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ABSTRACT. We study the Hopf algebra H of Fliess operators coming from Control Theory
in the one-dimensional case. We prove that it admits a graded, finite-dimensional, connected
gradation. Dually, the vector space R(xzg, z1) is both a prelie algebra for the prelie product dual
of the coproduct of H, and an associative, commutative algebra for the shuffle product. These
two structures admit a compatibility which makes R{xg,x1) a Com-Prelie algebra. We give a

presentation of this object as a Com-Prelie algebra and as a prelie algebra.
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Introduction

Right prelie algebras, or shortly prelie algebras [4, 1], are vector spaces with a bilinear product
e satisfying the following axiom:

(zoy)ez—ce(yez)=(rez)ey—ze(zey)

Consequently, the antisymmetrization of e is a Lie bracket. These objects are also called right-
symmetric algebras or Vinberg algebra [12, 17|. If A is a prelie algebra, the symmetric algebra
S(A) inherits a product » making it a Hopf algebra, isomorphic to the enveloping algebra of the
Lie algebra A [13, 14]. Whenever it is possible, we can consider the dual Hopf algebra S(A)*
and its group of characters GG, which is the exponentiation, in some sense, of the Lie algebra A.

We here consider an inverse construction, departing from a group used in Control Theory,
namely the group of Fliess operators [3, 5, 6]; this group is used to study the feedback prod-
uct. We limit ourselves here to the one-dimensional case. This group is the set R({(xg,x1)) of
noncommutative formal series in two indeterminates, with a certain product generalizing the
composition of formal series (definition 1). The Hopf algebra H of coordinates of this group
is described in |5], where it is also proved that it is graded by the length of words; note that
this gradation is not connected and not finite-dimensional. We first give a way to describe the
composition in the group R((xg, 1)) and the coproduct of H by induction on the length of words
(lemma 2 and proposition 3). We prove that H admits a second gradation, which is connected;
the dimensions of this gradation are given by the Fibonacci sequence (proposition 8). As the
product of R{(xg,x1)) is left-linear, H is a commutative, right-sided combinatorial Hopf algebra
[10], so, dually, R(xq, z1) inherits a prelie product e, which is inductively defined in proposition
11. We prove that the words =7, n > 0, form a minimal subset of generators of this prelie algebra
(theorem 12).

The prelie algebra R{xg, x1) has also an associative, commutative product, namely the shuffle
product W |15]. We prove that the following axiom is satisfied (proposition 14):

(xlWly) ez = (xez) Uy +xll(yez).

So R{zg,x1) is a Com-Prelie algebra [11]| (definition 15). We give a presentation of this Com-
Prelie algebra in theorem 27. We use for this a description of free Com-Prelie algebras in terms
of partitioned trees (definition 17), which generalizes the construction of prelie algebras in terms
of rooted trees of [1]. We deduce a presentation of R(zg,z1) as a prelie algebra in theorem 30.
This presentation induces a new basis of R(zg,z1) in terms of words with letters in N* see
corollary 31. The prelie product of two elements of this basis uses a dendriform structure |2, 9]
on the algebra of words with letters in N* (theorem 34). The study of this dendriform structure
is postponed to the appendix, as well as the enumeration of partitioned trees; we also prove that
free Com-Prelie algebras are free as prelie algebras, using Livernet’s rigidity theorem [7].

Aknowledgment. The research leading these results was partially supported by the French
National Research Agency under the reference ANR-12-BS01-0017.

Notation. We denote by K a commutative field of characteristic zero. All the objects
(algebra, coalgebras, prelie algebras. . .) in this text will be taken over K.

1 Construction of the Hopf algebra

1.1 Definition of the composition

Let us consider an alphabet of two letters ¢ and x;. We denote by K((zo,x1)) the completion
of the free algebra generated by this alphabet, that is to say the set of noncommutative formal



series in zg and x7. Note that K((zo,z1)) is an algebra for the concatenation product and for
the shuffle product, which we denote by LL.

Examples. If a,b,c,d € {xg, x1}:

abcllld = abed 4 abdc + adbc + dabe,
ablllcd = abed 4 acbd 4 cabd + acdb + cadb + cdab,
alllbed = abed 4 bacd 4 bead + beda.

The unit for both products is the empty word, which we denote by (). The algebra K{(xq, z1))
is given its usual ultrametric topology.

Definition 1 /5/.

1. For any d € K{{(xg,z1)), we define a continuous algebra map pq from K((xg,z1)) to
End(K((zg,z1))) in the following way: for all X € K{{xg,x1)),

@d(T0)(X) = 20X, wa(r1)(X) = 21X + zo(dlUX).

2. We define a composition o on K{((xg,z1)) in the following way: for all c,d € K{(xg, 1)),
cod=py(c)(0) +d.

It is proved in [5] that this composition is associative.
Notation. For all ¢,d € K({(zg,x1)), we put ¢cdd = cod —d = p4(c)(D).

Remark. If ¢1, ¢, d € K((zg, 21)), A € K:
(c1+Ac2)5d = pa(c1 +Ac2)(0) = (palcr) +Apa(c2))(0) = wale1) (@) + Apa(c2)(0) = c16d + Aezdd.

So the composition 6 is linear on the left. As ¢4 is continuous, the map ¢ — ¢od is continuous
for any d € K({xg,x1)). Hence, it is enough to know how to compute ¢dd for any word ¢, which
is made possible by the next lemma, using an induction on the length:

Lemma 2 For any word ¢, for any d € K((xo,21)):
1. 0ad = 0.
9. (200)5d = wo(c3d).
3. (z10)5d = @1 (c8d) + zo(dLL (c3d)).

Proof. 1. §5d = pa(0)(0) = 1d(0) = 0.

2. (woc)od = pq(zoc)(0) = wa(xo) © a(c) () = pa(zo)(cdd) = wo(cdd).

3. (z1c)dod = pg(x1¢)(0) = pa(x1) 0 wa(c) (D) = @g(x1)(cdd) = 21(cdd) + 2o(dLW(cdd)). O

1.2 Dual Hopf algebra

We here give a recursive description of the Hopf algebra of the coordinates of the group K((xo, 1))
of [5].

For any word ¢, let us consider the map X, € K((zo,x1))*, such that for any d € K({xo, z1)),
Xc(d) is the coefficient of ¢ in d. We denote by V the subspace of A* generated by these maps.



Let H = S(V), or equivalently the free associative, commutative algebra generated by the X.’s.
The elements of H are seen as polynomial functions on K((zg, z1)); the elements of H ® H are
seen as polynomial functions on K{{xg,x1)) x K((zg,z1)). Then H is given a multiplicative
coproduct defined in the following way: for any word ¢, for any f, g € K{{zg, 1)),

A(Xc>(fa g) = Xc(f © g)'

As o is associative, A is coassociative, so H is a bialgebra.

Notations.

1. The space of words is a commutative algebra for the shuffle product W. Dually, the space
V' inherits a coassociative, cocommutative coproduct, denoted by Ay. For example, if
a,b,c € {xg,x1}:

Ay (Xp) = Xp @ Xy,

Ay(Xe) = Xo @ Xp+ Xy @ X,
Ap(Xap) =Xap @ X+ Xo @ Xp + Xp @ Xy + Xy @ X,
A (Xabe) = Xape ® X+ Xo ® Xpe + Xp @ Xoe + Xe @ Xap

+Xab®Xc+Xac®Xb+Xbc®Xa+X®®Xabc-

2. We define two linear endomorphisms 6y, 60; of V by 6,(X.) = X,,. for any word c.
The following proposition allows to compute A(X,) for any word ¢ by induction on the length.
Proposition 3 For all z € V, we put A(z) = A(z) —1® .
1. A(Xp) =Xy @ 1.
2. Aoly= (0o @Id)o A+ (61 @m)o(A®Id)oAy.
3. Aol = (0, ®1d)oA.
Proof. For any word c, for any f, g € K{{xg,z1)):
A(X)(f:9) = AX)(fr9) = (1@ X)(f,9) = Xe(f 0 9) = Xelg) = Xe(f @ g — g) = Xe(f39).

As 5 is linear on the left, A(X,) € V ® H, so formulas in points 2 and 3 make sense.

Let f € K{({xg,z1)). It can be uniquely written as f = zofo + x1f1 + A0, with fo, f1 €
K((zo,z1)), A € K. For all g € K{{zg,x1)):
f89 = (20f0)5g + (x1/1)59 + Mdg = x0(foSg + glU(f159)) + z1(f15g) + 0.
1. We obtain:

A(Xg)(f,9) = Xo(zo(fodg + gLLI(f189)) + z1(f159) + AD) = 0+ 0+ A = (Xp @ 1)(f, 9),
so A(Xy) =Xp® 1.

