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Abstract

A non-commutative, planar, Hopf algebra of rooted trees was defined indepen-
dently by one of the authors in [14] and by R. Holtkamp in [19]. In this paper
we propose such a non-commutative Hopf algebra for graphs. In order to define
a non-commutative product we use a quantum field theoretical (QFT) idea,
namely the one of introducing discrete scales on each edge of the graph (which,
within the QFT framework, corresponds to energy scales of the associated prop-
agators). Finally, we analyze the associated quadri-coalgebra and codendrifrom
structures.
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2 Why discrete scales?

1 Introduction

The Hopf algebra of rooted forests first appeared in the work of A. Diir [12] (and its group
of characters, known as the Butcher group, appeared even earlier in the work of J. Butcher
in numerical analysis [6]). It has been rediscovered by D. Kreimer in the context of quantum
field theory [21], see also [5]. A noncommutative version, using ordered forests of planar
trees, has been discovered independently by L. Foissy [14] and R. Holtkamp [19]. Remark-
ably enough, this Hopf algebra is self-dual. Commutative Hopf algebras of graphs have been
introduced and studied by A. Connes and D. Kreimer [8, 9, 10], as a powerful algebraic tool
unveiling the combinatorial structure of renormalization.

Inspired by constructive quantum field theory [28], we propose in this article a noncommuta-
tive version of a Hopf algebra of graphs, by putting a total order on the set of edges. This can
be visualized by putting pairwise distinct decorations on each edge, where the decorations
take values in the positive integers (or even in any totally ordered infinite set). We prove
that the vector space freely generated by these totally assigned graphs (TAGs) is a Hopf
algebra. The product is given by the disjoint union of graphs with the ordinal sum order on
the edges (see Formula (3)), and the coproduct is given by Formula (6), involving subgraphs
and contracted graphs. In the last section of this paper we analyze in detail the associated
quadri-coalgebra and codendrifrom structures.

It is interesting to notice that what we call here TAGs have already been analyzed, from a
completely different perspective (the travelling salesman problem), by O. Boruvka, already
in 1926 (see [4]). He proved that the shortest spanning tree of such a graph is unique'.
Moreover, the same problem was solved through several simpler explicit constructions by
the celebrated Kruskal algorithm [22].

Let us mention here that, throughout this paper, we do not deal with graphs which are
necessarily 1-particle-irreducible (i. e. bridge-less). Moreover we do not consider in this
paper external edges, as it is done in quantum field theory.

2 Why discrete scales?

As already announced above, the idea of decorating the edges of a graph with discrete scales
comes from quantum field theory, or more precisely from the multi-scale analysis technique
used in perturbative and in constructive renormalization (see Vincent Rivasseau’s book [28]).
In quantum field theory each edge of a graph is associated to a propagator C' = 1/H (which,
in elementary particle physics represents a particle). Introducing discrete scales comes to a

'Note however that within this travelling salesman context the decoration associated to a self-loop (known
as a tadpole edge in quantum field theoretical language) is zero, while in our context one can have strictly
positive integers associated to such self-loops.
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“slicing” of the propagator
C = / e “da ZCi (1)
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When some discrete integer a is associated to a given edge, this means that the propagator
assigned to this edge lies within a given energy scale. One thus introduces more information
(replacing graphs by “assigned graphs”) which yields in turn some refinement of the analysis,
as we will explain here.

When integrating over the energy scales of the internal propagators in a Feynman graph in
quantum field theory, one obtains the Feynman integral associated to the respective graphs.
Usually, these integrals are divergent. This is when renormalization comes in, subtracting
(when possible) the divergent parts of these Feynman integrals, in a self-consistent way (see
again Vincent Rivasseau’s book [28] or any other textbook on renormalization). Neverthe-
less, these divergences only appear for high energies (the so-called ultraviolet regime)?, which
corresponds, within the multi-scale formalism, to the case when all the integer scales asso-
ciated to the internal edges are higher then the edges associated to the external edges (see
again Vincent Rivasseau’s book [28] for details).

