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Abstract
We introduce the concept of TRAP (Traces and Permutations), which can roughly be

viewed as a wheeled PROP (Products and Permutations) without unit. TRAPs are equipped
with a horizontal concatenation and partial trace maps. Continuous morphisms on an infinite
dimensional topological space and smooth kernels (respectively, smoothing operators) on a
closed manifold form a TRAP but not a wheeled PROP. We build the free objects in the
category of TRAPs as TRAPs of graphs and show that a TRAP can be completed to a
unitary TRAP (or wheeled PROP). We further show that it can be equipped with a vertical
concatenation, which on the TRAP of linear homomorphisms of a vector space, amounts to
the usual composition. The vertical concatenation in the TRAP of smooth kernels gives
rise to generalised convolutions. Graphs whose vertices are decorated by smooth kernels
(respectively, smoothing operators) on a closed manifold form a TRAP. From their universal
properties we build smooth amplitudes associated with the graph.

Classification: 18M85, 46E99, 47G30, 05C25
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Introduction

State of the art

PROPs (Products and Permutations)1 provide an algebraic structure that allows to deal with
operations with an arbitrary number of inputs and outputs. They generalise many other algebraic
structures such as operads, which have one output and multiple inputs. PROPs appeared in
[ML65] and later in the book [BV73] in the context of cartesian categories. Although operads
stemmed from the study of iterated loop spaces in algebraic topology, see for example [May72],
their origin can also be traced back to the earlier work [BV68]2.

An important asset of PROPs over operads is that they encompass algebraic structures such
as bialgebras and Hopf algebras that lie outside the realm of operads or co-operads. This very
fact is a motivation to consider PROPs in the context of renormalisation in quantum field theory
[BS07]. We refer the reader to [Pir02] for the study of bialgebras in the PROPs framework
and [Mar08, YJ15, ML65] for other classical examples of PROPs. In recent years, wheeled
PROPs [Mer04, MMS09], which allow for loops, have played an important role in the context of
deformation quantisation.

A central example of PROP is the PROP HomV of homomorphisms of a finite dimensional
vector space V which we generalise to the PROP Homc

V of continuous homomorphisms of a
nuclear Fréchet space V . Whereas the first is a wheeled PROP (Proposition 2.1.1), the latter is
not unless the space V is finite dimensional (Theorem 2.2.8). It can nevertheless be interpreted

1The traditional notation is PROP, more recently prop.
2We thank B. Vallette for his enlightening comments on these historical aspects.
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as a TRAP (Definition 1.1.1), which roughly speaking, amounts to a wheeled PROP without
unit3. TRAPs introduced in this paper offer natural structures to host morphisms of infinite
dimensional spaces (see Proposition 2.1.2) and are therefore expected to play a role in the context
of renormalisation in quantum field theory.

Another class of important examples we consider are TRAPs of graphs (Proposition 3.2.1) of
various types. In the context of deformation quantisation, the complex of oriented graphs whether
directed or wheeled, plays an important role in the construction of a free PROP generated by a
SˆSop-module (see e.g [Mer04, Paragraph 2.1.3]). We will see that graphs play a similar role
in the context of TRAPs.

Our first long term goal is to use the TRAP structure of graphs decorated by distribution
(for example Green kernels) in order to build amplitudes as generalised convolutions (called P -
amplitudes, see Definition 4.3.1) of kernels associated with the decorated graph. The expected
singularities of the resulting amplitudes are immediate obstacles in defining such generalised
convolutions. In this paper, we focus on the smooth setup, in which case the amplitudes are
smooth.

Feynman rules and TRAPs

In space-time variables, a Feynman rule is expected to assign to a graph G with k incoming and
l outgoing edges, an amplitude (it is actually a distribution) KG in k ` l variables. Our second
long term goal is to derive the existence and the properties of the map G ÞÑ KG from a universal
property of the PROP structure on graphs.

By means of blow-up methods, generalised convolutions of Green functions were built on a
closed Riemannian manifold in [DZ21], with the goal of renormalising multiple loop amplitudes
for Euclidean QFT on Riemannian manifolds. We hope to be able to simplify the intricate
analytic aspects of the renormalisation procedure for multiple loop amplitudes, by adopting an
algebraic point of view on amplitudes using TRAPs. There were earlier attempts to describe
QFT theories in terms of PROPs (see for example [Ion07a, Ion07b]), yet to our knowledge, none
with the focus we are putting on generalised convolutions to describe amplitudes.

We therefore expect the wheeled PROP of oriented graphs, briefly mentioned in [Ion07b], and
more specifically TRAPs, their non-unitary counterparts which naturally arise in the infinite-
dimensional set-up, to have concrete applications in the perturbative approach to quantum field
theory. To our knowledge, this is yet an unexplored aspect of the theory. Filling in this gap
is a long term goal we have in mind. A first step towards this goal is the study of the TRAP
of smoothing symbols (Theorem 2.3.1), which like Homc

V is not a wheeled PROP due to the
infinite dimensional spaces it involves.

TRAPs of graphs

TRAPs and unitary TRAPs entail two operations, the horizontal concatenation, and the partial
trace map. The difference between TRAPs and unitary TRAPs is the existence of a unit for
the trace in the latter. We define a TRAP structure on various families of graphs, which can be
corolla ordered (Definition 3.1.1) or decorated (Proposition 3.2.1). The horizontal concatenation
of this TRAP is the natural concatenation of graphs and the partial trace map consists in gluing
together one of the inputs with one of the outputs, and therefore assigns to a graph G with k
incoming and l outgoing edges a graph with k ´ 1 incoming and l´ 1 outgoing edge. The set of
corolla ordered graphsCGrœ equipped with the partial trace map builds a unitary TRAP, and we
prove that it is a free unitary TRAP (Theorem 3.3.1): this is the TRAP counterpart of a similar
statement for free PROPs, described in terms of graphs without loops [Mar08, Proposition 57]
and [Val03, Val04, YJ15]. More generally, the set of corolla ordered graphs CGrœpXq decorated

3To our knowledge, wheeled PROPs without units do not appear in the literature, which is why we allow
ourselves to give them a shorter name.
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by a set X on their vertices is the free unitary TRAP generated by X. These unitary TRAPs
contain free nonunitary TRAPs, which are combinatorially described by particular graphs, which
we call solar4.

From TRAPs to unitary TRAPs

If V is a finite-dimensional vector space, then the PROP HomV of homomorphisms of V is a
unitary TRAP, with the usual trace of endomorphisms. Its unit as a TRAP is the identity map of
V . When V is not finite-dimensional, one cannot equip the whole PROP HomV with a structure
of unitary TRAP. In this case, one has to restrict to smaller classes of homomorphisms, such as
that of the homomorphisms of finite rank. This class no longer contains the identity, and we only
obtain a TRAP and not a unitary TRAP (Proposition 2.1.2). To circumvent this difficulty, we
construct for any TRAP P a unitary TRAP uPGrœpP q which contains P (Theorem 3.4.2). This
object is characterised by a universal property (Proposition 3.5.1), which amounts to applying
the left adjoint to the forgetful functor from the category of unitary TRAPs to the category of
TRAPs. The existence of this functor comes from the inclusion of corolla ordered solar graphs,
describing nonunitary free TRAPs, in the set of corolla ordered graphs, describing unitary free
TRAPs. In particular, in uPGrœpP q an identity I is added, as well as its trace, symbolised by
an abstract element O, which is no longer an element of the base field K.

The vertical concatenation

The vertical concatenation on wheeled PROPs previously considered in [YJ15, Definition 11.33]
generalises the composition of morphisms. Indeed, for a finite-dimensional space V , the vertical
concatenation of the TRAP HomV coincides with the usual composition of linear maps f :
V bk ÝÑ V bl and the associativity of the vertical concatenation amounts to the Fubini property
(Theorem 4.3.4, 2.).

When applied to a general unitary TRAP, this construction yields a functor from unitary
TRAPs to PROPs (Proposition 4.1.2).

On graphs, the composition can roughly be described as follows. If G is a graph with k
inputs and l outputs, and G1 is a graph with l inputs and m outputs, G1 ˝G is obtained by gluing
together the outgoing edges of G and the incoming edges of G1 according to their indexation,
giving a graph with k inputs and m outputs.

Extending this to the infinite dimensional setup requires the use of a completed tensor product
pb in order to have an isomorphism

Homc
V pk, lq–

`

V 1
˘

pbk
pbV

pbl,

where Homc
V pk, lq stands for the algebra of continuous morphisms from V pbl to V pbk (see Defini-

tion 2.2.7) and V 1 for the topological dual of a topological space V . This holds in the framework
of Fréchet nuclear spaces which form a monoidal category under the completed tensor product
(Lemma 2.2.4). On Fréchet nuclear spaces, the composition can indeed be described as a dual
pairing, so it comes as no surprise that for a Fréchet nuclear space V , the vertical concatenation
obtained from the nonunitary TRAP structure is the usual composition.

Generalised traces

A TRAP inherits a generalised trace defined on its elements with the same number of inputs and
outputs. Roughly speaking, generalised traces are obtained by grafting the outputs to the inputs
according to their indexation. These traces on TRAPs generalise the usual trace of morphisms,
and they also enjoy a cyclicity property (Proposition 4.2.2).

4 In [YJ15] such graphs are called ordinary.
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When V is a space of smooth functions on a closed Riemannian manifoldM , the associativity
of the vertical concatenation amounts to the Fubini property (Theorem 4.3.4, 2.) and the gen-
eralised trace of a generalised kernel K with k inputs and k outputs is given by the integration
of K along the small diagonal of Mk (Theorem 4.3.4, 3.).

Amplitude of a graph decorated by a TRAP

As mentioned above, our goal in the present paper is to provide an adequate algebraic and
analytic framework in which we build generalised convolution functions associated with graphs
decorated with smooth kernels. We show that these form a TRAP (Theorem 2.3.1), whose partial
trace maps are given by a partial convolution.