2. Let ¢ be a word.

Ao bo(X)(f,9) = A Xupe)(f,9)
= Xuoe(wo(fodg + g (f159)) + 21(f159) + AD)
= Xc(fodg + gl (f159)) +0+0
= X(foog + (f16g)LLg) +0+0
A(Xe)(fo, 9) + (A @ Id) o Ay(Xe)(f1,9,9)
A(Xe)(fo,9) + (Id®@m) o (A® Id) o Aw(Xc)(f1,9)
— (8o @ Id) o A(X.)(f,9) + (01 @ Id) o (Id @ m) o (A ® Id) o Ay (Xe)(f, 9),



s0 Ao fy(X.) = (0o @ Id) o A(X,) + (0; @ Id) o (Id @ m) o (A ® Id) o Ay (X.).

3. Let ¢ be a word.

A o 01 (Xc)(f7 g) = A(Xxoc)(fa g)
= Xzie(®o(foSg + gl(f159)) + z1(f15g) + A\D)
=0+ Xc(flég) +0

= A(XC)(fl,g)

= (6h @ Id) o A(X.)(f, 9),

so A of(X.) = (0; @ Id) o A(X,). O
Examples.
A(Xz)) =Xy @14+ 10 Xy + Xy @ X,
A(Xy2) = X2 © 1+ 10 Xz + Xogry @ Xo + Xayng @ Xg + Xoya, @ X§ + Xy © Xo,

)
A(Xa:om) = Xxom ®1+1® Xzo:cl + Xaf1x1 ® X@ + le ® Xarla
A(meo) = X:Blwo ®1+1® Xﬂcwo + Xafwl ® X@'

Corollary 4 For alln > 1, A(Xx?) = Xxgz ® 1 and A(Xﬂlb) = Xﬂf ®R1+1Q® nglb.

Proof. It comes from an easy induction on n. O

1.3 gradation

It is proved in [5] that the Hopf algebra H is graded by the length of words, but this gradation
is not connected, that is to say that the homogeneous component of degree 0 is not (0), as it
contains Xy. Moreover, the homogeneous components of H are not finite-dimensional, as for
example X' X is homogeneous of degree k for all n > 0. We now define another gradation on
H, which is connected and finite-dimensional.

Definition 5 1. Letc=cy...cy be a word. We put:
deg(c)=n+1+4{ie{l,...,n}|c=wx0}.
2. For all k > 1, we put:
Vi = Vect(X. | deg(x) = k).
This define a connected gradation of V, that is to say:

V=V

3. This gradation induces a connected gradation of the algebra H:

H =D Hy, and Hy =K.
k>0

Lemma 6 If ¢ is a word of degree n, then:

A(X.) e P VieH;.
i+j=n

Proof. Let us start by the following observations:



1. Let ¢ be a word of degree k. Then zgc is a word of degree k+ 2. Hence, 6y is homogeneous

of degree 2 on V.

. Let ¢ be a word of degree k. Then x1c is a word of degree k+ 1. Hence, 01 is homogeneous
of degree 1 on V.

. Let ¢ and d be two words of respective degrees k and [. Then any word obtained by shuffling
c and d is of degree k+1—1: its length is the sum of the length of ¢ and d, and the number
of z¢ in it is the sum of the numbers of x¢ in ¢ and d. Hence, dually, the coproduct Ay is

homogeneous of degree 1 from V to V@ V.

_ Let us prove the result by induction on the length k of c. If k¥ = 0, then ¢ = ) somn =1, and
A(X.)=X.®1€V;®Hy. Let us assume the result for all words of length < k — 1. Two cases

can occur.

1. If ¢ = zod, then deg(d) = n — 2. we put Ay (Xg) = > 2, @ 2. By the preceding third

!

observation, we can assume that for all i, x;,z;

deg(x}) + deg(x)) =n—2+1=mn—1. Then:

A(X.) = (o ® Id) o A(Xy) + 2(91 ®@m)o (Alx) @ zlh).

2

2! are homogeneous elements of V', with

By the induction hypothesis, A(Xy) € (V ® H),_1. By the second observation, (fy ® Id) o

A(Xy) € (V®H),. By the induction hypothesis applied to xf, for all 4, (A(z})®2]) € (V©
H®V),_1, so by the first observation, (§; @m)o (A(z})@x) € (VRH)p—141 C (VR H),.

So A(X,) € (V @ H)p.

2. ¢ = x1d, then deg(d) = n — 1. Moreover, A(X.) = (6; ® Id) oNA(Xd
hypothesis, A(Xy) € (V ® H)p—1. By the second observation, A(

). By the induction
Xe) e (V@H)p.

So the result holds for any word c. O
Proposition 7 With this gradation, H is a graded, connected Hopf algebra.
Proof. We have to prove that for all n > 0:
A(H,) C @ H;® H;.
it+j=n
This comes from the multiplicativity of A. O

Let us now study the formal series of V and H.

o0
Proposition 8 1. For all k, let us put pr, = dim(Vy) and Fy = Zkak, Then:

k=1

and for oll k> 1:

1 ((1ev8) (1-v5)
PE=5 2 ) T\ 2

This is the Fibonacci sequence (A000045 in [16]).



2. We put Fg = Zdim(Hk)Xk. Then:
k=0

= 1
Fy = Hi(l—Xk)Pk'
k=1

Proof. Let us consider the formal series:

F(Xo,X;) = Z #{words in xg,x; with ¢ g and j azl}XéXg.

1,520
1
Then F(Xp, X1) = T X, X Moreover, by definition of the degree of a word:
X
Fy=XF(X*X)=—"——.

As H is the symmetric algebra generated by V', its formal series is given by the second point. [J

Examples. We obtain:

k ol1]2(3[4|5]6]7] 8| 910
dim(Vy) |0 [1[1]2 1321 [ 34| 55
dim(Hg) | 1| 1|2 4|8 |15 30|56 108 | 203 | 384

The third row is sequence A166861 of [16].

w
ot
oo

Remark. Consequently, the space V inherits a bigradation:
Vin = Vect(X. | deg(c) = k and lg(c) = n).

If ¢ is a word of length n and of degree k, denoting by a the number of its letters equal to zg
and by b the number of its letters equal to x1, then:

a+b =n,
2a+b+1 =k,

, n
dim(Vin) = (k o 1)7

and the formal series of this bigradation is:

soa=k—n—1. Hence:

X

. k o
> dim(Vi ) XFY™ = v O

k,n>0

2 Prelie structure on K(xg, z1)

2.1 Prelie coproduct on V

As the composition o is linear on the left, the dual coproduct satisfies A(V) CV®H,so Hisa
commutative right-sided Hopf algebra in the sense of [10], and V inherits a right prelie coproduct:
if 7 is the canonical projection from H = S(V') onto V/,
d=rm@n)oA=(Idom)oA.
It satisfies the right prelie coalgebra axiom:
(23).((6®@Id)od — (Id® §) o d) = 0.

The following proposition allows to compute §(X.) by induction on the length of c.



Proposition 9 1. §(Xy) =0.
2. 8060y=(6p®1Id)od+ (01 ®Id)o Ay
3. 5091:(91®[d)0(5.

Proof. The first point comes from A(Xy) = Xg® 1+ 1® Xy Let z € V. We put
Ay(z)=2'®@2" e VeV. Foranyy eV, weput A(y) —y @ 1=y @93 € Vo H,.. Then:

(Brom)o(A®Id)oAy(x)= (0 @m)(z @1ea" + 2’V @2/@ @ 2"

_ 91($/) ® 2" —}-x/(l) ® 1:’(2)35” '
9% €Ker(m)

Applying Id ® 7, it remains:
(Id@ 7)o (0 @m) o (A®Id) oAy(z)= (01 ®Id)oAy(z).
Let i =0 or 1. Then:
(Id@ 7)o (0;@Id)o A= (0;®Id)o(Id®n)oA=(0;®Id)od.

The result is induced by these remarks, combined with proposition 3. O
Examples.
6(Xxo) = Xz, ® Xy,
5(X:r ) = Xage) ® X + Xz @ Xg + Xay @ Xg,
(Xwoxl) = Xaoy ® Xg + Xoy @ Xoy,
(wao) = Xo12 ® Xp.

Proposition 10 Ker(d) = Vect(Xyn,n > 0).

Proof. The inclusion 2 is trivial by corollary 4. Let us prove the other inclusion.

First step. Let us prove the following property: if x € V} is such that

=\ Z X F® X5,

i+j=k—2
then there exists ;1 € K such that z = u:z:k 1 It is obvious if k = 1, as then & = ul. Let us
assume the result at all ranks < k. We put z = x¢(xo fo +z1f1), where a > 0, fy is homogeneous
of degree k — 2 — o and f; is homogeneous of degree k — 1 — a.

6(z) = (67 @ 1d) (60 ® Id) 0 6(fo) + (01 ® Id) 0 6(f1) + (01 ® Id) 0 Aw (fo)) -
Let us consider the terms in this expression of the form Xy ® X,, with ¢ a word. This gives:
AXp® Xxllc72 =0,

so A =0 and §(x) = 0. Let us now consider the terms of the form Xy e, ® Xg4, with ¢, d words.
We obtain:
(0 00y @ Id) o §(fp) = 0.