When dealing with this divergence subtraction (the subtraction of the so-called “countert-
erms”), an important “technical” complication is given by the issue of “overlapping diver-
gences”, which is given by overlapping subgraphs which lead, independently, to divergences.
This problem is solved in an elegant way within the multi-scale analysis, where all subgraphs
leading to divergences are either disjoint or nested.

Let us also emphasize that the multi-scale renormalization technique splits the counterterms
into two categories: “useful” and "useless” counterterms (the useful ones being the ones
corresponding to subgraphs where all the integer scales associated to the internal edges
are higher then the edges associated to the external edges). This refining is not possible
without the scale decoration of edges; furthermore, it also solves another major problem of
renormalization, the so-called “renormalon problem” (which is an issue when one wants to
sum over the contribution of each term in perturbation theory).

This versatile technique of multi-scale analysis was successfully applied for scalar quantum
field theory renormalization (see again [28]), the condensed matter case [2],[13],[29], renor-
malization of scalar quantum field theory on the non-commutative Moyal space (see [16], [17],
[18], [30] and [36]) and recently to the renormalization of quantum gravity tensor models

[31.[7].
The combinatorics of the multi-scale renormalization was encoded in a Hopf algebraic frame-
work in [20]. As already announced above, the Hopf algebraic setting of [20] is commutative,

2Divergences for low energies (the infrared regime) can also appear in quantum field theory, but one can
deal with this type of divergences in a different way. This lies outside the purpose of this section.
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and the assigned graphs designed there can have equal scale integers for several edges of the
same graph.

3 Non-commutative graph algebra structure

In this section we define the space of totally assigned graphs (TAG) and a non-commutative
algebra structure on this space.

Definition 3.1 A totally ordered scale assignment pu for a graph I is a total order on
the set E(I") of edges of T.

It will be convenient to visualize the total order u by choosing a compatible labelling, i.e.
an injective increasing map from (E(T'), ) into N* = {1,2,3,...}. There is of course an
infinite number of possible labellings. The unique such map with values in {1,...,|E(I)]}
will be called the standard labelling associated with pu.

Example 3.2 An example of a totally ordered scale assignment with nonstandard labelling
s given in Fig. 1.

Figure 1: A graph with a totally ordered scale assignment.

Definition 3.3 A totally assigned graph (TAG) is a pair (I',u) formed by a graph T’
(not necessarily connected), together with a totally ordered scale assignment .

Consider now a field K of characteristic 0, and let H be the K- vector space freely spanned
by TAGs. The product m on H is given by:

m((rlvu)a (FQvV)) = (Flvu) ) (PQvV) = (Fl Uy, pll V)> (3)

where I'; U 'y is the disjoint union of the two graphs, and where p Ul v is the ordinal sum
order, i.e. the unique total order on F(I'y) U E(I's) which coincides with p (resp. v) on I'y
(resp. I'y), and such that e; < es for any e; € I'y and ey € T'y. Although the disjoint union
of graphs is commutative, the product is not because the total orders Ll v and v U u are
different (see also Remark 3.7 below). Associativity is however obvious. The empty TAG is
the empty graph, denoted by 1.
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1

2 2
(a) The TAG (T'1, ). (b) The TAG ('3, p2).

Figure 2: Two examples of TAGs.

Example 3.4 Let (I'y, 1) and (Ty, o) be the two graphs in Fig. 2.

One has
m((Cy, ), (Do, o)) =« <>

Proposition 3.5 (H,m, 13) is a free associative unitary algebra.