When P is a TRAP, the universal property of the TRAP of corolla ordered graphs decorated
by P gives rise to a canonical TRAP map, which associates to any such graph G an element of P
which we call the P -amplitude associated with G (Definition 4.3.1). The P -amplitude commutes
with both horizontal and vertical concatenation of P (Proposition 4.3.2). When applied to
the TRAP of smooth generalised kernels, this construction generalises the usual convolution of
kernels (Remark 4.3.3) and gives rise to smooth amplitudes (Theorem 4.3.4, 4.).

Unitary TRAPs and wheeled PROPs

A unitary TRAP is known in the literature under the name of wheeled PROP. In order to prove
that the two notions coincide, we describe TRAPs and unitary TRAPs as algebras over a monad
(see Definition 5.2.1) which generalises the notion of monoid to the frame of category theory. We
state that unitary TRAPS are algebras over a monad Γœ of graphs, described as an endofunctor
of a category of modules over symmetric groups sending an object X to the free unitary TRAP
of graphs solΓœpXq generated by X. When X is a unitary TRAP, ΓœpXq inherits a contraction
operation to X, which induces the monadic structure (Theorem 5.3.1). This monad Γœ turns out
to be the monad used to defined wheeled PROPs in the literature [YJ15, Corollary 11.35], thus
relating our presentation of unitary TRAPs in terms of a family of sets with maps satisfying
a set of axioms and the categorical presentation of wheeled PROPs in terms of algebras over
a particular monad (Remark 5.3.1). A similar result holds for (nonunitary) TRAPs, replacing
graphs by solar graphs introduced in Definition 3.1.1 (Theorem 5.3.1).

Openings

To sum up, by means of a TRAP structure, we were able to build generalised convolutions
(respectively, traces) associated with graphs decorated with smooth kernels. As announced at
the beginning of the introduction, we expect this algebraic approach to enable us to tackle
non smooth kernels and thus to describe (non necessarily smooth) amplitudes as generalised
convolutions of distribution kernels associated with graphs. At this stage these are open questions
that we hope to address in future work.

There are other possible natural generalisations of the framework presented here, that are
more algebraic in nature5. One could consider coloured TRAPs, whose input and output edges
are coloured, and whose partial trace maps relate inputs and outputs of the same colour. Such
structures are expected to play a role in QFTs with more than one type of particles (for example
QED and QCD). Coloured TRAPs could also be relevent in the more geometric context of maps
between different manifolds or in the context of modules over an algebra.

There are also potential generalisations of Theorem 2.3.1, which only requires that there be
enough integral-like objects to define the partial trace maps, thereby hinting to the fact that more
general spaces than the ones considered here should also carry TRAPs structures. Weakened
versions of C˚-algebras such as inverse limits of C˚-algebras [Phi88] and locally multiplicative
convex C˚-algebras [JJ06] would be worth investigating in that context.

5We thank Mark Johnson for pointing out the subsequent interesting questions to us.
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1 The category of TRAPs

1.1 Definition

Notation 1.1.1. For any k P N0, we write rks :“ t1, ¨ ¨ ¨ , ku. In particular, r0s “ H. Let Sk

denote the symmetric group on k elements. An element σ P Sk sends i P rks to σpiq P rks.

Definition 1.1.1. A TRAP is a family P “ pP pk, lqqk,lě0 of sets, equipped with the following
structures:

1. P is a S ˆSop-module, that is to say, for any pk, lq in N2
0, P pk, lq has a left Sl´ and a

right Sop
k -action given by:
"

Sl ˆ P pk, lq ÝÑ P pk, lq
pσ, pq ÞÝÑ σ ¨ p,

"

P pk, lq ˆSk ÝÑ P pk, lq
pp, τq ÞÝÑ p ¨ τ,

such that for any pk, lq in N2
0, for any pσ, σ1, τ, τ 1q P S2

l ˆS2
k, for any p P P pk, lq,

Idrls ¨ p “ p ¨ Idrks “ p,

σ ¨ pσ1 ¨ pq “ pσσ1q ¨ p, σ ¨ pp ¨ τq “ pσ ¨ pq ¨ τ, pp ¨ τq ¨ τ 1 “ p ¨ pττ 1q.

2. For any pk, l, k1, l1q in N4
0, there is a map

˚ :

"

P pk, lq ˆ P pk1, l1q ÝÑ P pk ` k1, l ` l1q
pp, p1q ÞÝÑ p ˚ p1,

called the horizontal concatenation, such that:

(a) (Associativity). For any pk, l, k1, l1, k2, l2q in N6
0, for any pp, p

1, p2q in P pk, lqˆP pk1, l1qˆ
P pk2, l2q,

pp ˚ p1q ˚ p2 “ p ˚ pp1 ˚ p2q.

(b) (Unity). There exists I0 P P p0, 0q such that for any pk, lq in N2
0, for any p in P pk, lq,

I0 ˚ p “ p ˚ I0 “ p.

(c) (Equivariance). For any pk, l, k1, l1q in N4
0, for any pp, p

1q in P pk, lqˆP pk1, l1q, for any
pσ, τ, σ1, τ 1q P Sl ˆSk ˆSl1 ˆSk1 ,

pσ ¨ p ¨ τq ˚ pσ1 ¨ p1 ¨ τ 1q “ pσ b σ1q ¨ pp ˚ p1q ¨ pτ b τ 1q,

where, for any pα, βq P SmˆSn, αb β P Sm`n is defined by

αb βpiq “

#

αpiq if i ď m,

βpi´mq `m if i ą m.
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(d) (Commutativity). For any pk, l, k1, l1q in N4
0, for any p in P pk, lq, p1 in P pk1, l1q,

cl,l1 ¨ pp ˚ p
1q “ pp1 ˚ pq ¨ ck,k1 ,

where for any pm,nq in N2
0, cm,n in Sm`n is defined by:

cm,npiq “

#

i` n if i ď m,

i´m if i ą m.
(1)

3. For any k, l ě 1, for any i P rks, j P rls, there is a map

ti,j :

"

P pk, lq ÝÑ P pk ´ 1, l ´ 1q
p ÞÑ ti,jppq,

(2)

called the partial trace map, such that:

(a) (Commutativity). For any k, l ě 2, for any i P rks, j P rls, i1 P rk ´ 1s, j1 P rl ´ 1s,

ti1,j1 ˝ ti,j “

$

’

’

’

’

&

’

’

’

’

%

ti´1,j´1 ˝ ti1,j1 if i1 ă i, j1 ă j,

ti,j´1 ˝ ti1`1,j1 if i1 ě i, j1 ă j,

ti´1,j ˝ ti1,j1`1 if i1 ă i, j1 ě j,

ti,j ˝ ti1`1,j1`1 if i1 ě i, j1 ě j.

(b) (Equivariance). For any k, l ě 1, for any i P rks, j P rls, σ P Sl, τ P Sk, for any
p P P pk, lq,

ti,jpσ ¨ p ¨ τq “ ljpσq ¨ ptτpiq,σ´1pjqppqq ¨ ripτq,

with the following notation: if α P Sn and q P rns, then plqpαq, rqpαqq P S2
n´1 are

defined by

lqpαqpsq “

$

’

’

’

’

&

’

’

’

’

%

αpsq if s ă α´1pqq and αpsq ă q,

αpsq ´ 1 if s ă α´1pqq and αpsq ą q,

αps` 1q if s ě α´1pqq and αps` 1q ă q,

αps` 1q ´ 1 if s ě α´1pqq and αps` 1q ą q,

rqpαqpsq “

$

’

’

’

’

&

’

’

’

’

%

αpsq if s ă q and αpsq ă αpqq,

αpsq ´ 1 if s ă q and αpsq ą αpqq,

αps` 1q if s ě q and αps` 1q ă αpqq,

αps` 1q ´ 1 if s ě q and αps` 1q ą αpqq.

In other words, if we represent α by the word αp1q . . . αpnq, then lqpαq is represented by
the word obtained by deleting the letter q and substracting 1 to the letters ą q, whereas
rqpαq is represented by the word obtained by deleting the letter αpqq and substracting
1 to the letters ą αpqq. Note that rqpαq “ lαpqqpαq.

(c) (Compatibility with the horizontal concatenation). For any k, l, k1, l1 ě 1, for any
i P rk ` ls, j P rk1 ` l1s, for any p P P pk, lq, p1 P P pk1, l1q:

ti,jpp ˚ p
1q “

#

ti,jppq ˚ p
1 if i ď k, j ď l,

p ˚ ti´k,j´lpp
1q if i ą k, j ą l.

7



The TRAP is unitary if moreover there exists I in P p1, 1q such that for any k, l ě 1, for any i
in rk ` 1s, j P rl ` 1s, for any p in P pk, lq:

t1,jpI ˚ pq “ p1, 2, . . . , j ´ 1q ¨ p if j ě 2,

ti,1pI ˚ pq “ p ¨ p1, 2, . . . , i´ 1q´1 if i ě 2,

tk`1,jpp ˚ Iq “ pj, j ` 1, . . . , kq´1 ¨ p if j ď k,

ti,l`1pp ˚ Iq “ p ¨ pi, i` 1, . . . , lq if i ď l.

Remark 1.1.1. By commutativity of ˚, for any p in P p0, 0q, for any pk, lq in N2
0, for any p1 in

P pk, lq:
p ˚ p1 “ p1 ˚ p,

since c0,k “ Idrks.

Remark 1.1.2. The abuse of notation ti,j is legitimate since a full notation such as tk,li,j is not
necessary in practice. Indeed the indices k and l in ti,jppq are entirely determined by the element
p to which ti,j is applied.

More so, if P is unitary, ti,jppq does not strongly depend on k and l determined by p: indeed,
let f : P pk, lq ÝÑ P pk` 1, l` 1q be the map that sends p to p ˚ I then for i P rks and j P rls, we
have

ti,j ˝ fppq “ f ˝ ti,jppq,

which is the axiom 3.(c).
Remark 1.1.3. In Section 5 we will show that TRAPs can be described as algebras over a certain
monad and we will use this to prove (Theorem 5.3.1) that the category of unitary TRAPs,
defined below, is isomorphic to the category of wheeled PROPs introduced in [Mer06]. Our
axiomatic approach is tailored to address analytic issues regarding products of singularities and
their application to Feynman graphs in QFT.