As both 6y and 6 are injective, we obtain §(fy) = 0. By the induction hypothesis, fo = v X2,
with l =k —2 — a < k. Hence:



and:

§ I
it+j=l

As 0, is injective, we obtain with the induction hypothesis that f; = ,LLXxl{:727a, s0:

T = ,U,Xxllc—l +vX h—a—2.

r{ToTy
This gives:

_ et (k-2

5mwl®miH§H“ﬂ&@&ﬁ
(k—a—2)!
=V Z TX:EZ{HX X Xle
i+j=k—a—2 A
=0,

so necessarily v =0 and = = uszlcq.

Second step. Let z € Ker(d). As § is homogeneous of degree 0, the homogeneous components
of z are in Ker(d). By the first step, with A = 0, these homogeneous components, hence z, belong
to Vect(Xw;f,k > 0). O
2.2 Dual prelie algebra

As V is a graded prelie coalgebra, its graded dual is a prelie algebra. We identify this graded dual
with K(zg, z1) € K((zo,21)); for any words ¢,d, X.(d) = 6.4. The prelie product of K(xo, z1)
is denoted by e. Dualizing proposition 9, we obtain:

Proposition 11 1. For all word c, ) e ¢ = 0.
2. For all words ¢,d, (zoc) @ d = xo(ced).
3. For all words c¢,d, (x1c) @#d = x1(c e d) + xo(clld).

Proof. Let u,v,w be words. Then X,,(uev) = §(X,)(u ® v). Hence, if d is a word:

Xy(uo) =0,
Xzod(u ° U) = (90 & Id) o 5(Xd)(u & ’U) + (91 & Id) o Am(Xd)(u & U)
= Xa(0p(u) e v + 07 (u) W),
de(” ° U) = (01 X Id) X 5(Xd)(u & U)
= X4(07(u) ®v).
Moreover, for all word c:
65(0) = 0, 05 (zoc) = ¢, 05 (z1c) = 0,
67(0) = 0, 07 (zoc) = 0, 01 (z1c) = c.
Hence, for any words c, d:
Xupd(zocov) = Xy(cov) Xppa(z1c0v) = Xg(cllv)
= Xaga(zo(z 0 0)), = Xood(z1(c o v) + zo(cllv)),
Xzid(xocov) =0 Xy d(xicev) = Xy(cew)
= Xa,a(wo(z 0 0)), = Xoyd(z1(cov) + zo(cllv)).



Hence, for any w, X, (zocev) = Xy (zo(z @ v)) and Xy, (z1cev) = Xy ((z1(cov) + zo(cllv)). O

Examples.
zoexg =0 To e xorg =0 T1 ® ToTo = TOTOXQ
zoexy =0 Toexogry =0 T ® ToT1 = TOTOL1
1 @ Lo = T To®L1Ty = 0 T1 ®@XL1T) = Tox1x0
1 @1 = Tox1 To@®TL1T1 = 0 1 ®@XL1T1 = X111
l‘ol‘o.[EO:O x0x00x1:0
Tox1 ® Lo = Lo Tox1 ® L1 = Toxrol1
T1To ® To = 220X0X0 T1Xg ® L1 = ToXox1 + Tox1Xo
T1X1 ® Ty = 129X + ToX1Xo + ToLox T1T1 ® T1 = T1ToT1 + 2ToT1T1

Dualizing proposition 10:

Theorem 12 K(zg,z1) = Vect(z],n > 0) & (K(zg,z1) ® K(xo,21)). Hence, (2])n>0 is a
minimal system of generators of the prelie algebra K{xo, x1).

Proof. As e =¢§*, Im(e) = Ker(0): = Vect(Xzn,n > 0)*+. The first assertion is then im-
mediate. As K({xg,x1)) is a graded, connected prelie coalgebra, K(zg, z1) is a graded, connected
prelie algebra. The result then comes from the next lemma. O

Lemma 13 Let A be a graded, connected prelie algebra, and V' be a graded subspace of A.
1. V generates A if, and only if, A=V + Ae A.

2. 'V is a minimal subspace of generators of A if, and only if, A=V ® AeA.

Proof. 1. =>. Let z € A. Then it can be written as an element of the prelie subalgebra
generated by v, so as the sum of an element of V' and of iterated prelie products of elements of
V. Hence, z € V + A e A. Note that we did not use the gradation of A to prove this point.

1. <=. Let B be the prelie subalgebra generated by V. Let z € A,, let us prove that x € B
by induction on n. As Ag = (0), it is obvious if n = 0. Let us assume the result at all ranks < n.
We obtain, by the gradation:

n—1

Ay =Vo @) Ao A,

=1

So we can write x = )\x’f_l + > x; e y;, where x;, y; are homogeneous of degree < n. By the
induction hypothesis, these elements belong to B, so x € B.

2. —=. Byl = A=V +AeA IfV N AeA+#(0), we can choose a graded subspace
W C V. such that A=W @ Ae A. By 1. <=, W generates A, so V is not a minimal system of
generators of A: contradiction. So A=V & Ae A.

2. «<. By 1. <, V is a space of generators of A. If W C V then W& Ae AC A. By 1.
=, W does not generate V. So V is a minimal subspace of generators. O

Proposition 14 For all z,y,z € K(zg,z1), (zWy)ez = (zez)lly+zlli(yez).

10



Proof. We prove it if z,y, z are words. If z = (), then:
(Oy) oz =yoz=(Boz)Uly+0Lue>)

If y = (0, the result is also true, using the commutativity of /. We can now consider that x,y
are nonempty words.

Let us proceed by induction on k = lg(z) 4+ lg(y). If k = 0 or 1, there is nothing to prove.
Let us assume the result at all rank < k. Four cases can occur.

First case. © = xga and y = xgb. Then:

(xlWy) @ z = (xo(alllzpb) @ z + (zo(zoalllb)) e
= zo((alllzob) @ z) + xo((zoalLlb) oz)
= zo((a ® 2) Wzob) + zo(alll((zob) @ 2)) + zo(((zoa) ® 2) Lb) + zo(zoalll(be 2))
= zol(a e 2)WWzgb) + zo(alll (zo(b » ) + w0((zo(a # 2)) LUB) + zo(zoalll(b e 2))
(ae®z)Wxob+ xoalllzg(be z)
zez)y+axll(yez).

Tola

Second case. x = x1a and y = xgb. This gives:

(xlWy) @ z = (z1(alllzpb)) @ z + (zo(x1alllD)) o

z1((a @ z) Wxyb) +:L‘1(aujm0(boz))

zo(allzobllz) + zo(((x1a) @ 2) b)) + xo(x1alll(be z))
)

+

=z1((a e z)Wzpb) + z1(alllzg(be z))
+ zo(alllzoblz) + zo((x1(a @ 2))Lb) + zo((xo(allz)) L) + zo(z1alll (b e 2)),

(roz) Uy = (z1(aez2)) Uzob+ (zo(allz)) U (xob)
z1((a e 2) W (zeb)) + zo(z1(a @ 2)LLID)
+ zo(alUzWxob) + zo((zo(alllz))LUb),
xW(yez)=xjalllag(bez)

=z1(allzo(bez)) + xo(xialll(be z)).

These computations imply the required equality.

Third case. x = zpa and y = x1b. This is a consequence of the second case, using the
commutativity of L.

Last case. x = x1a and y = x1b. Similar computations give:

(xlly) @z =x1((a®z)Uxib) + zi(alUzi(bew)) + x1(allxg(blz)) + xzo(allzblz2)
+x1(rrall(be2)) + 21 ((z1(a e 2)) b)) + z1((xo(alll2)) Wb) + xo(alUz bl 2),

(xoz)ly=1z1((aez2)x1d) +z1((x1(a e 2))Wb) + xo(allzibllz) + 21 ((xo(alllz))LUb),

zW(yez)=xz1(allzi(bew)) + xi(allzg(bllz)) + z1(x1alll(be 2)) + xo(alllzibllz).

So the result holds in all cases. O
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3 Presentation of K(xy,z;) as a Com-Prelie algebra
Proposition 14 motivates the following definition:

Definition 15 [11] A Com-Prelie algebra is a triple (V,e, W), such that:
1. (V,e) is a prelie algebra.

2. (V, W) is a commutative, associative algebra (non necessarily unitary).
3. For all a,b,c €V, (allb)ec= (aec)lb+alll(bec).

For example, K(zo, x1) is a Com-Prelie algebra. See [11] for an example of Com-Prelie algebra
based on rooted trees.

3.1 Free Com-Prelie algebras
Definition 16 1. A partitioned forest is a pair (F,I) such that:

(a) F is a rooted forest (the edges of F' being oriented from the leaves to the roots).

(b) I is a partition of the vertices of F with the following condition: if x,y are two vertices
of F which are in the same part of 1, then either they are both roots, or they have the
same direct descendant.

2. We shall say that a partitioned forest is a partitioned tree if all the roots are in the same
part of the partition.

3. Let D be a set. A partitioned tree decorated by D is a pair (t,d), where t is a partitioned
tree and d is a map from the set of vertices of t into D. For any verter x of t, d(x) is called
the decoration of x.

