular, for i =n —1, co = I € Hy, so x2 # 0: contradiction. O
We now assume that p; # 0. Let Z, : H — K, defined by Z, (F') = 4,  for

all F € F. This map Z, is homogeneous of degree —1, so is continuous and can be

extended to a map Z, : H — K. We put (Z, ® Id) o A(X) = >y, where X is

the unique solution of (2). A direct computation shows that y,, can be computed

by induction with

Yo = 17
Yn+1 = Z Z (k + 1)pk+lB+ (xal to ‘/'E(lk,)
= +

k=1lai+-+ar=n

As Hy is Hopf, y, € Hy for all n € N. Moreover, y, is a linear span of rooted trees
of weight n, so is a multiple of x,,; we put y, = anx,.

Let us consider the coefficient of the ladder of weight n in y,. By lemma 8,
this is a,p}' . So, for all n > 1,

Piant1 = 2p7 ' p2 + plan.
Asa; =py, foralln>1, a, = p1 + 2@(71 —1). Let us consider the coefficient of
1
the corolla of weight n in y,. By lemma 8, this is a,p,. So, for all n > 1,
UnPn = (TL + 1)pn+1 + npnpi-

Summing all these relations, putting a« = p; and g = p L 1, we obtain the
differential equation (1 — aBh)f’'(h) = f(h), so (2) holds.

2.3. Proof of (2) = (1). Let us suppose (2) or, equivalently, (3). We now
write Hq,g instead of Hy. We first give a description of the x,’s.

DEFINITION 12.
(1) Let F € F. The coefficient sg is inductively computed by

s, = 1,
— ai (2
Spo1 g0k = al---aplsyt sk,

ai
arl---ag!sy]

5B (51 0) e
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where t1,--- ,t; are distinct elements of 7.
(2) Let F € F. The coefficient e is inductively computed by
e. = 1,
. . . (a1+...+ak)! al...eak
t‘lll.-.tkk - al!"'ak! ty ty o
. B (a1+...+ak)!€al.“eak
BE(ty1tk) T a!---ayp! b b
where tq,--- ,t; are distinct elements of 7.
Remarks.

(1) The coefficient s is the number of symmetries of F', that is to say the
number of graph automorphisms of F' respecting the roots.

(2) The coefficient ep is the number of embeddings of F' in the plane, that is
to say the number of planar forests whose underlying rooted forest is F'.

We now give B-equivalents of these coefficients. For all k € N*, we put [k]g =
1+ 8(k—1) and [k]g! = [1]g-- - [k]g. We then inductively define [sp|s and [er|s
for all F' € F by

[s.]ls = 1, . .
[Stflll..,tzk]ﬁ = [al]ﬁ' [ak]ﬁ![stl]ﬁl [stk]ﬂkv
[spe(er gyl = laalg!- - [an]s!lsuly - [s0]3"
e.] = 1,
e+ + axlg! ar ak
e M[eh]ﬁ - lendg"
_ et T ak]st va
[eB+(tT1“'t§k)]’8 T Jadg! - [al! leng’ -+ lew]s"
where tq,- -, are distinct elements of 7. In particular, [s;]; = s; and [e¢]1 = ey,

whereras [s¢;]o =1 and [e;Jo =1 all t € 7.

Examples.
St [s¢]s €t led]s
. 1 1 1 1
! 1 1 1 1
V|2 (1+5) 1 1
E 1 1 1 1
Vie|a+p801+28) |1 1
k/ 1 1 21 (1+p0)
Y 2 (1+9) 1 1
1 1 1 1 1

PROPOSITION 13. For alln € N*, in Hq g,

ety ledsleds,

- St
teT, weight(t)=n
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Examples.
T1 = o,
r9e = al,

z3 = aQ((lJ;B) V+f),

z, = o <(1+252;(1+ﬁ) v +(1+6)R/ +7(1;6) Y +% )

(A+36)(A1+26)A+F)eyp» | (14+26)(1+0) Ly
24 2

o +(1+6)2\</+(1+6)L/+<1+26g<1+m\{/

Irs =

+“§mv+(1+6)L{+“§ﬁX+}

PROOF. For any t € 7, we denote by b; the coefficient of ¢ in Zyeigne(r)- Then
b, = 1. The formal series f(h) is given by

oo

f(h) = Za"%h”.
n=0 '