We will use in Section 2 the axiomatic approach of Definition 1.1.1 to show that known an-
alytic and geometric spaces carry TRAP structures. However, the categorical approach seems
better suited for classification problems, for example regarding the solutions of the master equa-
tion in the BV formalism [MMS09, Mer10].

Definition 1.1.2. We define a sub-TRAP of a TRAP P “ pP pk, lqqk,lě0 to be a S ˆ Sop-
submodule Q “ pQpk, lqqk,lě0 of P which contains the unit I0 P P p0, 0q and is stable under the
partial trace map of P . If the TRAP P is unitary, then the sub-trap Q is unitary if it contains
the unit I P P p1, 1q.

Definition 1.1.3. Let P “ pP pk, lqqk,lě0 and Q “ pQpk, lqqk,lě0 be two TRAPs with par-
tial trace maps ptPi,jqi,jě0 and ptQi,jqi,jě0 respectively. A morphism of TRAPs is a family
φ “ pφpk, lqqk,lě0 of morphisms of S ˆSop-modules φpk, lq : P pk, lq ÝÑ Qpk, lq which are com-
patible with the horizontal concatenation, and the partial trace maps. More precisely, for any
pk, l,m, nq P N4

0:

1. For any pσ, p, τq in Sl ˆ P pk, lq ˆSk, φpk, lqpσ ¨ p ¨ τq “ σ ¨ φpk, lqppq ¨ τ .

2. φp0, 0qpI0q “ I0.

3. @pp, qq P P pk, lq ˆ P pn,mq, φpk ` n, l `mqpp ˚ qq “ φpk, lqppq ˚ φpn,mqpqq,

4. @pp, i, jq P P pk, lq ˆ rks ˆ rls, φpk ´ 1, l ´ 1q ˝ tPi,jppq “ tQi,j ˝ φpk, lqppq.

With a slight abuse of notation, we write φppq instead of φpk, lqppq for p P P pk, lq. We denote by
TRAP the category of TRAPs and TRAPs morphisms.

If P and Q are unitary TRAPs with units IP and IQ and φ : P ÝÑ Q is a morphism of
TRAPs, this morphism is unitary if φp1, 1qpIP q “ IQ. We denote by uTRAP the subcategory
of TRAP whose objects are unitary TRAPs and morphisms are unitary TRAP morphisms.
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In the following two Lemmas we identify conditions for a collection of SˆSop-modules and
linear maps between TRAPs to carry a TRAP structure and a be a TRAP morphism respectively.

Lemma 1.1.4. Let P “ pP pk, lqqk,lě0 be a SˆSop-module, equipped with a horizontal concate-
nation ˚ satisfying axioms 2. (a)-(d), and with maps ti,j satisfying axioms 3. (a)-(b).

1. Assuming that for any k, l, k1, l1 ě 1, for any p P P pk, lq, p1 P P pk1, l1q,

t1,1pp ˚ p
1q “ t1,1ppq ˚ p

1,

then Axiom 3.(c) is satisfied.

2. Let I P P p1, 1q. We assume for any k, l ě 1, for any p P P pk, lq,

t1,2pI ˚ pq “ p.

Then I is a unit of P .

Proof. Let p P P pk, lq and p1 P P pk1, l1q. We take i in rk ` ls, j in rk1 ` l1s and define the
transpositions σ “ p1, jq, τ “ p1, iq, with the convention p1, 1q “ Id. We use the notation
σj :“ ljpσq and τi :“ ripτq. Let us consider several cases.

• If i ď k and j ď l, then:

ti,jpp ˚ p
1q “ ti,jpσ

2 ¨ pp ˚ p1q ¨ τ2q

“ σj ¨ t1,1pσ ¨ pp ˚ p
1q ¨ τq ¨ τi by equivariance of ti,j (Axiom 3b

of Definition 1.1.1),
“ σj ¨ pt1,1ppσ ¨ p ¨ τq ˚ p

1qq ¨ τi since i ď k, j ď l and by Axiom 2c

of Definition 1.1.1,
“ σj ¨ pt1,1pσ ¨ p ¨ τq ˚ p

1q ¨ τi by the assumption of the Lemma,
“ pσj ¨ pt1,1pσ ¨ p ¨ τq ¨ τiqq ˚ p

1 since i ď k, j ď l and by Axiom 2c

of Definition 1.1.1,
“ ti,jppq ˚ p

1 by equivariance of ti,j .

• If i ą k and j ą l, using c´1
m,n “ cn,m, and as before writing pcl1,lqj :“ ljpcl1,lq and

pck,k1qi :“ ripck,k1q we have

ti,jpp ˚ p
1q “ ti,jpcl1,l ¨ pp

1 ˚ pq ¨ ck,k1q by commutativity of ˚ (Axiom 2d

of Definition 1.1.1),
“ pcl1,lqj ¨ ti´k,j´lpp

1 ˚ pq ¨ pck,k1qi by equivariance of ti,j (Axiom 3b

of Definition 1.1.1),
“ cl1´1,l ¨ pti´k,j´lpp

1q ˚ pq ¨ ck,k1´1 By the first point,
“ p ˚ ti´k,j´lpp

1q by commutativity of ˚.

Thus Axiom 3.pcq is satisfied.

• Let us now take j ě 2. In this case we have

t1,jpI ˚ pq “ t1,jpp2, jq
2 ¨ pI ˚ pqq

“ p2, . . . , j ´ 1q ¨ t1,2pp2, jq ¨ pI ˚ pqq by equivariance of t1,j (Axiom 3b

of Definition 1.1.1),
“ p2, . . . , j ´ 1q ¨ t1,2ppI ˚ p1, j ´ 1q ¨ pqq since j ě 2 and by Axiom 2c

of Definition 1.1.1,
“ p2, . . . , j ´ 1q ¨ pp1, j ´ 1q ¨ pq by the assumption of the Lemma,
“ p2, . . . , j ´ 1qp1, j ´ 1q ¨ p

“ p1, . . . , j ´ 1q ¨ p.
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The other three relations are proved in the same way. Thus I is a unit of P .

We can also simplify the axioms for morphisms of TRAPs.

Lemma 1.1.5. Let P“ pP pk, lqqk,lě0 and Q“ pQpk, lqqk,lě0 be two TRAPs and φ “ pφpk, lqqk,lě0

be a family of set maps φpk, lq : P pk, lq ÝÑ Qpk, lq satisfying Points 1-3 of Definition 1.1.3.
Suppose further that for any k, l ě 1, for any p P P pk, lq

t1,1 ˝ φppq “ φ ˝ t1,1ppq.

Then φ is a map of TRAPs.

Proof. If i, j and p lies respectively in rks, rls, and P pk, lq, then

φ ˝ ti,jppq “ φ ˝ ti,jpp1, jq
2 ¨ p ¨ p1, iq2q

“ φ pp1, jq ¨ t1,1pp1, jq ¨ p ¨ p1, iqq ¨ p1, iqq by equivariance of ti,j (Axiom 3b

of Definition 1.1.1),
“ p1, jq ¨ φ ˝ t1,1pp1, jq ¨ p ¨ p1, iqq ¨ p1, iq by Point 1 of Definition 1.1.3,
“ p1, jq ¨ t1,1 ˝ φpp1, jq ¨ p ¨ p1, iqq ¨ p1, iq by the assumption of the Lemma,
“ ti,jpp1, jq ¨ φpp1, jq ¨ p ¨ p1, iqq ¨ p1, iqq by equivariance of ti,j (Axiom 3b

of Definition 1.1.1),
“ ti,j ˝ φppq by Point 1 of Definition 1.1.3,,

with the convention p1, 1q “ Id. It follows that φ is a morphism of TRAPs.

In particular, to show that a collection of linear maps between two TRAPs preserving the
horizontal concatenation and the actions of the symmetry group is a morphism of TRAPs, it is
enough to check the properties of Lemma 1.1.5.

1.2 Quotient of TRAPs

This paragraph prepares for the construction of an embedding of a TRAP P in a unitary TRAP.

Lemma 1.2.1. Let Q be a TRAP and let „ be an equivalence relation on Q which is compatible
with the TRAP-structure on Q in the following sense. For any two elements x, x1 P Q, such that
x „ x1:

• (Compatibility with the module-structure). For any pσ, τq P Sk ˆSl, τ ¨ x ¨ σ „ τ ¨ x1 ¨ σ.

• (Compatibility with the horizontal concatenation). For any y P Q, x ˚ y „ x1 ˚ y and
y ˚ x „ y ˚ x1.

• (Compatibility with the partial trace maps). For any pi, jq P rks ˆ rls, ti,jpxq „ ti,jpx
1q.

Then the quotient Q{ „ is a TRAP with rI0s as unit for the concatenation product. If Q is
unitary with unit I P Qp1, 1q for the partial trace maps, then Q{ „ is also unitary with rIs as
unit for the partial trace maps.

Proof. 1. By compatibility with the module structure, Q{ „ is a SˆSop-modules.
2. Using twice the compatibility with horizontal concatenation maps, we find that if x „ x1

and y „ y1, then x ˚ y „ x1 ˚ y1 by transitivity of „. Thus the horizontal concatenation
rxs ˚ rys :“ rx ˚ ys on Q{ „ is well-defined. It fulfils properties 2.(a) to 2.(d) of Definition
1.1.1 by construction.

3. We defined the partial trace maps on the quotient to be ti,jprxsq :“ rti,jpxqs. It is well
defined by compatibility with the partial trace maps and has properties 3.(a) to 3.(c) of Definition
1.1.1 by construction.

Thus Q{ „ is a TRAP. Finally, if Q is unitary with unit I, then rIs endows the quotient
Q{ „ with a unit by construction and Q{ „ is then a unitary TRAP.
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The following statement is a direct consequence.