4. The set of isoclasses of partitioned trees will be denoted by PT. For any set D, the set of
isoclasses of partitioned trees decorated by D will be denoted by PT (D).

Examples. We represent partitioned trees by the Hasse graph of the underlying rooted
forest, the partition being represented by horizontal edges, of different colors. Here are all the
partitioned trees with < 4 vertices:

v VAL g v vy v YoV od Y YL
V.=V L=d Vv =V =0 =1,
Definition 17 Lett = (¢,1) and t' = (', J) € PT.
1. Let s be a vertex of t'. The partitioned tree t o5 t' is defined as follows:

(a) As a rooted forest, t est' is obtained by grafting all the roots of t' on the vertex s of t.
(b) We put I = {Ih,..., I} and J = {J1,...,Ji}. The partition of the vertices of this
rooted forest is IUJ = {I1,..., Iy, J1,..., i}
2. The partitioned tree t\Ut' is defined as follows:

a) As a rooted forest, t\Ut' is tt'.
(a) :

(b) We put I = {I1,..., I} and J = {J1,...,J;} and we assume that the set of roots
of t is Iy and the set of roots of t' is J1. The partition of the vertices of tWt" {I; U
T YRR FAR ST (S

12



Examples.
1. There are three possible graftings V e, .: V, % and 6

2. There are two possible graftings ! e, ..: V and Y

These operations can also be defined for decorated partitioned trees.

Proposition 18 Let D be a set. We denote by gp7(p) the vector space generated by PT (D).
We extend LU by bilinearity on gp7(p) and we define a second product e on gpr(p) in the following

way: if t,t' € PT(D),
tot'= ) te,t.
seV(t)
Then (gp7(p),®, W) is a Com-Prelie algebra.
Proof. Let t,t',t" be three partitioned trees.
If §',s" are two vertices of ¢, we define by ¢ e, o (#,¢”) the partitioned trees obtained by

grafting the roots of ¢ on &', the roots of ¢ on s”, the partition of the vertices of the obtained
rootes forest being the union of the partitions of ¢, ¢’ and ¢”. Then:

(t‘t,) ot = Z (t o, tl) ot”

s'eV(t)

g Z (t .5’ tl) .s” t// + Z (t .5’ t,) .S” t”
s',s"eV(t) s'eV(t),s"eV(t)

— Z t [ JVpv7; (t17 t”) —+ Z t (Y] (t/ o,/ t//)
s',s"eV(t) s'eV(t),s"eV(t)

= Z Loy (tlv t”) +te (t/ b t//>'
s',s" eV (t)

So (tet')et” —te(t'et”) is clearly symmetric in ¢ and ¢/, and e is prelie.

Moreover, (tWt)Wt" = tW(¢'WE") is the rooted forest ¢t't”, the partition being {I; U J3 U
Ky, Iy, ..., Ix, Jo, ..., J;, Ko, ..., Ky}, with immediate notations; ¢t = ¢t is the rooted
forest tt', the partition being {I1UJy, Io, ..., I, Jo, ..., J;}. So LU is an associative, commutative
product.

Finally:

(tLt) ot = Y (tlt) et + Y (tlt) oyt

seV(t) sS'eV(t)
= > (te )t + > tl(t ey t")
seV(t) s'eV(t)

= (tet")Wt" +tlW(t ot").
So gp7(p) is Com-Prelie. O

In particular, gp7(p) is prelie. Let us use the extension of the prelie product e to S(gp7(p))
defined by Oudom and Guin [13, 14]:

1. Iftl,...,tkGQPT(D),tl...tkOIZtl...tk.

2. Ift,tl,...,tkEng(D),tOtl...tk:(tOtl...tk_l)otk—tO(tl...tk_lOtk).

13



3. If a,b,c € S(gpr(p)), abec = (ae Y (b e ) where A(c) = ¢V @ ¢ is the usual
coproduct of S(gp7(p). In particular, if t1,...,t,t € PT(D):

tkot—Ztl (tiot).. .ty

Lemma 19 Let t = (¢t,1),t; = (t1, 1MW), ...t = (tg, I®)) be partitioned trees (k > 1). Let
51,...,8; € V(t). The partitioned tree t ey, s (t1,...,t) is obtained by grafting the roots of t;
on s; for all i, the partition being I LU ITM U ... .UI®) . Then:

tety...t, = Z t.sl,...,sk (tlv"‘7tk)‘

51,5k EV (T)

Proof. By induction on k. This is obvious if £ = 1. Let us assume the result at rank k.

toty.. .ty = (tety...t) ety — Zto (tiotpyr) .. ty)

= ) (tess (B, ) @ try — ZZ“ (ti s teg1) . 1)

515,55, EV(T) 1=1 seV (t;)

= Z (t .81,...,8k (tla cee 7tk)) .Sk+1 tk—l—l

5155841 €V (T)

+Z ST (tour (b ) @5 b

=1 sV (t;)

—Z ST teg s (i gty )

1=1 $1,...,5,.€V(t) s€EV(t;)

= D teg e (b teg).

815-5SK+1€EV(2)

Hence, the result holds for all k. O

Theorem 20 Let D be a set, let A be a Com-Prelie algebra, and let ag € A for all d € D.
There exists a unique morphism of Com-Prelie algebra ¢ : gpr(p)y — A, such that ¢(..) = aq
Jor all d € D. In other words, gpr(p) 1s the free Com-Prelie algebra generated by D.

Proof. Unicity. Let t € T¢ We denote by 1,...,r, its roots. For all 1 < i < n, let
ti1,...,tk, be the partitioned trees born from r; and let d; be the decoration of r;. Then:

t= (.dlo t1,1-.. thl)UJ o UJ(.,MO tpa-- 'tmkn)'
So ¢ is inductively defined by:

gb(t) == (adl L4 ¢(t171) e Qﬁ(tl,kl))m ce LU(CLdn [ ] Qb(tn,l) .. Qb(tn,kn)) (1)

FEzistence. As the product W of A is commutative and associative, (1) defines inductively
a morphism ¢ from gpr(p) to A. By definition, it is compatible with the product W. Let us
prove the compatibility with the product e. Let ¢,# be two partitioned trees, let us prove that
o(tet') = ¢p(t) @ @(t') by induction on the number N of vertices of ¢t. If N =1, then ¢t = ., and:

p(tet) =aqe(t') = o(t) e o(t),

14



by definition of ¢'. If N > 1, two cases are possible.
First case. If t has only one root, then t = ., ety ...t;, and:

k
tot’:.dotl...tkt’+z.dotl...tiot’otk.
=1

Using the induction hypothesis on t1, ..., t:
k
p(tet’) =asep(tr)...o(tk)d(t) + > aaed(tr)...p(trot') ... d(tx)
i=1

k
=aged(tr) ... o(tr)o(t') + Y age (d(t1) ... ¢(t1) 0 d(t') ... $(tx))
i=1
= (ag e ¢(t1) ... ¢(tx)) ® $(t')
= ¢(t) » o(t).

Second case. If t has k > 1 roots, we put ¢t = t1W ... Wt,. The induction hypothesis holds
for t1,...,tg, so:

k
Gtot) = (t1lUt; o 'L ... LLty)
=1
k
— Z¢(t1)uj¢(ti ot LU ... WLo(ts)
=1

k

=D o(t)We(t) e ()L ... LWg(tr)
=1

= (p(t)W ... Wo(ty)) e o(t')

= ¢(t) o o(t').

Hence, ¢ is a morphism of Com-Prelie algebras. U

3.2 Presentation of K(zo,z,) as a Com-Prelie algebra

Proposition 21 As a Com-Prelie algebra, K(xg,x1) is generated by () and x;.

Proof. Let A be the Com-Prelie subalgebra of K(zg,z1) generated by () and z;. For all
n > 1, it contains '™ = nlz¥, so it contains z7 for all n > 0. As K(z, z1) is generated by these
elements as a prelie algebra, A = K(zg, z1). O

We denote by écpr : 9pr(1,2y) — K(zo,21) the unique morphism of Com-Prelie algebras
which sends ., to () and ., to x1. By proposition 21, it is surjective.

Lemma 22 Let t1,...,t; € PT({1,2}).

1. ¢popr(-10ti...tg) =0 if k> 1.

2. ¢cpr(e2 0ty .. ty) =0 if k> 2.

8. Ift € PT({1,2}), dcpL(-2 ot) = modcpL(t).
Proof. We prove 1.-3. by induction on k. If k = 1:

dcpr(-10t) =0epcpr(t) =0, ¢cpr(-2 @t) = x1 0 popr(l) = 2odcpL(l).

15



Let us assume the results at rank £k — 1 > 1. Then:

dopr(e1 ®ty...tr) =0 e pcpr(t) ... ocpr(ty)
= (Do pcpr(t)...¢ocpr(ti—1)) ® dcpr(ti)

— Z Depcpr(ti)...ocpr(tioty)...ocpr(te—1)

—1

~

=)

dcpr(-2 @ty .. tr) =21 0 pcpr(ty) ... dcpr(ty)
= (z1 0 pcpL(t1) ... dcrL(tp—1)) ® dcprL(ty)

k
— Z r1 e pcpr(ty) ... dopr(ti®ty). .. dcpr(tp—1).
=1

If & > 3, the induction hypothesis immediately allows to conclude that ¢copr(.o @t ..