One has:

Proof. The only thing which is non-trivial to prove is the freeness of the algebra. Let
G = (I',u) be a non-empty TAG. The set E(I') of its edges is endowed with the total
order pu. Say that G is decomposable if it can be split into two non-empty components
G1 = (I'1, 1) and Go = (I'y, p2) such that:

1. p; is the restriction of the total order u to E(I;), i =1, 2.
2. For any e; € E(I'1) and ey € E(I'y) we have e; < e,.
3. The two components are disconnected

In that case we obviously have G = G - G5 for the product just defined above. Otherwise
the TAG G is called indecomposable. Iterating this decomposition process, we clearly can
obtain any TAG G as a finite product of indecomposable TAGs:

G- Gy

with G; = (I';, i5), j = 1,...,k, and where p; is the total order p restricted to E(I';). The
set E/(I'y) is the smallest terminal segment of F/(I") such that no edge in it hook to other edges
in E(T"). Hence the last component Gy, is uniquely defined, and the whole decomposition as
well by iterating this argument. Hence, the set of TAGs endowed with the product defined
above is the free monoid generated by the indecomposable TAGs; this concludes the proof.
O

Remark 3.6 An indecomposable TAG is not necessarily connected (see Fig. 3).
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Figure 3: A non connected indecomposable TAG.

Remark 3.7 The standard labelling of the product (I'y, p1) - (T'a, o) is obtained by keeping
the standard labelling for E(I'y) and shifting the standard labelling of E(I's) by |E(T')].

Let us end this section by the following example illustrating the non-commutativity of our
product:

Example 3.8 One has

T g

2

and

2

L e

4 Hopf algebra structure

Let us first give the following definitions:

Definition 4.1 A subgraph v of a graph I is the graph formed by a given subset of edges e
of the set of edges of the graph T' together with the vertices that the edges of e hook to in T.

Let us notice that a subgraph is not necessary connected nor spanning.

Definition 4.2 A totally assigned subgraph (v, v) of a given TAG (T, p) is a subgraph
of T'in the sense of Definition 4.1, together with the total order v on E(v) induced by p. The
shrinking (I, 1) /(v,v) of a given TAG (', ) by a totally assigned subgraph (v, v) is defined
as follows: the cograph I /v is obtained as usual, by shrinking each connected component of
v on a point, and the totally ordered scale assignment /v of the cograph T/~ is given by
restricting the total order u on the edges of the cograph, i.e. the edges of I' which are not
internal to v. The TAG (I'/~, u/v) is called a totally assigned cograph.

Let us now define the coproduct A : H — H ® H as
A@w) = >, (e @/yu/v) (6)
OC (v,v) (T, )

for any TAG (T, p).
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Example 4.3 1) Let (I'y, p1) be the TAG in Fig. 2a.
One has the coproduct:

AG ) =Gy + 1y (Gu)+2,_ 1+

2) Let (G, ) be the TAG given in Figure 2b.

A((G, 1) = (G i) ® Iy + 1y @ (Gop) +20 "+ ® @

om0
»@3@

Example 4.4 Let (G, ) be the TAG given in Fig. 4.

1 3

2 4 6

Figure 4: Another TAG.
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A((G 1) = (G 1) @ Ly + 13 @ (Gop) + o

+ L)t Fo k3 e e

& = ° 2 N 4
+ 1 2 ® W : e _'_ .. _'_ 1 2 ® \ / : 7:7' ://)\ _'_
- s \ ) — +ooo+ 2 5 - +
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2 [ _— _ c e

where we have denoted by ... for the similar graph obtained from choosing the same type

of subgraph on the LHS on the coproduct; note that this can lead, in some cases, to distinct
subgraphs on the RHS (sometimes just because of the distinct labels).