If t = BT(t{* ---t}*), where tq,- - ,t), are distinct elements of 7, then

ar+-+ag [al + -+ ak]ﬁ' (al + 4 ak)
(a1+"'+ak)! ai!- - ag!

|
— Tpa1 A
by =« by} - by

The result comes from an easy induction. O

As a consequence, Ho s = K|[.], so Hop is a Hopf subalgebra. Moreover,
Hap = Hip if @ # 0. So we can restrict ourselves to the case @ = 1. In order to
ease the notation, we put n, = sie; and [n]s = [s¢][es]s for all t € 7. Then

{ n, = 1,
NB+(tyty) = KMy -ng,
{ [n. },3 = 1
[np+anls = [Klsllnnls - [ne]s-
As a consequence, an easy induction proves that
ng = H (fertility of s)!, [nep = H [fertility of s]g!.
s vertex of ¢ s vertex of ¢

We shall use the following result, proved in [5, 7]:

LEMMA 14. For all forests F € F, G,H € T, denote by n(F,G; H) the
coefficient of F ® G in A(H), and by n'(F,G; H) the number of graftings of the
trees of F over G giving the tree H. Then n'(F,G; H)sg = n(F,G; H)spsq.
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LEMMA 15. Let k,n € N*. We put, in K[ X1, -+, X,], S=X1+- -+ X,,.
Then

Z H Xi(Xi+1)---(Xij4+a; —1)  SS+1)---(S+k—1)
a1+-Fa,=k t=1

PRrROOF. By induction on k, see [6]. O
PrOPOSITION 16. If a =1,

AX)=X®1+ Z (1—BX) /At @ 4

n=1

So H1 5 is a Hopf subalgebra.
Proor. As for all n > 1, x,, is a linear span of trees, we can write

AX)=X®1+ Y apdF ot
FeF,teT

Then, it F € F, G € T,
apG= ) nols v Gy = 3 als g 6,

aer °H fer °F5¢
We put F' = t1---t, and we denote by s1,---,s, the vertices of the tree G, of
respective fertility fi,---, fn. Let us consider a grafting of F' over GG, such that o

trees of F' are grafted on the vertex s;. Then a1 + -+ + a,, = k. Denoting by H
the result of this grafting,

[fi +aa]g!  [fn + anlg!

nuls = [nclslnuls - [n]s TR TAP
k!
Moreover, the number of such graftings is ' T So, with lemma 15, putting
agl--ap!
x;=fi+1/fand s=x1 4+ -+ z,,
s 1 [fl + Oéi]g!
a G = - Ing ng, |5 JLT %il80
" ar+ ;xn—k ol ap! SFSG[ ]ﬁil;[l[ uls [fi]!

SGS
GoF i:1 a1+ ta,=k i=1

_ k" TLG ﬁ (ﬁ ﬁ) Hﬁa .7}1 + 1 ((El + o; + 1)
1
SGSE -\ o1t =k i=1 @i
k
K[ nG (H ) xi(x; + 1) (2, +a; + 1)
= Jo > I 5
SGSE -\ o1t =k i=1 i
kllnglg! ﬁ ﬁkss—kl (s+k-1)
SGSF \iy 18 k! '

Moreover, as G is a tree, s = f1+-- -+ fn+n/f=n—14+n/8=n(l+1/8) — 1.
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We now write F' = tl s tk = ual s u‘” where Uy, ,U; are distinct elements
1 1> ) )
of 7. Then

a‘l...Sal

ul ulal!---al!,

Sp =S8

SO

Sp ay!-q!

Kinels - [nals (a1 + - +ap)! ({ntl]ﬁyl ([ntl]g)‘”_

Stl

1) ... 1
As a conclusion, putting Qx(S) = S(5+1) k'(S +k >,

DS @t F 0 gervtag, (1 4+1/8) = 1)

a!l---ap
n214ftgMleFr

A(X)

(T (T R S %

St St GeT 5G
weight(G)=n

X1+ (1-pX) "W/ gy,

n=1

So A(X) € H&H. Projecting on the homogeneous component of degree n, we

obtain A(z) € H ® H, so H1 s is a Hopf subalgebra. a
Remarks.
1
(1) For (o, 8) = (1,0), f(h) = e" and for all n € N, x,, = Z —t.
ter Ot
weight(t)=n

(2) For (a, B) = (1,1), f(h) = (1—h) ' and foralln € N, z,, = Z et.

teT

weight(t)=n

(3) For (o, 8) = (1,-1), f(h) =1+hand, as [{]-1 = 0if i > 2, for all n € N*,
T, is the ladder of weight n.