Proposition 1.2.2. Let P and Q be TRAPs and φ : QÑ P a TRAP-morphism. The relation

x „ x1 ðñ φpxq “ φpx1q

defines an equivalence relation compatible with the TRAP-structure on Q and Q{ „ defines a
TRAP.

Proof. Let x, x1 in Q, such that x „ x1.

• For any pσ, τq P Sk ˆSl,

φpσ ¨ x ¨ τq “ σ ¨ φpxq ¨ τ “ σ ¨ φpx1q ¨ τ “ φpσ ¨ x1 ¨ τq,

where the first and last identities follow from the fact that φ is a morphism of S ˆ Sop

-modules. Thus „ is compatible with the module structure.

• For any y in Q we have

φpx ˚ yq “ φpxq ˚ φpyq “ φpx1q ˚ φpyq “ φpx1 ˚ yq

where we have used the fact that φ is a morphism for the horizontal concatenation product
(since φ is a morphism of TRAPs) and the fact that φpxq “ φpx1q. Thus x ˚ y „ x1 ˚ y.
Similarly we show that y˚x „ y˚x1 and „ is compatible with the horizontal concatenation.

• For any pi, jq
sy in rks ˆ rls we have

φpti,jpxqq “ ti,jpφpxqq “ ti,jpφpx
1qq “ φpti,jpx

1qq,

where the first and last identities follow from the fact that φ is a morphism of TRAPs.

Thus „ is compatible with the partial trace maps.

2 Fundamental examples

2.1 The Hom TRAP

Let us give a fundamental example of unitary TRAP:
Let V be a finite dimensional vector space and V ˚ its algebraic dual. We consider the family

HomV “ pHomV pk, lqqk,lě0 :“ pHompV bk, V blqqk,lě0,

where for any pk, lq P N2
0, HompV bk, V blq is the vector space of linear maps from V bk to V bl.

We shall identify HomV pk, lq and V ˚bk b V bl through the isomorphism

θk,l :

$

&

%

V ˚bk b V bl ÝÑ HomV pk, lq

f1 . . . fk b v1 . . . vl ÞÝÑ

"

V bk ÝÑ V bl

x1 . . . xk ÞÝÑ f1px1q . . . fkpxkq v1 . . . vl,

where with some abuse of notation, we have set f1 ¨ ¨ ¨ fk :“ f1 b ¨ ¨ ¨ b fk P V
˚bk and v1 ¨ ¨ ¨ vl :“

v1b ¨ ¨ ¨b vl P V
bl. For any vector space W , the tensor power Wbk is a left Sk-module with the

action defined by
σ ¨ w1 . . . wk “ wσ´1p1q . . . wσ´1pkq.
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Via the identification θ :“ pθk,lqk,lě0, we can equip the family HomV “ pHompV bk, V blqqk,lě0

with the structure of a SlˆSop
k -module by putting, for an f P HompV bk, V blq, for any pσ, τq P

Sk ˆSl:

@v1 . . . vk P V
bl, τ ¨ f ¨ σpv1 . . . vkq “ τ ¨ fpσ ¨ v1 . . . vkq. (3)

The horizontal concatenation is the usual tensor product of linear maps: if f P HomV pk, lq and
g P HomV pk

1, l1q, then

f b g :

"

V bpk`k
1q ÝÑ V bpl`l

1q

v1 . . . vk`k1 ÞÝÑ fpv1 . . . vkq b gpvk`1 . . . vk`k1q.

We define the following partial trace maps:

ti,jpθk,lpf1 . . . fk b v1 . . . vlqq “ fipvjq θk´1,l´1pf1 . . . fi´1fi`1 . . . fk b v1 . . . vj´1vj`1 . . . vlq. (4)

Remark 2.1.1. Notice that for p P HomV p1, 1q, t1,1ppq coincides with the usual trace of a linear
map on V . Proposition 4.2.2 generalises the notion of trace to any element of HomV and to any
TRAP.

Proposition 2.1.1. For a finite dimensional K-vector space V , the above construction equips
HomV with a TRAP structure which is unitary, with unit given by the identity of V .

Remark 2.1.2. We will see later in the paper (Theorem 5.3.1) that this implies that HomV

is a wheeled PROP. Further details of HomV as a wheeled PROP can be found in [MMS09,
Example 2.1.1]. In [DM19] (in particular Subsection 2.1, Section 6 and Section 7) the consequence
of HomV carrying a wheeled PROP structure in the context of invariant theory are explored.
HomV also appears for example in [KV21, Example 2.2] where questions of algebraic topology
are studied.

Proof. Properties 2.(a)-(d) are trivially satisfied, with I0 “ 1 P K. Property 3.(a) is direct. Let
us prove Property 3.(b).

ti,jpσ ¨ θk,lpf1 . . . fk b v1 . . . vlq ¨ τq “ ti,j ˝ θk,lpfτp1q . . . fτpkq b vσ´1p1q . . . vσ´1plqq

“ fτpiqpvσ´1pjqqθk´1,l´1pfτp1q . . . fτpi´1qfτpi`1q . . . fτpkq

b vσ´1p1q . . . vσ´1pj´1qvσ´1pj`1q . . . vσ´1plqq

“ σj ¨ tτpiq,σ´1pjqθk,lpf1 . . . fk b v1 . . . vlq ¨ τi.

Property 3.(c) is straightforward. Let us prove that HomV is unitary with the help of Lemma
1.1.4. Let us fix peiqiPI a basis of V , then pe˚i qiPI is a basis of V ˚ and the identity map of V is

IdV “ θ1,1

˜

ÿ

iPI

ei b e
˚
i

¸

. (5)

Then for any p “ θk,lpf1 . . . fk b v1 . . . vlq P HomV pk, lq

t1,2pIdV ˚ θk,lpf1 . . . fk b v1 . . . vlqq “
ÿ

iPI

t1,2 ˝ θk`1,l`1pe
˚
i f1 . . . fk b eiv1 . . . vlq

“
ÿ

iPI

θk,lpf1 . . . fk b ei e
˚
i pv1qv2 . . . vlq

“ θk,lpf1 . . . fk b IdV pv1qv2 . . . vlq

“ θk,lpf1 . . . fk b v1 . . . vlq.

So HomV is a unitary TRAP.
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When V is not finite-dimensional, θ is an injective, non surjective map. Its range is the
subpsace Homfr

V of linear maps from V bk to V bl of finite rank. We can equip Homfr
V with a

similar TRAP structure:

Proposition 2.1.2. With the S ˆSop action defined by (3), the usual tensor product of maps
and the partial trace maps defined by (4), Homfr

V is a TRAP. It is unitary if, and only if, V is
finite-dimensional.

Proof. We skip the proof that Homfr
V can be equipped with a TRAP structure since it goes as

for HomV when V is finite dimensional. Note that when V is finite-dimensional, then Homfr
V “

HomV is a unitary TRAP. We show the second part of the statement.
Let us assume that Homfr

V has a unit I. Then I has finite rank, let us fix a basis pe1, . . . , ekq
of ImpIq. There exist λ1, . . . , λk P V

˚ such that for any v P V ,

Ipvq “
k
ÿ

i“1

λipvqei.

In other words,

I “ θ1,1

˜

k
ÿ

i“1

ei b λi

¸

.

Let v P V , nonzero, and let λ P V ˚ such that λpvq “ 1. We consider f “ θ1,1pv b λq. Then
fpvq “ λpvqv “ v. Moreover:

v “ fpvq “ t1,2pI ˚ fqpvq

“ t1,2 ˝ θ2,2

˜

k
ÿ

i“1

ei v b λiλ

¸

pvq

“ θ1,1

˜

k
ÿ

i“1

λipvq ei b λ

¸

pvq

“

k
ÿ

i“1

λpvqλipvq ei

“

k
ÿ

i“1

λipvq ei,

so v P Vectpe1, . . . , ekq. Hence, V Ď ImpIq, so V is finite-dimensional.

We end this paragraph with an example of a TRAP similar to the TRAP HomV but of a
more geometric nature.

Example 2.1.1 (The TRAP of tensors). Given a finite dimensional smooth manifold M and a
point x P M , we build the Hom-TRAP HomTxM where TxM is the tangent space to M at
the point x. Given a pair pp, qq P N2

0 we have, using the musical isomorphisms (see for example
[Lee97, Chapter 3])

HomTxM pp, qq–pT
˚
xMq

bp b TxM
bq,

where we have set V b0 “ R. The partial trace maps are built by pairing cotangent and tangent
vectors. We note that if M is equipped with a Riemannian metric, thanks to the musical
isomorphisms T ˚xM Q α ÞÝÑ α7 P TxM and TxM Q v ÞÝÑ v5 P T ˚xM between T ˚xM and TxM ,
these dual pairings can be seen as contractions via the metric tensor.

This yields a smooth fibration HomTM :“ tHomTxM , x P Mu of TRAPs parametrised by
M . For any pp, qq P Z2

ě0, a smooth section of HomTM pp, qq defines a smooth pp, qq tensor on M .
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2.2 The TRAP of continuous morphisms

We generalise the constructions of the previous paragraph, replacing the finite dimensional spaces
V bk in HomV by nuclear spaces. These nuclear spaces were defined in the seminal work [Gro54].
Most of the results stated here can be found in [Gro52, Gro54]. We also refer to the more recent
presentation [Trè67].

We recall that:

• A topological vector space is Fréchet if it is Hausdorff, has its topology induced by a
countable family of semi-norms and is complete with respect to this family of semi-norms.

• The topological dual E1 of a locally convex topological vector space E can be endowed with
various topologies, one of which is the strong topology, namely the topology of uniform
convergence on the bounded domains of E. It is generated by the family of semi-norms
of E1 defined on any f P E1 by ||f ||B :“ supxPB |fpxq| for any bounded set B of E. The
topological dual E1 endowed with this topology is called the strong dual.

• A topological vector space is called reflexive if E2 “ pE1q1 “ E, where E1 is the topological
dual of E endowed with the strong topology.

In the following E and F are two topological vector spaces and HomcpE,F q is the set of con-
tinuous linear maps from E to F .