Lemma 4.5 Let (I, u) be a TAG in'H. Let (y,v) and (6,V") be two totally assigned subgraphs
such that (0,1") C (v,v) C (I, ). Then, one has

(T/y, /) = ((T/8)/(v/9), (u/V) [ (v/V)). (7)
Proof. Since, 6 C v C I, then one has v/6 C I'/6. One has I'/y = (I'/d)/(v/J). Moreover,
the total order v (resp. 1) is induced by restriction of p (resp. v or u) to the set of edges

of 6. Then /v = (u/v')/(v/vV'), which concludes the proof.
U

Proposition 4.6 The coproduct defined in (6) is coassociative.
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Proof. Let (I', u) € ‘H. Then, one has:

(A@IdoA(L,u) =A@l | > ()& ([/ru/v)

(v,)C(T,p)

= > Y (e V) | @@ vy

(yv)CTp) \ (v v")C(rw)

= > G eGH ) e T ). ®)

(v,v)C(T,p)
(Y V) C(v.v)

and

(Id®A) o AT, p) = TdoA) [ Y (1) ® (/7. 1/v)

(r))C(l',p)

= Y el XY G (@A) | (9)

(v,v)C (L) (YT /v.m/v)

There is a one-to-one correspondence between the assigned subgraphs (v/,v") C (I'/v, u/v)
and the assigned subgraphs (y1,11) C (I', u) such that (y,v) C (71,v1). Indeed, starting
from an assigned subgraph (vq1,v4) C (T, ) such that (v,v) C (y1,11), we find an assigned
subgraph (7/,v') C (I'/v, u/v) by restricting the total order v; to the edges of v, which are
not internal to v, and the inverse operation consists in extending the total order v/ to all
edges of 77 in the unique way compatible with the total order p on E(T).

Applying Lemma 4.5, one has ((I'/y)/v, (u/v)/V') = (U'/v, pu/v1). Equation (9) can then
be rewritten as follows:

(Id® A) o A((T, 1))
= Y. (wwen/rn/v)e T/ nu/n). (10)

(71 7V1)C(Fuu')
(77V)C(’Yl 71/1)

Using equations (8) and (10), one concludes the proof. O

Furthermore, we define the counit ¢ : H — K by

Lif (D, 1) = 1y

0 otherwise.

e(T,p) = { (11)

Theorem 4.7 The triple (H, A, €) is a coassociative coalgebra with counit.
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7 9

Figure 6: One of the terms obtained by acting with the coproduct on the standard labeled
TAG of Fig 5.

Proof. Let us show that € is a counit of the coalgebra. For any TAG (I, 1), one has

(€@ Id) o A((T, 1)) = (T )1+ (LT )+ 3 el ) (T/7 /) = (T, p).

()&

Analogously, one has: (Id®¢) o A((T', 1)) = (T, ). One thus concludes that the maps Id,
(e®Id)o A and (Id® €) o A coincide on TAGs, thus proving that € is a counit of A. Using
now Proposition 4.6, one concludes the proof. O

Example 4.8 Let us check the coassociativity of our coproduct on the example of the stan-
dard labeled TAG of Fig. 5. When acting with the coproduct on this standard labeled TAG,
one gets the term of Fig. 6, which obviously adds up to the rest of the coproduct terms.
Another type of term is the one of Fig. 7 (which again adds up to the rest of the coproduct
terms). Acting now on these terms with (A ® Id) and respectively with (Id @ A) leads to
the same term represented in Fig. 8 with standard labelling. Let us also emphasize that this
term cannot be obtained from other terms of A because of the diagrammatic difference of the
various disconnected components of the graphs.

Figure 7: Another terms obtained by acting with the coproduct on the standard labeled
TAG of Fig 5.
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Figure 8: The resulting in the LHS and RHS of the coassociativity identity.

One has:

Proposition 4.9 Let (I'y, p1) and (Ty, p2) be two TAGs in H. One has

A(m((rla Ml)) (F27 ,LLZ))) = m®2 O Ta3 (A(Fla Ml)) A(P27 ,LLZ)) (]-2)
where Tz is the flip of the two middle factors in H®*.
Proof. One has

A(m((Fl,,ul), (I, uz))) — AT} U Ty, 1 U a) (13)
= > (7,v) ® (C1UTs) /7y, (pa U pa) /v)

P (g,v)S(T1U 2,1 Up2)

= Z (1 Uy, vy Ue) @ (I /y1 U s /e, pon /v1 U pia/va)