2.4. What is Ho? If @ = 0, then Ho s = K[.]. If a # 0, then obviously
Ha,s = Hig; let us suppose that = 1. The Hopf algebra H; g is graded, con-
nected and commutative. Dually, its graded dual Hj 5 is a graded, connected,
cocommutative Hopf algebra. By the Milnor-Moore theorem [11], it is iSomorphic
to the enveloping algebra of the Lie algebra of its primitive elements. We now
denote this Lie algebra by g;,3. The dual of g, s is identified with the quotient
space

Hi s

coPrim(H; g) = (1) @ Ker(e)?’

and the transposition of the Lie bracket is the Lie cobracket § induced by

(@@ w) o (A—AP),
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where w is the canonical projection on coPrim(H; g). As Hi g is the polynomial
algebra generated by the x,,’s, a basis of coPrim(H1 ) is (w(zy))nen+. By Propo-

sition 16,

(@ ® @) 0 A(X)

(w ® w) (ia — BX)TA/BH)H xn>
3" (1 +B) = B) w(X) @ w(wn).

n>1

Projecting on the homogeneous component of degree k,
k
(@o @ oA(z)= Y ((1+5) B w(z)®w(z)).
i+j=k
As a consequence,
S(@(ar)) = D> (1+8)(j — Dw(w:) @ w(xy).
it+j=k

Dually, the Lie algebra g1 g has the dual basis (Z,,),>1, with bracket given by

Zi, Z;) = (L+ B)(J — i) Zisj-
So, if § # —1, this Lie algebra is isomorphic to the Faa di Bruno Lie algebra gpqgg,
which has a basis (fn)n>1, and whose bracket defined by [f;, f;] = (J — ©) fit;-
So Hi g is isomorphic to the Hopf algebra U(grap)*, namely the Fad di Bruno

Hopf algebra [3], coordinate ring of the group of formal diffeomorphisms of the line
tangent to Id, that is to say

Gras = ({Zanh" e K[[h]] |ao =0, a1 = 1},0) :

THEOREM 17. (1) If « £ 0 and B # —1, Ha,p is isomorphic to the
Faa di Bruno Hopf algebra.
(2) If o # 0 and 8 = —1, Hq g is isomorphic to the Hopf algebra of symmetric
functions.
(3) Ifa =0, Hyp = KI.].

Remark. If g and 3’ # —1, then H; g and H; g are isomorphic but are not
equal, as shown by considering 3.

3. FdB Lie algebras

In the preceding section, we considered Hopf subalgebras of H, generated in
each degree by a linear span of trees. Their graded dual is then the enveloping
algebra of a Lie algebra g, graded, with Poincaré-Hilbert formal series

h o0
— = h™.
T
n=1
Under a hypothesis of commutativity, we show that such a g is isomorphic to the

Faa di Bruno Lie algebra, so the considered Hopf subalgebra is isomorphic to the
Faa di Bruno Hopf algebra.

Remark. The proofs of this section were completed using MuPAD pro 4. The
notebook of the computations can be found at [4].
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3.1. Definitions and first properties.

DEFINITION 18. Let g be an N-graded Lie algebra. For all n € N, we
denote by g(n) the homogeneous component of degree n of g. We shall say that g
is FdB if
(1) g is connected, that is to say g(0) = (0).
(2) For all i € N*, g is one-dimensional.
(3) For all n > 2, [g(1), g(n)] # (0).

Let g be a FdB Lie algebra. For all i € N*, we fix a non-zero element Z; of g(i).
By conditions (1) and (2), (Z;);>1 is a basis of g. By homogeneity of the bracket
of g, for all 4,7 > 1, there exists an element \; ; € K, such that

The Jacobi relation gives, for all i, 5,k > 1,
(3) AijNitgk + AjkNjtki T Akidgti; = 0.

Moreover, by antisymmetry, A; ; = —\; ; for all 4, j > 1. Condition (3) is expressed
by Alvj 7£ 0 for allj # 1.

LeMMA 19. Up to a change of basis, we can suppose that A1 ; = 1 for all
J > 2 and that A2 3 € {0,1}.