Remark 2.2.1. • When E and F are finite dimensional, we have HomcpE,F q=HompE,F q.

• As pointed out to us by Mark Johnson, a natural generalisation to consider in the context
of Fréchet spaces are σ C˚-algebras, defined as inverse limits of C˚-algebras [Phi88], which
however lie out of the scope of the present article.

In order to build the TRAP Homc
V for nuclear spaces, we need Grothendieck’s completion

of the tensor product, a notion we recall here in the set-up of locally convex topological K-vector
spaces.

Let E and F be two vector spaces. Recall that there exists a vector space EbF , and a bilinear
map φ : E ˆ F ÝÑ E b F such that for any vector space V and bilinear map f : E ˆ F ÝÑ V ,
there is a unique linear map f̃ : E b F Ñ V satisfying f “ f̃ ˝ φ. The space E b F is unique
modulo isomorphism and is called the tensor product of E and F .

Given two topological vector spaces E and F , one can a priori equip EbF with several topolo-
gies, among which the equicontinuous topology, or ε-topology ([Trè67, Definition 43.1]) and
the projective topology, or π-topology ([Trè67, Definition 43.2]), are of considerable impor-
tance. Their constructions are recalled in Appendix A. We denote by E bε F (respectively,
E bπ F ) the space E b F endowed with the ε-topology (respectively, the projective topology)
and by E pbεF (respectively, E pbεF ) of E bε F (respectively, E bε F ) their completion with re-
spect to the ε-topology (respectively, projective topology). These two spaces differ in general
but coincide for nuclear spaces.

Definition 2.2.1. [Gro54] A locally convex topological vector space E is nuclear if, and only
if, for any locally convex topological vector space F ,

E pbεF “ E pbπF “: E pbF

holds, in which case E pbF is called the completed tensor product of E and F .

There are other equivalent definitions of nuclearity, see for example [GV64, HS08].

Remark 2.2.2. It was pointed out to us by Mark Johnson that such minimal and maximal tensor
products, much used in the context of C˚-algebras, further extend to l.m.c. C˚-algebras, where
l.m.c stands for locally multiplicative convex (see [JJ06] and references therein).

For Fréchet spaces, nuclearity is preserved under strong duality.
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Proposition 2.2.2. • [Trè67, Proposition 50.6] A Fréchet space is nuclear if and only if its
strong dual is nuclear.

• [Trè67, Proposition 36.5] A Fréchet nuclear space is reflexive.

Many spaces relevant to renormalisation issues are Fréchet and nuclear. We list here some
examples.

Example 2.2.1. Any finite dimensional vector space can be equipped with a norm and for any
of these norms, they are trivially Banach, hence Fréchet and nuclear. If E and F are finite
dimensional vector spaces we have HomcpE,F q “ HompE,F q–E˚ b F , where HompE,F q
stands for the space of F -valued linear maps on E and where the dual E˚ is the algebraic dual.

Example 2.2.2. Let U be an open subset of Rn. Take E “ C8pUq “: EpUq. The topological
dual is the space E1 “ E 1pUq of distributions on U with compact support. Then E is Fréchet
([Trè67], pp. 86-89), and E1 is nuclear ([Trè67], Corollary p. 530). By Proposition 2.2.2, E is
also nuclear.

Remark 2.2.3. Note that the dual E1 of a Fréchet space E is never a Fréchet space (for any of
the natural topologies on E1), unless E is actually a Banach space (see for example [Köt69]). In
particular, E 1pUq is generally not Fréchet.

We now sum up various results of [Trè67] of importance for later purposes.

Proposition 2.2.3. [Trè67, Equations (50.17)–(50.19)] Let E and F be two Fréchet spaces, with
E nuclear. The following isomorphisms of topological vector spaces hold.

E1pbF–HomcpE,F q (6)

E pbF–HomcpE1, F q (7)

E1pbF 1–pE pbF q1–BcpE ˆ F,Kq. (8)

with BcpE ˆ F,Kq the set of continuous bilinear maps K : E ˆ F ÝÑ K. Here the duals are
endowed with the strong dual topology, HomcpE,F q–E1 b F with the topology of uniform con-
vergence on the bounded subsets of E6 and BcpEˆF,Kq with the topology of uniform convergence
on products of bounded sets.

The stability of Fréchet nuclear spaces under completed tensor products follows from com-
bining the definition of the completed tensor product with the fact that if E and F are two
nuclear spaces then E pbF is a nuclear space ([Trè67, Equation (50.9)]). A stronger version of
this Lemma is mentioned in [BB03, §6.f, page 182] which quotes [Gro54].

Lemma 2.2.4. The completed tensor product E pbF of two Fréchet nuclear spaces is a Fréchet
nuclear space.

Proposition 2.2.5. Let V be a Fréchet nuclear space. Then
´

V
pbk
¯1

–
`

V 1
˘

pbk (9)

holds for any k ě 1, where the duals are endowed with their strong topologies.

Proof. Let V be a Fréchet nuclear space. The case k “ 1 is trivial. Then Equation (9) with
k “ 2 holds by Equation (8) with E “ F “ V . The cases k ě 2 are proved by induction, using
E “ V pbk´1 and F “ V . The induction holds by Lemma 2.2.4.

6 It is defined by a family of semi-norms pB,πi of the form pB,πipfq “ supxPB πipfpxqq when applied to some f
in Homc

pE,F q, where B runs through the sets of all bounded subsets of E and πi runs through a countable family
of semi-norms which generate the topology of F . It gives back the strong topology on E1 if F is the underlying
field. It also carries other names such as "topology of bounded convergence" [Bou03, page III.14], [Sch71, p.81]
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We denote by D1pMq the set of distributions onM and by E 1pMq, the set of distributions with
compact support on a finite dimensional smooth manifold M , see for example [Hö89, Definition
6.3.3]. It is well-known (see for example [vdBC13, Exercise 2.3.2], [BDLGR18, p. 4]) that EpMq
is a Fréchet nuclear space. It then follows from Proposition 2.2.2, that the space E 1pMq is also
nuclear.

Remark 2.2.4. (Compare with Remark 2.2.3). Note that the space E 1pMq is not Fréchet since
the dual of a Fréchet space F is Fréchet if and only if F is Banach (see for example [Köt69])
which is not the case of EpMq.

One further useful result is:

Proposition 2.2.6. Let M and N be two finite dimensional smooth manifolds. Then

HomcpE 1pMq, EpNqq– EpMq pb EpNq–EpM ˆNq

holds.

Proof. The second isomorphism [Gro52, Chap. 5, p. 105] can be proved using a version of
the Schwartz kernel theorem for smoothing operators [vdBC13, Theorem 2.4.5] by means of the
identification HomcpE 1pMq, EpNqq–EpMˆNq. The result then follows from (7) applied to EpXq
and EpY q which are Fréchet nuclear spaces.

Definition 2.2.7. Let V be a Fréchet nuclear space. For any pk, lq in N2
0, we set

Homc
V pk, lq “ HomcpV b̂k, V b̂lq–pV 1q

pbk
pbV

pbl,

where, as before V 1 stands for the strong topological dual and the superscript “c” stands for
continuous. Furthermore we set Homc

V :“ pHomc
V pk, lqqk,lě0.

For any σ P Sn, let Θσ be the endomorphism of V bn defined by

Θσpv1 b . . .b vnq “ vσ´1p1q b . . .b vσ´1pnq.

It extends to a continuous linear map Θσ on the closure V pbn. For any f P Homc
V pk, lq, σ P Sl,

τ P Sk, we set:

σ ¨ f “ Θσ ˝ f, f ¨ τ “ f ˝Θτ .

In the above definition, the superscript “c” stands for continuous. The family Homc
V carries

a TRAP structure.

Theorem 2.2.8. Let V be a Fréchet nuclear space. Homc
V , with the action of SˆSop described

above, is a TRAP. Its horizontal concatenation is the usual topological tensor product of maps
with I0 : K ÝÑ K given by the identity map of K, its partial trace maps coincide with those of
the TRAP HomV on elements of pV 1qpbk pbV pbl

ti,jpf1 ¨ ¨ ¨ fk b v1 ¨ ¨ ¨ vlq “ fipvjqf1 ¨ ¨ ¨ fi´1fi`1 ¨ ¨ ¨ fk b v1 ¨ ¨ ¨ vj´1vj`1 ¨ ¨ ¨ vl

with the same notations as in Subsection 2.1. It is unitary if and only if V is finite dimensional,
in which case I1 : V ÝÑ V is the identity map of V .

Proof. The proof of the TRAP structure of Homc
V goes as in Proposition 2.1.1. The proof of

the unital case is the same as the proof of Proposition 2.1.2.

Example 2.2.3. For a finite dimensional vector space V , the TRAP Homc
V coincides with the

TRAP HomV .

Example 2.2.4. Let M be a smooth finite dimensional manifold. From Proposition 2.2.6 and
Equation (9), it follows that the family pKM pk, lqqk,lě0, with KM pk, lq “ pE 1pMqq

pbk
pb EpMqpbl

defines a TRAP.
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2.3 The TRAP K8M of smoothing pseudo-differential operators

We apply our results on TRAPs to tensor products of Fréchet spaces EpMq of smooth functions
on a given smooth finite dimensional orientable closed manifold M and µpzq a volume form on
M . From now on, we work with vector space over C. Recall from Proposition 2.2.6 that such
spaces are stable under tensor products and morphisms in HomcpE 1pMq, EpNqq are determined
by smoothing kernels in EpM ˆNq.

We consider smooth kernels which stabilise EpMq and set, for pk, lq ‰ p0, 0q:

K8M pk, lq :“ EpMk ˆM lq–EpMqpbk b̂ EpMqpbl, (10)

whose elements we refer to as smooth generalised kernels. We also set K8M p0, 0q – C b C and
K8M :“ pK8M pk, lqqk,lě0.