0—-0=0. If k=2, this gives:

dopr(-2 ®tity) = (1 @ popr(t1)) ® pcpr(te) — x1 @ popr(ti @ ta)
= (zodcpr(t)) ® dcpr(ta) — wodcpr(ty @ t2)
= 20 (pcpr(t1) ® dcpL(t2))dcpr(ts o t2))
=0.

Hence, the result holds for all £ > 1.

Lemma 23 For all t € PT({1,2}), ¢cpr(t) is a linear span of words of length the number

of vertices of t decorated by 2.

Proof. By induction on the number of vertices N of t. If N =1, then ¢t = ., or ., and the

result is obvious. Let us assume the result at all rank < N.

First case. If t has only one root, we put t = .; et;...t;. By the preceding lemma, we can

assume that ¢ = 2 and k = 1. Then ¢cpr(t) = zopcpr(t1) and the result is obvious.

Second case. 1If t has k > 1 roots, we put t = tjW ... Wt,. Then ¢opr(t1) is equal to

dopr(t1)W ... Woepr(tr) and the result is immediate.

Lemma 24 We define inductively a family F of elements of PT ({1,2}) by:

1. F(1) = {u1, .2}
2. F(n+1) = (2 o F(n)) U J(F(G)WF(n+1-1)).

=1

3. F=|JF(n).

n>1

Lett € PT({1,2}). Then ¢cpr(t) # 0 if, and only if, t € F.

Proof. =—. We proceed by induction on the number N of vertices of ¢. This is obvious if

N = 1. Let us assume the result at all rank < N.

First case. If N has only one root, we put N =.; et;...t;. By lemma 22, ¢ =2 and k = 1.

Then ¢cpr(t) = zopcopr(t1). By the induction hypothesis, t; € F', so t € F.

16
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Second case. If N has k > N roots, we put t =¢;1U ... Wtg. Then:

¢cpr(t) = ¢cpr(ty) Wocpr(t2 L ... Witg) # 0,

so by the induction hypothesis, ¢; and tolll ... Wi, € F,and t € F.

<. Let t € T(n). We proceed by induction on n. It n = 1, this is obvious. If n > 1 then
t=.,0t witht' € F(n—1), or t = t'Wt", with ¢’ € F(i), t" € F(n —1). In the first case,
by the induction hypothesis, ¢cpr(t') # 0 and dcpr(t) = vodcpr(t’) # 0. In the second case,
dcpr(t'), pcpr(t”) # 0 by the induction hypothesis, so ¢cpr(t) = ¢cpr(t')Wecpr(t”) #0. O

Examples.
FQ1) ={1, .2},
2 :{ % I2,1H1,1H2,2H2}
1
1 1 2 2 1 2 2
3 —{ %, v2 y Vz 5 vz ,2L.1,2L.2,2L1,2L.2,1341,1&42,1342,2342}.

We define a second family of elements of PT ({1,2}) in the following way:
1. F,(l):{.l,.z}.
2. F/(z):{zg,z%,g._.z}

n—1
3. Flin+1)= (e F'(n))U | (FOWF (n+1-1) U (.. WF'(n)) if n>2.
1=2
4. F' =) F'(n)
n>1

For example:
/ }% Ig 2072 1 2
F(3>: 2592, v2 ’21_'2721—'2’20—%—02 s
IRV e ay
F’( %, 2 YQ? 2, ¥2 Wz ,2-y2,2 2,2»%2,2 2,2 2,2LI2,2H42,2H42,2 .

We define a map 7 from F to P7({1,2}) in the following way:
1. w(es) = ifi=1,2.
2. (oW Wey) =1,
3. Ift = W We W WL Wiy, k> 1, withtg, ...t # o1, thenw(t) = w(t) W . .. W (tg).
4. Ift =., @t1... 1, then 7(t) = .2 o mw(t1) ... 7(tx).
Lemma 25 7 is a projection on F' and ¢popp om = ¢CpL|F.

Proof. Let t € F. Let us prove by induction on the number N of vertices of ¢ that:
1. ©(t) e F'.
2. fte F',n(t) =t

3. ¢cprrom(t) = ¢cpL(t).
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4. If w(t) = .1, then t = ., WV,

All these points are immediate if N = 1. Let us assume the result at all ranks < N, N > 2. We
put t = .1LU m.1mt1m mtk, k ZO, Wlth tl,...,tk 7é °1.

First case. If k > 2, then 7(t) = mw(t1)W ... Wn(tx). Following the induction hypothesis,
7(t1),...,m(tx) € F" and are not equal to .1, so w(t) € F': moreover, m(t1) # «1, 80 w(t) # 1.

dopr(t) = ¢cpr(c1)W ... Wocpr(«1)Wocpr(ti) W ... Wocpr(tr)
=0L... m@mgbch Oﬂ(tl)m ... Wocpr Oﬂ(tk)

= (bCPL(ﬂ'(tl)UJ o UJTr(tk))
= ¢cplL © 71'(75).

If t € F/, necessarily t = tylU...Wtg, and t1,...,tx € F’. By the induction hypothesis,
w(ty) =t1,...,w(ty) = tg, so w(t) = t.

Second case. If k=1, as t; € F, we put t; = ., es. Then 7(t) = .. e7(s). By the induction
hypothesis, 7(s) € F’, so w(t) = F’. Moreover:

dcpr(t) = ¢cpr(-1)W ... Wocpr(1)W(pcpL(.2) @ pcpL(s))
=0W...WOW(pcpr(-2) ® dcpL(s))
= ¢cprom(.2) ® popr, o m(s)
= ¢cpr om(t).

Ift'e F/,then s€ F',and t = ., es. Then 7(t) = .. e7(s) = ., ¢ s = 1.
Last case. If k =0, all the results are obvious. O
Lemma 26 Let t,t' € PT({1,2}). Then:
popr ((c20t) (.2 0t)) =dcpr (20 ((-2 0 t)WE' + tL(.2 o).
Proof. Indeed, putting w = ¢cpr(t) and w' = dopr(t'):

gopr ((c2 0 t)U (.2 0t")) = zowllzow’
= xo(wWzow") + xo(zow Lw)
=¢opr (20 ((c20t) Ut +tLU(.2 0t))).

We used lemma 22 for the first and third equalities. O

Theorem 27 The kernel of ¢pcpr, is the Com-Prelie ideal generated by the elements:
1. .y ety ... tg, where k > 1, t1,...,t € PT({1,2}).

2. .o ety...tg, where k> 2 ty,...,t € PT({1,2}).

3. oWt —t, where t € PT({1,2}).

4. (coot) (oo @t')— .o 0((co0t) it —tl(.o ®t))), where t,t' € PT({1,2}).

Proof. Let I be the ideal generated by these elements. Lemmas 22 and 26 prove that the
elements 1, 2 and 4 belong to Ker(¢cpr). Moreover, for all t € PT({1,2}), w(.1 Wt) = m(t).
For all t € PT({1,2}):

dopr(.1Wt) = 0Wecpr(t) = dcpL(t),
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so elements 3. also belong to Ker(¢cpr). Hence, I C Ker(¢cpr).

Let h = gpr({1,2})/I. As the elements 1 and 2 belong to I, h is linearly spanned by the

elements ¢, t € F. As the elements 3 belong to I, for all t € F, w(t) = t. As 7 is a projection on
F’, h is linearly spanned by the elements ¢, t € F’.

We now define inductively two families of partitionned trees in the following way:
1. T,/(l) = {.2} H,Ild F”(l) = {-1, .2}.

2. T"(n+1)=., ¢« F'(n).

+1
1 i 1" Ww(nt+1—:
3. F'(n+1) U T"( ).

4. F" = F"(n)

n>1

For example:
! 2 2 2 1 2
F"(3) = {Ea 1,7 ,2L2,2L2,2&2},
3 13 2
F"(4 = {13,12 Yg > 622,2%2 s \V2 ,22oy2,2~}2,2»12,2k-12,2ho42,2 2}-

Let us prove that for all t € F’, there exists t' € Vect(F"”) such that t = . We proceed by
induction on the number N of vertices of ¢. If N =1, then t = ., or ., and we take ¢’ = t. Let
us assume the result at all rank < N. We put t =t W ... WtglW.o W ... W.o, with t; = .5 @ 5,
si # 1, for all 1 <i < k. We proceed by induction on k. If £k =0, we take /' =t = ., W ... W.,.
If £k =1, then, by the induction hypothesis on N applied to s;:

t=(Zes) WGl . .. WG = (Fes)) WG ... 15 =(.nes) ., L. .. .,.