PROOF. We define a family of scalars by

o = ].,
(%) 7é 07
anp = )\1)2"')\1771,10(2 1fn2 3.

By condition (3), all these scalars are non-zero. We put Z! = «;Z;. Then, for all
Jj=2,
QA
121, 2] = ajh i Ziey = —- 75 = Dy
J+1

So, replacing the Z;’s by the Z!’s, we can suppose that A\ ; = 1if j > 2.

Let us suppose now that A2 3 # 0. We then choose

g = A1,3A1 4
A23
Then \ \ \
7 71 = 2,3aza3Z/ _ \2,302A1,202 gl — gt
[ 2 3} Qs ° /\1,2/\1,3)\1,4042 g >
So, replacing the Z;’s by the Z/’s, we can suppose that Ay 3 = 1. (I
= (i—2
LEMMA 20. Ifi,j > 2, \ij = ( L )(—1)’“A2,j+k.
k=0

PROOF. Let us write (3) with i = 1,
ANk + A kAjk1 + A1 Ak, = 0.
If j,k > 2, then \y ; = =M1 = —Ajyp1=1,50
(4) Ab+1,j = kg = Mt
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If k = 2, this gives the announced formula for ¢ = 3.

Let us prove the result by induction on i. This is obvious for ¢ = 2 and done

for i = 3. Let us assume the result at rank ¢ — 1. Then, by (4),

Xij = A1 — Aim1,j+1
= [i—3 = [i—3
= Z( 1 )(1)k>\2,j+k2( 1 >(1)k>‘2,j+1+k
k=0 k=0
1—3 . i—2
i—3 i1—3
= Z( i )( 1) >\2,j+k+2(k_1>( 1)* A2 4k
pn k=1
1—3 i_9
= )\2j+z< k )( 1) >\2]+k+(*1) )\QJ_H_Q
k=1
1—2 .
P — 2
- ()0
k=0

So the result is true for all 7 > 2.

O

As a consequence, the A;;’s are entirely determined by the A;;’s. We can

improve this result, using the following lemma;:

1 %ok 9
L 21. Forallk > 2, Agop = —— Y .
EMMA or all k> 2, Moo = 57— g; < l )( ) X243

PROOF. Let us write the relation of Lemma 20 for (4,5) = (3,2k) and (4, 7)

(2k,3),

A3k = A22k — A22k+1,

2k—2

2k — 2

Aok = Z ( ; )(—1)l)\273+l

1=0

2%h—4
2k — 2
= Aoort1 — (2k —2) Ao op + ; ( / )(_1)1/\2,3+l~

Summing these two relations,
2k—4

2k —2
_(2](1 — 3))\2,2k + Z < I >(_1)l>\2,3+l =0.

=0

This gives the announced result.

O

As a consequence, the ); ;’s are entirely determined by the Ao ;’s, with j odd.

In order to ease the notation, we put p; = Ay ; for all j odd. Then, for example,

>\2,4 = U3,
Ao = 245 — 3,
Aag = 3ur —dus + 3us,
Moo = 4dpg — 14pr +28us — 17us3,

Xoqz = DBpar — 30ug + 12647 — 25505 + 155us.
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Moreover, we showed that we can assume pus =0 or 1.

Remark. The coefficient A3 2544 is then a linear span of coefficients pig;43,
0<i <k Wenput, for all Kk € N,

k
)\2,2k+4 = Z A, 42543 -
i=0
We can prove inductively the following results:
(1) Forallk e N, ap, =k + 1.
(2) For all k£ > 1, ag -1 = 71(2’”2). Up to the sign, this is the sequence

i\ 3
A000330 of [12] (pyramidal numbers).

(3) Forall k > 2, ag j—2 = %(%;'2). This is the sequence A053132 of [12].

(4) The sequence (—ay o) is the sequence of signed Genocchi numbers, 4001469
in [12].
It seems that for all ¢ < k,
I et SN E LR
PR TP 20 41)
where the Bag,’s are the Bernoulli numbers (see sequence 4002105 of [12]).

3.2. Case where us = 1. In this case:

9
LEMMA 22. Suppose that u3 = 1. Then pus =1 or o

PRrROOF. By relation (3) for (4,7, k) = (2,3,4),
Sps — 3ur + pspr — 3 = 0.
5,&5 -3

If us = 3, we obtain 12 = 0, absurd. So p7 = — o
-

(ivjv k) = (273a6>7

By relation (3) for

s — 3 (25 — 4)pspo + 3 — Tus + p2 — 5ud) = 0.