Theorem 2.3.1. Let M be a smooth finite dimensional orientable closed manifold. The family
of topological vector spaces pK8M pk, lqqk,lě0 can be equipped with the partial trace maps ti,j :
K8M pk, lq ÝÑ K8M pk ´ 1, l ´ 1q with ti,jpK1 bK2q defined by

ti,jpK1 bK2qpx1, ¨ ¨ ¨ , xk´1, y1, ¨ ¨ ¨ , yl´1q :“ (11)
ż

M
K1px1, ¨ ¨ ¨ , xi´1, z, xi ¨ ¨ ¨ , xk´1qK2py1, ¨ ¨ ¨ , yj´1, z, yj ¨ ¨ ¨ , ykq dµpzq,

where dµpzq is a volume form on M .
Together with the horizontal concatenation given by the tensor product of maps pK1 bK2q ˚

pK 1
1 bK 1

2q “ Ka bKb with Ka :“ K1 bK 1
1 and Kb :“ K2 bK 1

2 this defines a TRAP, written
K8M , which we call the TRAP of generalised smooth kernels on M .

Remark 2.3.1. Note that the partial trace amounts to what one could call a partial convolution.

Proof. The unit I0 P K8M p0, 0q » C b C of the horizontal concatenation ˚ is the constant map
f : C Ñ C defined by fpxq “ 1. It is the unit of ˚ by bilinearity of the tensor product. The
horizontal concatenation on the S ˆ Sop-module pK8M pk, lqqk,lě0 satisfies axioms 2. (a)-(d) of
Definition 1.1.1 by the properties of the tensor product. We want to check that the maps ti,j are
well-defined and satisfy axioms 3. (a)-(c).

The existence of the integral follows from the smoothness of K1 and K2 and the closedness of
M . Therefore, by definition of K8M , to show that ti,jpK1 bK2q P K8M pk´ 1, l´ 1q and thus that
ti,j is a partial trace, is enough to show that the function ti,jpK1 bK2q : Mk´1 ˆM l´1 ÝÑ C is
smooth. Since K1 and K2 are smooth, the map

px1, ¨ ¨ ¨ , xk´1, y1, ¨ ¨ ¨ , ykq ÞÝÑ K1px1, ¨ ¨ ¨ , xi´1, z, xi ¨ ¨ ¨ , xk´1qK2py1, ¨ ¨ ¨ , yj´1, z, yj ¨ ¨ ¨ , ykq

is infinitely differentiable for any z P M . For ~x “ px1, ¨ ¨ ¨ , xkq P M
k and ~α “ pα1, ¨ ¨ ¨ , αkq P Nk0

we use the short-hand notation
B~α~x :“

Bα1

Bxα1
1

¨ ¨ ¨
Bαk

Bxαkk
.

Then, since M is compact, the partial derivatives

B~α~xB
~β
~yK1px1, ¨ ¨ ¨ , xi´1, z, xi ¨ ¨ ¨ , xk´1qK2py1, ¨ ¨ ¨ , yj´1, z, yj ¨ ¨ ¨ , ykq

are bounded uniformly in z and hence
ż

M
B~α~xB

~β
~yK1px1, ¨ ¨ ¨ , xi´1, z, xi ¨ ¨ ¨ , xk´1qK2py1, ¨ ¨ ¨ , yj´1, z, yj ¨ ¨ ¨ , ykq dµpzq

“B~α~xB
~β
~y

ż

M
K1px1, ¨ ¨ ¨ , xi´1, z, xi ¨ ¨ ¨ , xk´1qK2py1, ¨ ¨ ¨ , yj´1, z, yj ¨ ¨ ¨ , ykq dµpzq

“B~α~xB
~β
~y ti,jpK1 bK2qpx1, ¨ ¨ ¨ , xk´1, y1, ¨ ¨ ¨ , yl´1q.
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Therefore the map ti,jpK1 bK2qpx1, ¨ ¨ ¨ , xk´1, y1, ¨ ¨ ¨ , yl´1q is smooth.
Finally, to check Axiom 3.(c), by the first item of Lemma 1.1.4 it is enough to check the

compatibility of the horizontal concatenation with the partial trace to show that t1,1pp ˚ p1q “
t1,1ppq˚p

1 for any pair pp, p1q P K8M pk, lqˆK8M pk1, l1q with k, k1, l, l1 ě 1. Setting p “ K1bK2 and
p1 “ K 1

1 bK
1
2 we have, by definition of the partial trace maps and the horizontal concatenation

t1,1pp ˚ p
1qpx1, ¨ ¨ ¨ , xk`k1´1, y1, ¨ ¨ ¨ , yl`l1´1q

“

ż

K1pz, x1, ¨ ¨ ¨ , xk´1qK
1
1pxk, ¨ ¨ ¨ , xk`k1´1qK2pz, y1, ¨ ¨ ¨ , yl´1qK

1
2pxl, ¨ ¨ ¨ , xl`l1´1qdµpzq

“

ˆ
ż

K1pz, x1, ¨ ¨ ¨ , xk´1qK2pz, y1, ¨ ¨ ¨ , yl´1qdµpzq

˙

K 1
1pxk, ¨ ¨ ¨ , xk`k1´1qK

1
2pxl, ¨ ¨ ¨ , xl`l1´1q

“pt1,1ppq ˚ p
1qpx1, ¨ ¨ ¨ , xk`k1´1, y1, ¨ ¨ ¨ , yl`l1´1q.

Remark 2.3.2. Notice that K8M is non unitary, since the map f : M ˆMÝÑC which could play
the role of a vertical unity is a δ distribution supported on the diagonal. The simple examples
considered here, namely K8M and the TRAP Homc

V speak for the fact that non-unitary TRAPs
offer an appropriate framework to host infinite dimensional spaces. We expect non-unitary
TRAPs to host more general distributions.

3 Free TRAPs

3.1 Various families of graphs

Here, we consider oriented multigraphs endowed with extra structures, in particular indexed
input and output edges, loops, ordering and decorations. These extra structures make it difficult
to implement the usual definition of multigraphs [Har69], where the edges form a multiset of
pairs of vertices. In the literature on PROPs [Mar08, MMS09], graphs are defined as a set of
half-edges (or flags), with an involution which tells us how to glue them together in order to
obtain edges, and with a partition which defines the vertices. This definition does not take loops
into account that is to say edges with no ends, yet loops enter our constructions in an essential
way. Instead we borrow a definition from the theory of quivers [CB90, DW17], where two maps
(called source and target, or alternatively tail and head) are given from the set of edges to the
set of vertices. Our approach allows edges without source, or without target, or with neither
source nor target. Among these are the inputs and outputs in the graph we consider, which we
then index.

Definition 3.1.1. A graph is a family G “ pV pGq, EpGq, IpGq, OpGq, IOpGq, LpGq, s, t, α, βq,
where:

1. V pGq (set of vertices), EpGq (set of internal edges), IpGq (set of input edges), OpGq (set
of output edges), IOpGq (set of input-output edges) and LpGq (set of loops, that is to say
edges with no endpoints) are finite (possibly empty) sets.

2. s : EpGq \OpGq ÝÑ V pGq is a map (source map).

3. t : EpGq \ IpGq ÝÑ V pGq is a map (target map).

4. α : IpGq \ IOpGq ÝÑ ripGqs is a bijection, with ipGq “ |IpGq| ` |IOpGq| (indexation of
the input edges).

5. β : OpGq \ IOpGq ÝÑ ropGqs is a bijection, with opGq “ |OpGq| ` |IOpGq| (indexation of
the output edges).
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A corolla ordered graph is a graph G such that for any vertex v, the set of incoming edges
Ipvq of v and the set of outgoing edges Opvq of v are totally ordered and we shall denote both
order relations by ďv.

A graph G is solar if IOpGq “ LpGq “ H.

Remark 3.1.1. For a graph G “ pV pGq, EpGq, IpGq, OpGq, IOpGq, LpGq, s, t, α, βq, OpGq and
IpGq will always respectively refer to the sets of outgoing and ingoing edges of G. On the other
hand, for any v P V pGq, Opvq and Ipvq respectively refer to the set of outgoing and ingoing edges
of the vertex v. In other words, for any v P V pGq,

Opvq :“ te P EpGq \OpGq|speq “ vu, Ipvq :“ te P EpGq \ IpGq|tpeq “ v.u

We denote the cardinals of the sets OpGq, IpGq, Opvq and Ipvq as opGq, ipGq, opvq and ipvq
respectively.

For a solar graph (that is, such that IOpGq “ LpGq “ H), the terminology solar refers to its
radiating aspect with rays around a central body. In [YJ15] such graphs are called ordinary.

Example 3.1.1. Here is a graph G :

V pGq “ tx, yu, EpGq “ ta, bu, IpGq “ tc, du, OpGq “ te, fu, IOpGq “ tgu, LpGq “ th, ku,

and:

s :

$

’

’

&

’

’

%

a ÞÝÑ y
b ÞÝÑ x
e ÞÝÑ y
f ÞÝÑ y,

t :

$

’

’

&

’

’

%

a ÞÝÑ x
b ÞÝÑ y
c ÞÝÑ x
d ÞÝÑ x,

α :

$

&

%

c ÞÝÑ 1
d ÞÝÑ 2
g ÞÝÑ 3,

β :

$

&

%

e ÞÝÑ 3
f ÞÝÑ 1
g ÞÝÑ 2.

This is graphically represented as follows:

1 3 2

?>=<89:;y
e

??��������f

__>>>>>>>>

a

��

h << k <<

?>=<89:;x
b

ZZ

1

c

??��������
2

d

__????????
3

g

OO

Note that this graph contains two loops, represented by h << and k << .

Graphically, if G is a corolla ordered graph, we shall represent the orders on the incoming
and outgoing edges of a vertex by drawing box-shaped vertices, with the incoming and outgoing
edges of any vertex ordered from left to right. For example, we distinguish the following two
situations:

We note that the graph of Example 3.1.1 can be made corolla ordered in 3! ˆ 3! “ 36 ways,
corresponding to the total orderings of the three incoming edges of x and of the three outgoing
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edges of y. Here are three of them:

x y

1 2 3

1 3
2

<< <<

x y

1 2 3

1 3
2

<< <<

x y

1 2
3

1 3 2

<< <<

Definition 3.1.2. Let G and G1 be two graphs.