We take ¢ = (.2 @ s})W.o W ... W.,, which clearly belongs to Vect(F"), as s§ € Vect(F"). Let
us assume the result at all rank < k. Then, as the elements 4 belong to I:

tillty = .z @ (tlLUSQ) + .20 (81 Otg),

# #

SO

T=1 Wt ... Wigllep W ... W.y + & Wizl ... Wty WM. W.s.

By the induction hypothesis on k applied to these two partitionned trees, there exists 27 and
x| € Vect(F"), such that ¢ = 2} + 2. We take ¢ = 2 + z{. Consequently, the elements ¢,
t € F”, linearly span h.

Let t € F”(n). Then it has n vertices, and at most one of them is decorated by 1. We
denote by F}'(n) the set of elements of F”(n) with one vertex decorated by 1, and we put
FJl(n)=F"(n )\F{’( ). Let us prove that for all n > 1, |[F/(n+1)| < 2" ! and |Fy(n)| <2771
For n =0, as FF{(2) = {13} and FJ(1) = {.2}, this is immediate. Let us assume the result at
all rank <n. Then.

n+1 n
FQ//(n+ 1) _ U .2m(n+1—i)LUT/l(i) N Fé,(l) _ {.2Lu(n+1)} U U .2m(n+1—i)LU.2 ° é,(l)
=1 i=1
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Hence, [Fy(n+ 1) < 1+14+2+...+2"1 =2

n+2 n+2
Fl(n+2) =] "W @) nFi) = | "W, o /(- 1).
=1 =2

Hence, |F/'(n +2)| < 4+1+1+4... 4+ 271 =27,

Let ¢4p, be the linear map induced by ¢opr, on h. If t € FY'(n), by lemma 23, ¢ 4p; (%) is
a linear span of words of length n — 1. If t € FY/(n), by lemma 23, ¢ 4p(f) is a linear span of
words of length n. Hence, for all n > 0:

b apr(Vect(Fy(n)) + Vect(F/(n+1))) C Vect(words of length n).
As ¢opy, is surjective, we obtain:
b apr(Vect(Fy(n)) + Vect(F/ (n+1))) = Vect(words of length n).

Moreover, as dim(Vect(words of length n)) = 2" and dim(Vect(Fy(n)) + Vect(F{'(n +1))) <
|Fy (n)| + |FY'(n)] < 277142771 = 27 the restriction of ¢ 4py, to Vect(Fy'(n)) + Vect(F{'(n+1))
is injective. Finally, ¢ 4p; is injective, so Ker(¢cpr) = 1. O

4 Presentation of K(xy,z,) as a prelie algebra

4.1 A surjective morphism

Let g7+ be the free prelie algebra generated by N*, as described in [1]. It can be seen as the
subspace of gprn+) generated by rooted trees (which are seen as partitioned trees such that
any part of the partition is a singleton), with the restriction of the prelie product e defined by
graftings. For example, in g7+, if a,b,¢,d > 0:

d d
TRRTINEI
This prelie algebra is graded, the degree of a tree being the sum of its decorations.

By theorem 12, there exists a unique surjective map of prelie algebras ®py, : grms) —

K(xo, 1), sending ., to 2! for all n > 1. As 2! is homogeneous of degree i for all i, this
morphism is homogeneous of degree 0.

Notation. If t;...t; € T(N*) and n € N*, we put:
Bn(tl...tk) = .n0t1...tk.
This is the tree obtained by grafting t1,...,#; on a common root decorated by n.

Proposition 28 Let t = By(t1...t;) € T(N*). We put ¢pr(t;) = w; for all 1 < i < k.
Then:

Towy W ... Wzowy ujxqf_l_k if k <n,
opr(t) = .
0 otherwise.

Proof. As gpy(f1,2)) is prelie, there exists a unique morphism of prelie algebras:

97Ny T 9PT({1,2})
P 1

W(n—1)
en — (n—l)‘.2
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1 _
Then ¢cpr o is a prelie algebra morphism sending ., to w(n=1)

n—1
x =z foralln >1
(n—1)"1t ! -
80 ¢opr, © Y = ¢pr. We obtain, by lemma 19:
1 e
Plon ot ) = om0 (1) (1)
1
:(n_l)l Z 2 @ th u_J...LU.Q. H tl
Ilu...uln_lz{l,...,k} i€l 1€l 1

Let us apply ¢cpr to this expression. If [I;]| > 2, by lemma 22:

(bCPL 2 ® H t; =0.

iEIj
Consequently, if k£ > n, at least one of the I; contains two elements, so ¢cpr, ot (t) = ¢pr(t) = 0.
Let us assume that & < n. Hence, using the commutativity of LU:

¢PL('7L.t1---tk):(n_1)' Z T e le UJ...UJmlo sz
" LU UL 1={1,. k), |1 <1 il i€l
1 1
:( 01 Z xlowlm...xlokalem(n 1-k)
e v{1,....,k}—{1,...,n—1}, injective
o 1 W(n—1—k)
_m Z Towy W ... wowy Wy

" u{1,...,k}—{1,...,n—1}, injective

_ (n—1)...(n—k) (n—1—Fk)

1]
rowr W ... zowy Lz

(n—1)!
= (n-1)... ((T;__kl:))('n —1- k)!xowlm .. .xowkUJa:’l‘_l_k

= powi WL ... zowy ij?flfk,

which is the announced result. O
Corollary 29 Let s1,...,8m,t1,.--,tn € T(N*), m,n > 0. For all i,j,k > 1:
orL (Bry1((Bi(s1...8m)Bj(t1...tn)))
= ¢pr (Bp(Bit1(s1...smBj(t1...tn))) + épr (Br(Bjt1(Bi(s1 ... Sm)t1 ... tn)) -
Proof. We note:
Ti =B ((Bi(s1.-.8m)Bj(t1...tn) =ekr10((ci ®51...57)(+; 0t1...1y)),

T :Bk(BZ'_H(Sl...SmBj(tl...tn))) :.ko(.i+1o (81...Sm(.j Otl...tn))),
T3 :Bk(BjJrl(Bi(Sl---sm)tl---tn)) :.ko(.j_Ho ((.Z 081...8m)t1...tn)).

If m >4, orn>j,or k=1, all these elements are sent to zero by ¢pr by proposition 28. Let
us assume now that m < i, n < j, k> 1. We put v; = ¢pr(s;) and w; = ¢pr(t;). Then:

opr(Th) = xo(zour LU . .. UJ:UOUmUJxlfl*m) Waxo(xowi LWL ... Ujmownm:t{flfn) UJ:U’fo
X Y
= 20X WaxoY Wah 2,
opL(Th) = zo(xovr W . .. Woy, Wae(zow W . .. ujxownUJx{_l_”)ujxi_l_m)ujmlf_Q

1
= zo(X W) Wah=2,

opr(T3) = xo(zo(xour LW . .. UJJ:omeUxifl*m)Lngwl LU{I}()’LUnLUl‘{ilin)LUl‘]fiQ
= zo(zoX WY) Wak=2,
As xo X WY = xo(XWagY) + 2o(zeX WY, we obtain the result. O
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Theorem 30 The kernel of ¢pyr, is the prelie ideal generated by:
1. By(ty...ty), where k > 1, t1,...,tp € T(N*).

2. Z3k4,1(13i(81. ..Sn@>13j(t1. ~-tn)>‘_13k(lgi+1(31 ...Snilgj(tl. ~-tn)>‘_13j+l(13i(31- --Snz)t1~ --tn));

where 1,7,k € N*, m;n >0, s1,...,8m,t1,...,tn € T(N¥).

Proof. Let I be the ideal generated by these elements. By proposition 28 and corollary 29,
I C Ker(¢pr). We put h = grn+)/I. Applying repeatedly the relation given by elements of
the second form, it is not difficult to prove that for any ¢t € 7 (N*), there exists a linear span
of ladders ¢’ such that £ = ¢/ in h. Moreover, by the relation given by elements 1., if one of the
vertices of a ladder ¢ which is not the leaf is decorated by 1, then ¢ = 0. Let us denote by L(n)
the set of ladders decorated by N*, of weight n, such that all the vertices which are not the leaf
are decorated by integers > 1. It turns out that h is generated by the elements ¢,t € L = |J L(n).

Let ¢pr be the morphism form h to K(xg,z1) induced by ¢pr. By homogeneity, as ¢py is
surjective, for all n > 1:

¢pr(Vect(L(n))) = Vect(words of degree n).

In order to prove that I = Ker(¢pyr), it is enough to prove that ¢p; is injective. By homogeneity,
it is enough to prove that awed(L(n)) is injective for all n > 1. Hence, it is enough to prove that
for all n > 1,

|L(n)| = dim(Vect(words of degree n)) = py,

where the p,, are the integers defined in proposition 8. Let I, = |L(n)| and ¢, be the number of
t € L(n) with no vertex decorated by 1. Then for all n > 2, [,, = g, + ¢n—1, and [; = 1. We put:

o0 (e e]
L=)1X" Q=) g.X"
n=1 n=1
We obtain P = X 4+ @ + X Q. Moreover:
—1l=— -1

1
I ST L e e 9
i>2

Q=

Finally:

So, for all n > 1, |L(n)| = pp. O

As an immediate corollary, a basis of h is given by the classes of the elements of L. Turning
to K(xzg, z1), we obtain:

Corollary 31 Let w = ay ...a; be a word with letters in N*.