(y1,71)E(T'1,p1)
(v2,v2)C(T2,p2)

= m® o 7o3(A(T'1, ), A(Ta, 1)) (14)
U
Example 4.10 Let (I'y, pu1) and (I'a, po) be the graph in Fig. 2(a).
One has:
ALy U Ty, gy U po) = (Ty Uy g Upe) @ 1y + 14 @ (I U Do, g U o)
+4 . e ®© Q + -<:> ® -<:>
1
IV <> ®@
5
One has:

Theorem 4.11 (H,m, 13, A, €) is a bialgebra.
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Proof. Using Proposition 4.9, it follows that A is a morphism of algebras. One thus concludes
the proof. O

For all n € N, one calls H(n) the vector space generated by the TAGs with n edges. Then
one has H = @,y H(n). Moreover, one has:

1. For all m,n € N, H(m)H(n) € H(m + n).
2. Foralln € N, A(H(n)) C Divjmn H(D) @ H(H).

One thus concludes that H is a graded bialgebra. Note that H is connected.
We can now state the main result of this section:

Theorem 4.12 The bialgebra (H,m, 1y, A, €) is a Hopf algebra.

Proof. The bialgebra (H,m, 13, A, €) is connected and graded. The conclusion follows. The
antipode S : H — H verifies S(1y) = 14, and is given on a non-empty TAG (T, ) by one
of the two following recursive formulas:

ST = —Cow— Y Stv) - O/v,p/v) (15)
O (v,v)S(T, 1)

= M= Y, (1) ST/v /). (16)
O (v,v)S(T, 1)

]

Note that if one considers now the Hopf algebra H¢ of graphs (without any edge scale
decoration), one has:

Proposition 4.13 The map © from H to H® defined on the TAGs by 7((T,p)) =T is a
Hopf algebra morphism.

Proof. This statement directly follows from the definitions. O

5 Quadri-coalgebra structure

A quadri-algebra ([1]) is a family (A4,N, ", \, /), such that A is a vector space, and N\,
v\, " are four products on A, satisfying nine axioms. Putting «—=_+ //, ="+ \_,
=N+ A=+, and * =N+  + \ + = + —=T + |, these axioms imply
that (A,7,])) and (A, +—, —) are dendriform algebras ([23, 25]), and * is an associative (non
unitary) product. Dually, a quadri-coalgebra is a family (C, A<, A, A\, A »), where C' is
a vector space, ,Ax, A, A\, A »: C — C ® C, such that:

(A\@Id)OAr\ = (Id@A*)OAr\, (A/@]d)OAr\ = (
(A\@[d)OA\ = ([d@A\)OA\, <A¢®[d)OA/ = ([d@A/)OA\,
( H@[d)OA/ = ([d@Ai)OA/, ( H@[d)OA/ = (

( ®Id)OA\( = (Id@A\()OA\(,
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where Al = Ax + A, AL = A +A A A=A +A 5 A=A, +A and A, =
Ax + A, + A + A ». This implies that (C,A_,A,) and (C, A, A}) are dendriform
coalgebras; moreover, A, is coassociative (non counitary): it is called the coassociative
coproduct induced by the quadri-coalgebra structure.

Definition 5.1 1. Let Hy be the augmentation ideal of H. It is given a coassociative,
non counitary coprodut A, defined for all nonempty TAG (I, u) by:

A(Cw)=A(Tw)-Cpwel-10Cn= > ()& @/,

O (v,v) S (D)

2. Let (I', ) be a nonempty TAG. We denote by a(I', u) the smallest edge of (', u) and
b([, ) the greatest edge of (I', ) for the scale assignment .

Proposition 5.2 We define four coproducts on H. by:

A< ((G.p) = Y (e @/ vp/v),

0C (v)S(Tom),
a(G)ev,b(G)ey

A ((Gp) = > (e @/vp/v),

O (v,v) S (Dp)s
a(G)ev,b(G) ¢y

A(G ) = D (nv) @)y, u/v),

0 (v)S(Tom),
a(G)¢7,b(G) ¢y

A(Gw) = Y (rnv)@@/y,u/v).