1. A morphism of graphs from G to G1 is a family of maps f “ pfV , fE , fI , fO, fIO, fLq with:

fV : V pGq ÝÑ V pG1q, fE : EpGq ÝÑ EpG1q, fI : IpGq ÝÑ IpG1q,

fO : OpGq ÝÑ OpG1q, fIO : IOpGq ÝÑ IOpG1q, fL : LpGq ÝÑ LpG1q,

such that:

s1 ˝ fE “ fV ˝ s|EpGq, s1 ˝ fO “ fV ˝ s|OpGq,

t1 ˝ fE “ fV ˝ t|EpGq, t1 ˝ fI “ fV ˝ t|IpGq,

α1 ˝ fI “ α|IpGq, α1 ˝ fIO “ α|IOpGq,

β1 ˝ fO “ β|OpGq, β1 ˝ fIO “ β|IOpGq.

2. An isomorphism of graphs from G to G1 is a morphism of graphs f “ pfV , fE , fI , fO, fIO, fLq
from G to G1 such that all the structure maps are bijections.

In other words, a morphism of graphs is an isomorphism if all the structure maps are bijec-
tion. Furthermore, an isomorphism of corolla ordered graphs is an isomorphism of graphs that
preserves the orderings of ingoing and outgoing edges.

Definition 3.1.3. Let G and G1 be two corolla ordered graphs.

1. A morphism of corolla ordered graphs from G to G1 is an morphism of graphs f from G
to G1 which preserves the order of incoming and outgoing edges that is, for any vertex of v:
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• For any incoming edges e, e1 of v, e ďv e1 in G if, and only if, fpeq ďfpvq fpe1q in G1.
• For any outgoing edges e, e1 of v, e ďv e1 in G if, and only if, fpeq ďfpvq fpe1q in G1.

2. An isomorphism of corolla ordered graphs from G to G1 is a morphism of corolla ordered
graphs from G to G1 that is also an isomorphism of graphs from G to G1.

3. For any pk, lq in N2
0, we denote by Grœpk, lq the set of the isoclasses of graphs G such

that ipGq “ k and opGq “ l, that is Grœpk, lq is the quotient space of graphs with k input
edges and l output edges by the equivalence relation given by isomorphism. Similarly, we
denote by CGrœpk, lq the set of isoclasses of corolla ordered graphs G such that ipGq “ k
and opGq “ l.

4. The subset of Grœpk, lq formed by isoclasses of solar graphs is denoted by solGrœpk, lq and
the subset of CGrœpk, lq formed by isoclasses of solar corolla ordered graphs is denoted by
solCGrœpk, lq.

In what follows, we shall write graphs for isoclasses of graphs.
Example 3.1.2. The isoclass of the graph of Example 3.1.1 is represented by:

1 3 2

/.-,()*+

??��������

__>>>>>>>>

��

<< <<

/.-,()*+

^^

1

??��������
2

__>>>>>>>>
3

OO

We shall use later the two following special graphs:
Example 3.1.3. 1. We denote by O the graph with no vertex and with only one element in

LpGq.

2. We denote by I the graph with no vertex and with only one element in IOpIq.
We will later define a monad structure on graphs and corolla ordered graphs (Proposition

5.2.4).

Throughout the paper, X “ pXpk, lqqk,lě0 is a family of sets.

Definition 3.1.4. A graph decorated by X “ pXpk, lqqk,lě0 (or X-decorated graph, or simply
decorated graph) is a couple pG, dGq with G a graph as in Definition 3.1.1 and dG : V pGq ÝÑ
ğ

k,lě0

Xpk, lq a map, such that for any vertex v P V pGq, dGpvq P Xpipvq, opvqq. We denote by

GrœpXq the set of graphs decorated by X. Similarly, we define X-decorated corolla ordered
graphs which we denote by CGrœpXq.

We further write GrœpXqpk, lq (respectively, CGrœpXqpk, lq, solGrœpXqpk, lq and solCGrœpXqpk, lq)
the set of graphs (respectively, of corolla ordered graphs, solar graphs, solar corolla ordered graphs)
decorated by X with k inputs (that is |IpGq| “ k) and l ouputs (that is |OpGq| “ l).

3.2 TRAPs of graphs

As before, X “ pXpk, lqqk,lě0 is a family of sets. We equip the set of graphs (possibly decorated
by X) with a structure of TRAP. Let us first define an action of S ˆ Sop on graphs. Let
G “ pV pGq, EpGq, IpGq, OpGq, IOpGq, LpGq, s, t, α, βq P Grœpk, lq, σ P Sk and τ P Sl. Then:

τ ¨G ¨ σ “ pV pGq, EpGq, IpGq, OpGq, IOpGq, LpGq, s, t, σ´1 ˝ α, τ ˝ βq.
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If G is corolla ordered, then τ ¨G ¨σ is naturally corolla ordered; if G is X-decorated, then τ ¨G ¨σ
is also X-decorated. Hence, this defines a structure of SˆSop-module on Grœ, CGrœ, GrœpXq
and CGrœpXq for any X.

We now define the horizontal concatenation. If G and G1 are two graphs, we define a
graph G ˚G1 in the following way:

V pG ˚G1q “ V pGq \ V pG1q, EpG ˚G1q “ EpGq \ EpG1q, LpG ˚G1q “ LpGq \ LpG1q,

IpG ˚G1q “ IpGq \ IpG1q, OpG ˚G1q “ OpGq \OpG1q, IOpG ˚G1q “ IOpGq \ IOpG1q.

The source and target maps are given by:

s2|EpGq\OpGq “ s, s2|EpG1q\OpG1q “ s1,

t2|EpGq\IpGq “ t, t2|EpG1q\IpG1q “ t1.

The indexations of the input and output edges are given by:

α2|IpGq\IOpGq “ α, α2|IpG1q\IOpG1q “ ipGq ` α1,

β2|OpGq\IOpGq “ β, β2|OpG1q\IOpG1q “ opGq ` β1

with an obvious abuse of notation in the definition of the second column. Notice that this product
is not commutative in the usual sense for G ˚ G1 and G1 ˚ G might differ by the indexation of
their input and output edges. However, it is commutative in the sense of Axiom 2.(d) of TRAPs.
Roughly speaking, G ˚ G1 is the disjoint union of G and G1, the input and output edges of G1

being indexed after the input and output edges of G.

G

1 k

. . .

1 l

. . .

˚
G1

1 k1

. . .

1 l1

. . .

“
G

1 k

. . .

1 l

. . .

G1

k ` 1 k ` k1

. . .

l ` 1 l ` l1

. . .

Example 3.2.1. Here is an example of horizontal concatenation :

1 3 2

/.-,()*+

__>>>>>>>>

OO

��/.-,()*+

GG��������������

1

??��������
2

__>>>>>>>>

˚

1 2

/.-,()*+

??��������

__>>>>>>>>

1

OO

“

1 3 2 4 5

/.-,()*+

__>>>>>>>>

OO

��

/.-,()*+

??��������

__>>>>>>>>

/.-,()*+

GG��������������

1

??��������
2

__>>>>>>>>
3

OO

Moreover, if G and H are corolla ordered graphs, then G ˚H is naturally a corolla ordered
graph. If G and H are X-decorated graphs, then G ˚H is also naturally an X-decorated graph.

Let us finally define the partial trace maps. We only define the outline of their definition,
and refer the reader to Appendix B for a rigorous definition. Let G P Grœpk, lq, 1 ď i ď k
and 1 ď j ď l. We set ei “ α´1

G piq, fj “ β´1
G pjq and define ti,jpGq as the graph obtained by

identifying the input of ei with the output j of fj . If ei P IpGq and fj P OpGq, this creates an
edge in EpGq. This case is illustrated in the figure below. Otherwise, we create an edge in IpGq,
or OpGq or IOpGq or in LpGq. In all these cases, we then reindex in non-decreasing order, the
inputs and the outputs of the obtained graph.

Graphically:
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G

1 i k

. . . . . .

1 j l

. . . . . .

ti,j
ÞÝÑ G

1 k ´ 1

. . . . . .

1 l ´ 1

. . . . . .

In particular, t1,1pIq is the graph O (see Example 3.1.3). As before, if G is corolla ordered, or if
it is X-decorated, then ti,jpGq is corolla ordered, or X-decorated.

Example 3.2.2. Let G be the following graph:

2 1

/.-,()*+

OO

1

OO

2

OO

3

__>>>>>>>>

Then:

t1,2pGq “

1

/.-,()*+

OO

<<

1

OO

2

__>>>>>>>>

t1,1pGq “ t2,2pGq “ t3,2pGq “

1

/.-,()*+

OO

1

OO

2

__>>>>>>>>

t2,1pGq “ t3,1pGq “

1

/.-,()*+99

1

OO

2

OO

Note that t1,2 creates a loop when applied on G.

Proposition 3.2.1. With this data, Grœ, CGrœ, GrœpXq and CGrœpXq are unitary TRAPs.

Proof. We provide the proof for CGrœ. The proof is similar for the three other cases. Properties
1. and 2. follow directly from the symmetric group actions and the horizontal concatenation of
graphs defined above. Let us give a graphical interpretation of the proof of Property 3.(a), when
i1 ă i and j1 ă j.
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G

1 i1 i k

. . . . . . . . .

1 j1 j l

. . . . . . . . .

ti,j
ÞÝÑ G

1 i1 k ´ 1

. . . . . . . . .

1 j1 l ´ 1

. . . . . . . . .

ti1,j1
ÞÝÑ G

1 k ´ 2

. . . . . . . . .

1 l ´ 2

. . . . . . . . .

G

1 i1 i k

. . . . . . . . .

1 j1 j l

. . . . . . . . .

ti1,j1
ÞÝÑ G

1 i´ 1 k ´ 1

. . . . . . . . .

1 j ´ 1 l ´ 1

. . . . . . . . .

ti´1,j´1
ÞÝÑ G

1 k ´ 2

. . . . . . . . .