1. We put:
My =29 e (" e (L (2P eat). ).

2. We shall say that w is admissible if a1,...,ax_1 > 1. The set of admissible words is
denoted by Adm.

Then (Muy)weadm 1S a basis of K{xg, x1).

Remark. If w is not admissible, that is to say if there exists 1 <4 < k, such that a; = 1,
then m,, = 0 by proposition 28.

We extend the map w — m,, by linearity.
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4.2 Prelie product in the basis of admissible words

Notations.

1. For all k,l, we denote by Sh(k,l) the set of (k,l)- shuffles, that is to say permutations
¢ € Gp4q such that ((1) < ... < ((k), ((k+1) <...<{(k+1).

2. For all k,I we denote by Sh(k,l) the set of (k,I)-shuffles ¢ such that (~*(k +1) = k.
3. For all k,l we denote by Sh. (k,1) the set of (k,l)-shuffles ¢ such that ("'(k+1) =k +[.

4. The symmetric group &,, acts on the set of words with letters in N* of length n by permu-
tation of the letters:

o.a1...an) = Ag-101) - Ap1(n)-

Proposition 32 Let K(N*) be the space generated by words with letters in N*. We define a
dendriform structure on this space by:

(al...ak)<(b1...bl): Z C.al...akbl...bk,l(bk—l—l)
¢eSh< (k)

(ar...ag) = (by...by) = Z C.ay...ap—1(ag + 1)by ... bg.
CeShy- (k1)

The associative product < + > s denoted by *.

Proof. We denote by Sh(k, [, m) the set of k+I+m-permutations such that (1) < ... < {(k),
Ck+1)<...<Ck+1),C(k+1+1)<...¢(k+1+m). Then:

(a1...a <by...b)) <cr...c;m=ar...ap < (by...by*c1...cn)

= Z Cay...agby...(by+1)cy...(cm +1);
¢eSh(k,l,m),(—1(k+l+m)=k

(a1...a = by...b0) <cr...cm=ay...a > (by...by <c1...¢m)

= Z C.al...(ak—l—1)b1...blcl...(cm—|—1);
CeSh(k,l,m),(— 1 (k+l+m)=k+l

(al...ak*bl...bl)>cl...cm:a1...ak>(bl...bl>cl...cm)

= Z Cap...(ag+1)b1...(by+1)ci...cm.
CeSh(k,l,m), (=1 (k+l4+m)=k+I+m

So K((N*})) is a dendriform algebra. O
We postpone the study of this dendriform algebra to section 5.2.

Notations. For all ay,...,a; € N*, we denote by I(a;...ar) = Bg, ©...0 By, (1) the ladder
decorated from the root to the leaf by ay,...,ag. Note that mg,. o, = ¢pr(l(a1...ax)).

Lemma 33 Let k,l > 1 and let aq,...,a;,b1,...,b; € N*. Then:
¢pL(Ba,+1(l(az ... ag)l(bi...b)) + By, 41(l(ar ... ap)l(ba... b)) = Ma, apubr..by-
Proof. By induction on k+1[. If k =1 =1, then:
GpL(1ah + 14 181+ 1) = M(ay£1)b1+(br+Dar = Maysb; -
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Let us assume the result at all ranks < k+1[. If K =1, then:

¢pL(Bal+1(l(b2 e bl)) + Bbl_;,_l(l(al)l(bg e bl))
= ¢PL(-a1 +1@ l(bQ e bl) + b 41@ (l(al)l(bg R bl)))
= ¢pL(l((a1 + 1)b2 ... bl)) + ¢pL(.b10 (l((al + 1)b2 e bl) + ety 41 @ (l(al)l(bg - bl)))

= m(a1+1)b2...bl + mbl(al*bg...bl)
-1

= m(al-i-l)bz...bl + Zmb1...bi(a1+1)...bl + mbl...(bl—i-l)m
=1
= mal*bl...bl'

If [ = 1, a similar computation, permuting the a;’s and the b;’s, proves the result. If k,1 > 1,
then:

¢PL(BG1+1(Z(CZ2 e ak)l(bl - bl)) + Bb1+1(l(a1 S ak)l(bg ce bl))
= ¢PL('(L1. (.a2 +1@ l(ag e ak)l(bl R bl)) + b 11 @ l(a1 R ak>l(b2 o bl))>
+ ¢PL(-b1‘ (’al +1@ l(ag .. .ak)l(bz ce bl)) + by 41 @ l(a1 e ak)l(bg .. bl)))

= ma1 (az...ak*bl...bl)-‘y—bl (al---ak*bQ---bl)

mal...ak*bl...bl-
Hence, the result holds for all k£,1 > 1. O

Theorem 34 For all aq,...,a5,b1,...,b € N*:

k—1

mal...ak b mbl...bl = § ma1...ai,l(aifl)(aiﬂ...ak*bl...bl) + mal...akbl...bl‘
i=1

Proof. By definition of mg,p,.4,, if & = 1, mg, @ my, .y, = Maup,..5,- So the result holds if
k = 1. Let us assume that k > 2. In g7-), we have:

l(a1 .. .ak) (] l(b1 c. bl) = eq,® (Z(CLQ e ak) [ ] l(bl .. bl)) + ©ea,® l(ag .. .ak)l(b1 e bl).
Applying ¢pr:

May...ap, ® Mby...bo; = mal(ag...ak)o(bl...bl)
+ (pr(.a1 _1 (.a2 +1l(a3 e ak)l(bl ce bl)) + b 41 @ l(a1 ce ak)l(bg e bl))>

= Mgy (az...ap)e(b1...by) + M(a;—1)(az...apxb1...by)>
by the preceding lemma. The result follows from an easy induction. O

Remark. In particular, mq o myp, 5 = 0.

Corollary 35 Let ay...ag,b1...b be two words with letters in N*. Then mq, .. q, ® My, ..p,
s a span of my,, where w is a word with k + [ letters and of weight a1 + ... +ap +b1+ ...+ 0.

Hence, K(xg,x1) is a bigraded prelie algebra, with:
K(zo, z1)nk = Vect(ma,..ap | 01 + ...+ ar = n).
We put:

G =) dim(Kzo,z1)pns) X"Y".
k,n>0
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Proposition 36 G = m ;l ; . < )X v

Proof. Note that dim(K(xo,z1)n,k) is the number of words a; ...ax of length k, such that

al,...,ap_1 > 2,and a; + ...+ ap = n. Hence:
oo 2: X%’k”'XY XY 1 XY
1-X 1-X1-XY  1-X- X%
An easy developement in formal series gives the second formula. O

4.3 An associative product on grnx-)

We now define an associative product on g7 (n+), in such a way that ¢py becomes a morphism
of Com-Prelie algebras.

Proposition 37 We define a product W on g+ by:

p+q—k—1-2

p—k—1 >Bp+q—1(81.-.skt1...tl).

Bp(s1...s5)WBy(t1...4) = <
Then g7(n+) is a Com-Prelie algebra and ¢py, is a morphism of Com-Prelie algebras.

Proof. As (p+g:]l§:i_2) = (p+‘;:f__1l_2), W is commutative. Let ¢ = Bp(s1...sx), t' =

By(ety...t;) and t” = By(u1 ... up,). Then:

q+r—l—m—2><p+q+r—k—l—m—3

el W) = B —o(s1.. sty .. tug ...
( ) g—1—1 G4t —1—m—2 ptatr—2(81 .. Skt tiug - Um),

A
p+q—k—ﬁ—3<p+q+r—k—l—m—3

tWY Wt = B _ o Spty ..ty ... )
( ) < p—k—1 p+qg—k—1-2 > p+q+r 2(51 Skl1 ul Um)

B

Ifp<korg<lorr<m,then A=B=0.1If p>kandqg>1[andr>m, then:

p+qg+r—k—-—1—m-—3)!
B—k—1g—1-Dir—m—1)

A=B=

So W is associative.
Let tl = Bp(51 c. Sk), t2 = Bq(tl .. .tl) and t € T(N*) Then:

p+q—k—1-2
t Lt T =
(t1ltz) @ ( m—k—1

)Bp+q_1(81 BTN AT .tlt)
k
p+q—k—1-2
+Z( p—k—l Bp-‘rq—l(Sl---(Si.t)...Sktl...tl)

l
p+q—k—1-2
+Z< p—k—1 )Bp+q—1(81--.8kt1...(tj.t)...tl),
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tl Ot Lo < Bp Slot) )—l—Bp(sl...skt)) Lts
=1

+qg—k—1-—2
Z<p Z—k—l >Bp+q1(51~~-(Si.t)...skt1...tl)
=1

—k—-1-3
<p ;—k—2 >Bp+q—1(31...Sktl...tlt),

~.