If us = 0, we obtain 2 = 0, absurd. If us = 2, we obtain 66 = 0, absurd. So
3 —Tps + pd — 58

2ps —4ps
Writing relation (3) for (4, j, k) = (3,4,5),

9(ps — 1)°(10p5 — 9)

Mo =

— =0.
ps(ps — 2) (s — 3)?
9
Sou5:10ru5:ﬁ. O
PROPOSITION 23. Let us suppose that us = pus = 1. Then
My o= lifj>2,
Ao = 1lifj=>3,
Aij = 04fij>3.
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PRrOOF. Let us first prove inductively on j that Ay ; = 1 if j > 3. This is
immediate if j = 3 or 5 and comes from Ay 4 = u3 for j = 4. Let us suppose that
Ag; =1for 3 <j <n. If n=2Fk is even, then

2%—4 2%—2
1 2k — 2 1 2k — 2
2,2k 2]4;—3Z( l )( ) +2k—3z< l >( )
1=0 1=0
If n = 2k + 1 is odd, write relation (3) for (4,7, k) = (2, 3,2k — 2),
A2.3A52k—2 + A3 2k—2A2k+1,2 + Aok—2,2X263 = O,

3
3

Z (l) (=)' Nook 241 — Aoon—2 + Aoor—1 + Azor—2(Aaor — Azors1) = O,

=0

A2.2k—2 — 3Aok—1 + 322k — Ao ok41 + 1 —Aoopr1 = O,
1-3+3—-2 2,11 +1 = 0,
— (i-2
S0 Apok+1 = 1. Finally, if i,5 > 3, \;j = kz_; ( L )(-1)’6 =0. O

LEMMA 24. For all N > 2,

N

B N\, (l+1) N-1
SN;(;)( )l(z+2)(z+3)*(N+3)(N+2)(N+1>'

PRrROOF. Indeed,

P N 2
v o= L armwop Ve
1 N+3 N43 o .
B (N+3)(N+2)(N+1)jz=:3( j )(_1) (-2
1 N+ g »
- (N+3)(N+2)(N+1);)< j )(—1) (7 —2)?
1
T D W)
N -1

= TN oW )

O

9
PROPOSITION 25. Let us suppose that uz =1 and pus = 10" Then, for all

i,j =1,
o 86— )= 2)i — 2)!
I (i+7—2)! '
6(n —2) L .
Proor. We first prove that Ao, = T’ This is immediate for n = 1, 2,
n—1)n

3, 4, 5. Let us assume the result for all j < n, with n > 6. If n = 2k is even, using
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Lemma 20,

2k—4
6 2k — 2 l+1
Mook = —— ) L —
22k 2/.:_3;( l )( )(z+2)(z+3)

Then Lemma 24 gives the result. If n = 2k + 3 is odd, let us write the relation (3)
with (4,7, k) = (2,3, 2k),

A2,3X5,2k + A3 2k A2k43,2 + Aok 2 Aok42,3 = 0.

So, with relation (4)

A2.2k — 3A2 2641 + 3A2,2k12 — A2.2k+3

A2 2k+3(A2,2k — A22k4+1) + A226(A2,2k+2 — A22k+3) = 0,
A2 2k+3(—1 = 2X2.2% + A2.2k41) + A2.26 — 3A2,2k41
+3A2 2842 + A2 2k A2 2k42 = O,

v (kA 3)(k 12k +5) 32k +5) (k1)
—A22k+3 k(2k +1)(2k — 1) E(k+1)(2k—1)

which implies the result.

Let us now prove the result by induction on ¢. This is immediate if ¢ = 1, and
the first part of this proof for ¢ = 2. Let us assume the result at rank 7. Then, by
relation (4),

Ait1j = Aij— Aij+1
U= (1= - 1)
(t+37—2)! (i+7—1)
DG -2+
(i4+37—1)! '
So the result is true for all 4, j. O

3.3. Case where u3 = 0. In this case:
PROPOSITION 26. If ug = 0, then A\;; =0 for all i,j > 2.

Proor. We first prove that us = 0. If not, by (3) for (¢,5,k) = (2,3,4),
pspr = 0, s0 pr = 0. By (3) with (4,7,k) = (2,3,7), —5us(28us + 4pg) = 0, so
po = —Tus. By (3) with (i,4,k) = (3,4,5), —36u2 = 0: contradiction. So s = 0.