O (v,v) S (Do),
a(G)¢y,b(G)ey

Then (Hi, A<, A, A\, A ») is a quadri-coalgebra, and the induced coassociative coproduct
is Ay. Moreover, for all x,y € H,:

Ax (zy) = wyp @y + o'y @2l + 2y © 2l y{
Ay(ry) = 2@y+a @ y+ay, @y +aly @zly]
A(zy) = 2L @iy +y @ay +aly @y
Aq(ry) = yr+y,@ayl +2y@a”, + 2,y @ 2"y,

where A, () =2 @), A, (z) =2/, @27, A(y) =yt @yf, and Ay(y) =y, @y

Proof. Obviously, Ax_+ A, + A + A » = A,. Let (G, 1) be a nonempty TAG. We write,
using the coassociativity of A,:

(A @ Id) o A((T,p)) = (Id® A,) o A, ((T, )
= S (@GN V) ® (T u/v).

(v )G () S (Top)
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Then each relation defining quadri-coalgebras corresponds to the terms in this sum such
that:

a€~y,be, a€y/y,be,
ael/y,be, a€y,bev/v,
a€y/v.be/v, a€l/y,ben/v,
acy,bel/y, a€vy/y,bel )y,

acl/v,beTl/y.

Let x,y be nonempty TAGs. By definition of the product, a(zy) = a(z) and b(zy) = b(y).
Let 0 € (v,v) € zy. We put (7, ) = N (v,v) and (v, v,) =y N (7,v). Then (v,v) =
(Yo Va) (s vy) and 2y / (7, v) = 2/ (Y, V2 )Y/ (Vg vy)- I alw,y) € 7, b(ay) ¢ v, then a(z) € v,
and a(y) ¢ ,. Four cases are possible:

e 1 = . This gives the term = ® y.
e v C x. This gives the term 2/, ® z” y.

e x C . This gives the term zy| ® y/.

® Vo, # 0 and v, € x, v, © y. This gives the term 2 y| ® 27 y/.
This proves the compatibility between A  and the product. The three other compatibilities
are proved in the same way. U
Summing, we obtain the following compatibilities:

(zy) = z2Qy+ay @y +2_yea] +2_ @2 y+a_y @l y"

(zy) = yor+y ey +2l, @2l y+aly®al, +2ly "y
Ar(ry) = yer+2y@a” + oy, @yi +y;p @ oyl + 2'y; @ 2"y

(zy) = r@y+2' @2"y+ay @y +y, @y + 2y @2"y].
Hence:

Corollary 5.3 (H,m? A_,A_) and (Hi,m,Ar,A}) are condendriform Hopf algebras
([15]).

Let us end this paper by the following concluding remarks. A further non-commutative
Hopf algebra of TAGs can be defined when considering only graphs of a given quantum
field theoretical model and defining the coproduct as the appropriate sum on the class of
superficially divergent graphs (see for example [20], where such a Hopf algebra was defined,
in a commutative setting).

The non-commutative graph Hopf algebraic structure defined here is a combinatorial Hopf
algebra (CHA) using a selection/contraction coproduct rule - this type of CHAs being called
CHAs of type I in [33]. Examples of such CHAs are the Connes-Kreimer Hopf algebras
of quantum field theory [8, 9, 10], of non-commutative Moyal quantum field theory [34,
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35] (see also [32] for a short review), of quantum gravity spin-foam models [26, 31], of
random tensor models [27], or the word Hopf algebra WMat [11]. This type of coproduct
rule is fundamentally different of the selection/deletion rule used in CHAs such as FQSym,
MQSym, the Loday-Ronco Hopf algebra etc. - CHAs of type II (see again [33]). It seems
however interesting to us to investigate in what circumstances one can find some non-trivial
mathematical relations between these two types of CHAs.
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