_l’_

l
til(tgt) =till | Y By(tr...(tjet)...t;) + By(ts .. .t5t)
j=1

l
Yq—k—1-2
:Z(p q_ >Bp+q1(51...Skt1...(t]’ot)...tl)

, p—k—1
7j=1
fq—k—1-3
+ (p ; ko1 )Bp+q1(81...5kt1...tlt)-
—k—1-3 - k—1-2
As <p+q k9 > <p—i—q k1 3>_<p+q E_1 ),Weobtain(tlmtg)ot—
2 p - p—r—=

(tl Ot)LUtQ +t1LU(t20t O g7 (N*) is Com-Prelie.

—k—-101-2
Let t; = Bp(Sl...Sk) and ty = Bq(tl...tl). If £ > p, then pta ko1
p—k—
t1lWty = 0. By proposition 28, ¢pr(t1) = 0, so ¢opr(t1Wite) = ¢pr(t1) Wepr(te) = 0. Similarly,
if I > g, ¢pL(t1 LUtQ) = ¢pL(t1)LU¢pL(t2) =0. Ifk <pandl < q, we put w; = ¢PL(3i) and
w’ = ¢pr(tj). Then:

= 0, so

opr(t1) Wopr(ta) = vowi LU ... LUxokaUx}f*l*kUJ:cowiLU e ijowfujnglfl

p+q—k—1-2
:< p—k—1
_(p+q—k—l—
p—k—1
= ¢pr(t1LUts).

k—1—2
)xowl W...zow; LU:J:’H'q

)QZ)PL( D+q— 1( ..Sktl...tl))

So ¢py, is a Com-Prelie algebra morphism. O

Remark. By the proof of proposition 28, we have a commutative diagram of prelie algebra
morphisms:

é
opT({1.2) —= K(zo, 21)
”

dPL

97 (N¥)

Moreover, ¢pcopr, is a morphism of Com-Prelie algebra. With the commutative, associative prod-
uct previously defined on g7(n+), ¢pr is now a morphism of Com-Prelie algebra. However, ¢ is
not compatible with L. Indeed @D( ) =1(.2) @(.1) = 13, so:

1 1
Moreover, 13 W13 = Vi | so

@D(I% LUI%) :@ZJ(.3).@ZJ(-1)@Z)(-1) = %2»-2.-1-1 =313 +12 :
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5 Appendix

5.1 Enumeration of partitioned trees

Let d > 1. For all n > 1, let f,, be the number of partitioned trees decorated by {1,...,d} with

n vertices and let ¢,, be the number of partitioned trees decorated by {1,...,d} with n vertices
and one root. By convention, fo = 1. We put:
[ee] [e.e]
T=> t, X", F=) f.X"
n=1 n=0
Let V7 be the vector space generated by the set of partitioned trees decorated by {1,,...,d} and
VF be the vector space generated by the set of partitioned trees decorated by {1,,...,d} with

only one root. There is a bijection:

S(VT) —>VF
t1...0, — W ... Wig.

Hence:

oo

1
F:Ul(l—Xk)tk (2)

There is a bijection:

@S(VF) — VT
d
(Fll--~aF1,k:17"-aFd,1---Fd,k:d) —

)

o; @ (Fi,l e F‘Lkz)
1

This gives:

o0 1
T=dX ] ——F— (3)
Zl_[l (1- Xk)fkfl

Formulas (2) and (3) allow to compute inductively f; and t; for all £ > 1. This gives:

;

i =d
d(3d+1)
foo =
I d(19d? + 9d + 2)
3 p—
6
s d(63d? + 34d? 4+ 13d + 2)
4 =
8
d(644d* + 400d® + 175d? + 35d + 6)
|5 = 30

Here are examples of f,, for d =1 or 2:

11231 4 5 6 7 8 9 10
1125 | 14| 42 | 134 | 444 1518 5318 18989
2012|7]32]167|952 | 5759 | 36340 | 236498 | 1576156 | 10702333

3

d
d

The row d = 1 is sequence A035052 of [16].
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5.2 Study of the dendriform structure on admissible words

We here study the dendriform algebra K(N*) of proposition 32. It is clearly commutative, via the
bijection from Sh(k,l) to Shy(l,k) given by the composition (on the left) by the permutation
(l+1...014+k1...0): in other terms, it is a Zinbiel algebra [8].

Let V be a vector space. The shuffle dendriform algebra Sh(V') is T (V'), with the products
given by:

(al...ak)<(bl...bl): Z C.ay...agby...bp_1by
¢eSh< (k)

(al...ak)>(bl...bl): Z C.ay...ap_1aby ... bg.
¢eShy (k)

Moreover, this is the free commutative dendriform algebra generated by V, that is to say if A is
a commutative dendriform algebra and f: V — A is any linear map, there exists a morphism
of dendriform algebras ¢ : Sh(V) — A such that ¢V = f. Asai...ax = b=a1...aq;b in
Sh(V) for all ay,...,ax,b € V, this morphism ¢ is defined by:

dlar...ap) = (... (a1 = a2) = az)...) = a.
Proposition 38 1. Let V be the space generated by the words 1%i, k € N, i > 1. Then
K(N*) is isomorphic, as a dendriform algebra, to Sh(V').

2. Let A be the subspace of K(N*) generated by admissible words. Then it is a dendriform
subalgebra of K(N*). Moreover, if W is the space generated by the letters i, i > 1, then A
is isomorphic, as a dendriform algebra, to Sh(W).

Proof. Let w = ay...ar be a word with letters in N*. We denote by o(w) the sequence
of indices j € {1,...,k — 1} such that a; # 1. This sequences are totally ordered in this way:

(J1,-- -5 Jk) < (J1,---,Jy) if there exists a p such that ji = jj, je—1 = J/_1, - -+ Jk—pt1 = jl/—p+1’
Jk—p < Jj_p» With the convention jo =j_1=...=jy=j.,=...=0.

Let ¢ : Sh(V) — K(N*) be the unique morphism of dendriform algebras which extends the
identity of V. Then:

p((1F 7 tay) .. (1F"La,)) = 1M (ay + 1) ... 1817 (q,_y + 1)1*La,
+ words w’ such that o(w’) > (k1,...,kn—1).

By triangularity, ¢ is an isomorphism. Moreover, for all a1,...,a, > 1:
dlar...an) = (a1 +1)...(an—1 + 1)ay.
Consequently, ¢(Sh(W)) = A, so A is a dendriform subalgebra of K(N*) and is isomorphic to

Sh(W). O

5.3 Freeness of the pre-Lie algebra gpr(p)

Notations. Let k > 1, dq,...,d, € D and let F7,..., F), be decorated partitioned forests. We
put:
Bd1,..-,dk(F1ﬂ ey Fk) = (.dlo Fl)m e M(.dk. Fk)

Note that any partitioned tree can be written under the form By, . g4, (F1,... F)). This writing
is unique up to a common permutation of the d;’s and the F;’s.
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Proposition 39 We define a coproduct § on gpr(p) in the following way: for any decorated
partitioned tree t = By, q, (t11 - tings -tk thng),

k n
1 7
o(t) =+ Z Z By (F11 -ty oo tid e tij1tijot o ting ooy thd - thomy) @ L.
1=1 j=1
1. For all x € gp7(p), (d ® Id) o §(x) = (23)(6 ® Id) o §(x).
2. For all v,y € gpr(p), 6(zey) =@y + () ey.
Proof. 1. Let t = Bd1,...,dk (tl,l e tl,nla ce ,tk71 NN tk,?%)- For all i,j, we put:
t/ti’j = Bdh---,dk (tl,l . tl,np ey ti71 . ti,jflti,jJrl . ti,ni? . ,tk,l . tk:,nk,)~
Then: )
8(t) = D /iy @ty
2

Hence:
E@Id)yod(t)= Y. (t/tij)/tuy Sty Ot
(1.4)7(5")
As (t/ti;)/ty j and (t/ty j1)/ti; are both the partitioned tree obtained by cutting ¢; ; and ¢y j
in ¢, they are equal, so (d ® Id) o §(t) is invariant under the action of (23).

2. Let t' be a decorated partitioned tree.

k
(5<t L] t/> = Z 6(Bd1,...,dk (tl,l . .thl, e ,ti71 e ti,nitly e 7tk,1 e tk,nk))
=1

+ Z&(Bdl ’’’’’ dk(t171 ety tia e T ot .. timgy et ‘tk‘,nk))
i,

1 1
= Ek?t Rt + E Z Z Bdl,...,dk (tl,l cotipgs eyt ti,nitlv R 7 I tk,nk)/ti/,j/ & by g
il
1
+ % Z Bdl,...,dk(tl,l .. 'tl,n17"'7t’i,1 ~--ti,j ot'. '.tivni7' . .,tk71 ---tk,nk)/ti’,j’ ®ti’,j’
(6.5)#.5")
1
+ % Zt/tivk Rt ;e t
i7j
=tot +> tHVat@et +> W at@ et
Sod(tet)=t@t +0(t)et. O
By Livernet’s pre-Lie rigidity theorem |7]:

Corollary 40 The pre-Lie algebra gp7(p) is freely generated by Ker(6).
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