Let us then prove that all the pori1’s, k& > 1, are zero. We assume that
p3 = pi5 = - = fiog—1 = 0, and pog41 # 0, with [ > 3. By lemma 21, Ayo =
<o = Agok—1 = Ag2p = 0 and Ao oky1 # 0. By relation (3) for (¢,4,k) = (2,3,n),
combined with (4),

X235 + A3 nAng3 2 + An2Ang23 = 0,
—(A2n — A2nt1) X243 + A2 (A2t — A2 pgs) =

For n = 2k, this gives )\2,2k+1)\2,2k+3 =0, so )\2,2k+3 =0. For n =2k + 2,

(5) A2,2k+2(A2 2644 — 2A2 2k45) = 0.
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By Lemma 21,
1 2k
Azoktr = g (Qk _ 2) A2,2k+1
= kX2ok+1,
1 2k + 2 2k + 2 2k + 2
A2 okt = 1 (< o >)\2,2k+3 - <2k _ 1) A2, 2k+2 + (% - 2) >\2,2k+1)
Rk +1)(2k + 1)
= - Xookt1-
6
With (5),
k(k +1)(2k + 1)
A2 okps = ————————" X2 2k+1-

12
By relation (3) for (¢, 7, k) = (3,4, 2k),

A3,4A7,2% + Mg 26 Mapor,3 + A2k,3 28434 = 0.
Moreover, using Lemma 20,

Aza = Aga— A5 =0,

Aok = 22k — 2A2.2k41 + A2 2k42,
Az a2k = 2442k — A2,542k;
Aok,3 = —Ag2k + A2 2kt1,
A3q2ka = —A23y2k + 22440k — A2 542k
This gives
A3 o1 k(B —11)(2k + 1) (k + 1)
12 o
SO A2 ok+1 = Mok+1 = 0: contradiction. So all the p9541, £ > 1, are zero. By Lemma
21, the A2 ;’s, © > 2, are zero. By Lemma 20, the \; ;’s, i,j > 2, are zero. O

THEOREM 27. Up to isomorphism, there are three FdAB Lie algebras:

(1) The Faa di Bruno Lie algebra grap, with basis (e;)i>1, and the bracket
given by [e;,e;] = (j —i)eiq; for all i, j > 1.

(2) The corolla Lie algebra g., with basis (e;);>1, and the bracket given by
le1,e;] = ejq1 and [e;,e;] =0 for alli,j > 2.

(3) Another Lie algebra g3, with basis (e;);>1, and the bracket given by [e1, e;] =
€it+1, [€2,€5] = ejya, and [e;,e;] =0 for alli > 2, j > 3.

PROOF. We have first to prove that these are indeed Lie algebras: this is done
by direct computations. Let g be a FdB Lie algebra. We showed that three cases
are possible:

1) w3 = 1 and p5 = —. By Proposition 2 i —_Zi s

(1) ps =1 and us = 10° BY roposition 25, putting e; = m if 1 >
and e; = Z7, we obtain the Faa di Bruno Lie algebra.

(2) pus = ps = 1. By Proposition 23, we obtain the third Lie algebra.

(3) us = 0. By Proposition 26, we obtain the corolla Lie algebra.

O

COROLLARY 28. Let g be a FAB Lie algebra, such that if i and j are two
distinct elements of N*, then [g(i),9(j)] # (0). Then g is isomorphic to the Faa di
Bruno Lie algebra.
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4. Dual of enveloping algebras of FdB Lie algebras

We realized in the first section the Faa di Bruno Hopf algebra, the dual of the
enveloping algebra of the Faa di Bruno Lie algebra, as a Hopf subalgebra of H. We
now give a similar result for the two other FdB Lie algebra.

4.1. The corolla Lie algebra.

DEFINITION 29. We denote by H,. the subalgebra of H generated by the
corollas.

PrOPOSITION 30. H,. is a graded Hopf subalgebra of H. Its dual is isomor-
phic to the enveloping algebra of the corolla Lie algebra.

PRrOOF. The subalgebra H., being generated by homogeneous elements, is
graded. By Lemma 9, H. is a Hopf subalgebra of H. As it is commutative, its
dual is the enveloping algebra of the Lie algebra Prim(H}). The dual of this Lie

algebra is the Lie coalgebra coPrim(H,.) = , with cobracket § induced

(1) @ Ker(e)?
by (w® w)o (A — A°P). As H, is generated by the corollas, a basis of coPrim(H..)
is (w(epn))n>1. Moreover, if n > 1,
(w@w)oAle,) = w(er) @ w(en—1),
0(cn) = wl(e) @ w(en-1)—w(ch—1) @ w(c1).

Let (Z,,)n>1 be the basis of Prim (7)), the dual of the basis (@w(c,,))n>1. By duality,
for all 7, j € N*, such that i # j,

Zypsifi=1,

Z:,Z;] = —Zip1 it j =1,
0 otherwise.

So Prim(H}) is isomorphic to the corolla Lie algebra, via the isomorphism
{ ge — Prim(H)
e, — 7.
Dually, H, is isomorphic to U(g.)*. d
Remark. We work in K[7][5]. The generators of Hj g then satisfy

nlg!
Tpy1 = %erl + O(ﬁn_2)

Note that the degree of [n]g! in 3 is n — 1. So
. n!
lim Wﬁ'xn—kl = Cp+1-

B—o0

In this sense, the Hopf algebra H. is the limit of H; g when [ goes to infinity.

4.2. The third FdB Lie algebra. We consider the following element of H:

Y = BT <exp<I —;.2+.>> = Zyn.

n>1
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For example

o= .
Y2 = Iv
Y3 = E?
1
Yy = bgvv
1 1
Ys = §Uiﬁ

DEFINITION 31. We denote by Hj3 the subalgebra of H generated by the

9

Yn's.

PROPOSITION 32. H3 is a graded Hopf subalgebra of H. Its dual is isomor-
phic to the enveloping algebra of the third FAB Lie algebra.

PRrROOF. The subalgebra Hj, being generated by homogeneous elements,; is

graded. An easy computation proves that X = [ — 5.2 + . is a primitive ele-
ment of H. As a consequence, in 7?{, by (1),
AX) = X®1+1®X,
Alexp(X)) = exp(X®1+11® X)

= exp(X®1)exp(l® X)
= (exp(X) ® 1)(1 ® exp(X))
= exp(X) ® exp(X),
A(Y) = AoBT(exp(X))
Y ®1+exp(X)®Y.

1
Moreover, X = yy — —y? +y1 € Hs, so taking the homogeneous component of

degree n of A(Y), we obtain

k

A(yn) = yn®1+z

n n
k=

1
Z 7i%ar " Tar O Y,
+otaj=n—k

1l1a1

Wherexlz.:yl,xgzI—%..:y —%y%andxi:Oifiz?),soA(yn)6

Hs ® Hs and Hs is a Hopf subalgebra of H. As it is commutative, its dual is
the enveloping algebra of the Lie algebra Prim(H3). The dual of this Lie algebra

is the Lie coalgebra coPrim(H3) = with cobracket § induced by

3
(1) ® Ker(e)?’
(w® @) o (A —A%). As Hz is generated by the y,’s, a basis of coPrim(H3) is
(@w(yn))n>1. Moreover,

(w@w)oA(Y) = w(exp(X))@w(Y)
w(X)@w(Y)
= (@(y2) + @w(y1)) @ w(Y).
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Taking the homogeneous component of degree n, with the convention y_; =y = 0,

(@@w)oA(yn) = @(¥2) @ @(Yn—2) + @(y1) ® @(Yn-1),
5(w@(yn)) @(Y2) ® W(Yn—2) + @(y1) @ @(Yn—1)
~(Yn—2) @ @(Y2) — @(Yn—1) @ @w(y1).

Let (Zy,)n>1 be the basis of Prim(H3) dual to the basis (w(c,))n>1. By duality,
for all 7,5 € N*, such that ¢ > 2 and j > 3,

Z1,Z;] = Zi4y,
(Z2,Zj] = Zayy,
[Zi, Zj] = 0.

So Prim(H%) is isomorphic to third FdB Lie algebra, via the morphism
{ g3 — Prim(H?)

e, — Zi.

Dually, H3 is isomorphic to U(gs)*. O
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