1 l ´ 2

. . . . . . . . .

One can give similar graphical representations of the proofs for the remaining cases using the
definitions given in Appendix B.

For Property 3.(b), let us consider a graph p “ G . As the input edge indexed by i in σ ¨G ¨ τ
is the input edge of G indexed by τpiq and the output edge indexed by j in σ ¨G ¨ τ is the output
edge of G indexed by σ´1pjq, G1 “ ti,jpσ ¨ G ¨ τq is the graph obtained by gluing together the
input indexed by τpjq and the output indexed by σ´1pjq, reindexing the input according to σi
and the output edges by τj , so G1 “ σi ¨ tτpiq,σ´1pjqpGq ¨ τj .

Let us prove Property 3.(c). By Lemma 1.1.4, it is enough to prove it for pp, p1q “ pG,G1q a
pair of graphs and pi, jq “ p1, 1q. In this case, ei and fj are both edges of G, so t1,1pG ˚ G1q “
t1,1pGq ˚G

1.
The graph I is defined in Example 3.1.3. For any graph G with |OpGq| ě 1,

t1,2pI ˚Gq “ G.

By Lemma 1.1.4, I is a unit of Grœ.

Corollary 3.2.2. solGrœ, solCGrœ, solGrœpXq and solCGrœpXq are subTRAPs of Grœ,
CGrœ, GrœpXq and CGrœpXq in the sense of Definition 1.1.2. They are non unitary.

Proof. If G and H are solar, then G ˚ H is clearly also solar. If G P CGrœpk, lq is solar, then
for any i P rks and j P rls, ti,jpGq is solar. Indeed, as IOpGq “ H, IOpti,jpGqq “ H; as
IOpGq “ LpGq “ H, Lpti,jpGqq “ H. They are indeed non unitary, as the graph I is not solar,
IOpIq being nonempty.

Remark 3.2.1. Grœ, CGrœ, GrœpXq and CGrœpXq admit other sub-TRAPs, for example with
vertices with only a prescribed number of possible vertices. These sub-TRAPs might be of
importance in the question of renormalisability of QFTs, but this question is far from the scope
of this work and we therefore do not define rigorously these other objects.

24



3.3 Morphisms of TRAPs and free TRAPs

As before, X “ pXpk, lqqk,lě0 is a family of sets. It turns out that solCGrœpXq is the free TRAP
generated by X. For any x P Xpk, lq, we identify x with the graph in solCGrœpk, lqpXq with
one vertex decorated by x, k incoming edges, totally ordered according to their indices, and l
outgoing edges, totally ordered according to their indices. For example, x P Xp3, 2q is identified
with the corolla ordered graph

x

1 2 3

1 2

(12)

Theorem 3.3.1. Let P be a TRAP and φ “ pφpk, lqqk,lě0 be a map from X to P that is, for any
pk, lq P N2

0, φpk, lq : Xpk, lq ÝÑ P pk, lq is a map. Then there exists a unique TRAP morphism
Φ : solCGrœpXq ÝÑ P , sending x to φpxq for any x P X. If moreover P is unitary, this
morphism Φ uniquely extends as a unitary TRAP morphism from CGrœpXq to P .

In other words, solCGrœpXq (respectively, CGrœpXq) is the free TRAP (respectively, the
free unitary TRAP, that is the free wheeled PROP) generated by X.

Remark 3.3.1. In practice we often have P “ X and φ “ Id which yields a map

Φ : solCGrœpXq ÝÑ X (13)

from decorated corolla ordered graphs to the space X of decorations.
Example 3.3.1. Here is a trivial yet enlightening example of how Φ acts on graphs: for G “ O,
we have G “ t1,1pIq and hence ΦpGq “ t1,1pIP q.

Proof. We provide here a sketch of the proof, and refer the reader to the appendix C for a full
proof. Since solCGrœpXq Ď CGrœpXq, we take G in CGrœpk, lqpXq and treat simultaneously
the case of solar graphs and the other. We define ΦpGq for any graph G P CGrœpk, lqpXq by
induction on the number N of internal edges of G.

If N “ 0, then G can be written as

G “ O˚p ˚ σ ¨ pI˚q ˚ x1 ˚ . . . ˚ xrq ¨ τ,

where pp, q, rq lies in N3
0, pki, liq lies in N2

0 for any i, xi in Xpki, liq and σ in Sq`k1`...`kr , τ in
Sq`l1`...`lr . If G is solar, then p “ q “ 0 and this reduces to

G “ σ ¨ px1 ˚ . . . ˚ xrq ¨ τ.

We then set
ΦpGq “ σ ¨ pφpx1q ˚ . . . ˚ φpxkqq ¨ τ. (14)

If G is not solar and if P is unitary, we denote by IP the identity of P , and we put

ΦpGq “ t1,1pIP q
˚p ˚ σ ¨ pI˚qP ˚ φpx1q ˚ . . . ˚ φpxrqq ¨ τ.

We can prove that this does not depend on the choice of the decomposition of G, with the help
of the TRAP axioms applied to P . Let us now assume that ΦpG1q is defined for any graph with
N´1 internal edges, for a given N ě 1. Let G be a graph with N internal edges and let e be one
of these edges. Let Ge be a graph obtained by cutting this edge in two, such that G “ t1,1pGeq.
We then set:

ΦpGq “ t1,1 ˝ ΦpGeq.

We can prove that this does not depend on the choice of e. It can then be shown that Φ defined
as above is compatible with the partial trace maps.
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Since the ingoing and outgoing edges of each vertex of a corolla ordered graph are totally
ordered, each corolla ordered graph CGrœ is naturally acted upon by SˆSop.

Definition 3.3.2. For any corolla ordered graph G P CGrœ and any vertex v P V pGq, there is
a natural action of Sopvq ˆSop

ipvq induced by the action on the totally ordered edges in Opvq and
Ipvq. The corolla ordered graph obtained from G by the action of pσ, τq on the vertex v is denoted
by

σ ¨v G ¨v τ.

A similar action can be built on a corolla ordered graph G decorated by a family of sets X:

σ ¨v pG, dGq ¨v τ :“ pσ ¨v G ¨v τ, dGq.

Example 3.3.2.

p12q¨v

v

w

“

v

w

¨wp12q“

v

w

.

In these pictures, the labelling of the edges outgoing (respectively, ingoing to) from the vertex v
(respectively, w) are labelled from left to right.

Note that GrœpXq is obtained from CGrœpXq by forgetting the total orders on the edges,
which in fact is equivalent to the trivialisation of this action of symmetric groups on incoming
and outgoing edges of any vertex. Hence:

Corollary 3.3.3. Let P be a TRAP and φ “ pφpk, lqqk,lě0 be a map from X to P . We assume
that for any x P Xpk, lq, for any pσ, τq P Sk bSl,

τ ¨ φpxq ¨ σ “ φpxq.

There exists a unique TRAP morphism Φ : solGrœpXq ÝÑ P , sending x to φpxq for any x P X.
If moreover P is unitary, this morphism Φ is uniquely extended as a unitary TRAP morphism
from GrœpXq to P .

We end this paragraph with the non corolla ordered counterpart of Remark 3.3.1:

Remark 3.3.2. In practice we often have P “ X and φ “ IdP which yields a map

Φ : solGrœpXq ÝÑ X (15)

from decorated graphs to the space X of decorations.

3.4 Extending non-unitary TRAPs

In this section, we embed any TRAP P in a unitary TRAP denoted by uPGrœpP q. We proceed
in the following way:

• We start with the canonical TRAP morphism from the free TRAP solCGrœpP q generated
by P to P .

• By Proposition 1.2.2, this defines an equivalence „ on solCGrœpP q, compatible with the
TRAP structure of solCGrœpP q.

• We then extend this equivalence to CGrœpP q, in such a way that it is compatible with the
unitary TRAP structure of CGrœpP q, as required in Lemma 1.2.1.
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• Consequently, the quotient CGrœpP q{ „ is a unitary TRAP which contains P .

For this, we shall need the solar part of any corolla ordered graph G, which we now define:
Notation 3.4.1. Let G P CGrœpP qpk, lq. Then there exist a unique pp, k1, l1q P N3

0, k1 ď k, l1 ď l,
a unique solar graph G1 P solCGrœpP qpk1, l1q, a unique pair of permutations pσ, τq P Sk ˆ Sl

such that:

• σp1q ă . . . ă σpk1q and σpk1 ` 1q ă . . . ă σpkq (that is to say σ is a pk1, k ´ k1q-shuffle);

• τp1q ă . . . ă τpl1q and τpl1 ` 1q ă . . . ă τplq (that is to say τ is a pl1, l ´ l1q-shuffle);

• G “ Op ˚ τ´1 ¨ pG1 ˚ Ik´k
1

q ¨ σ.

The graph G1 is the solar part of G and is denoted by solpGq. We also set

σ :“ shinpGq, τ :“ shoutpGq, p :“ valOpGq.

Here sh stands for shuffle and val for valuation.
Remark 3.4.1. As the subsequent example will show, reindexing the ingoing and outgoing edges
is useful to write the graph as a horizontal product of a solar graph, loops and I.
Example 3.4.1. Let G be the graph:

1 3 2
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Then:

G “ O2 ˚ p132q´1 ¨

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 2 3
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��/.-,()*+

^^

2

??��������
1

__>>>>>>>>
3

OO
˛
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‹

‚

¨ p231q

“ O2 ˚ p132q´1 ¨ ˚pG1 ˚ Iq ¨ p231q,

where G1 is the following graph, which as a result is the solar part of G:

G1 “

1 2

/.-,()*+

??��������

__>>>>>>>>

��/.-,()*+
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2

??��������
1

__>>>>>>>>
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Moreover:

shinpGq “ p231q, shoutpGq “ p132q, valOpGq “ 2.

Definition 3.4.1. Let P be a TRAP and let us consider the unique TRAP morphism Φ :
solCGrœpP q ÝÑ P , extending the identity of P . We define a relation „ on CGrœpP q as
follows: for G,G1 P CGrœpP q,

G „ G1 ðñ

$

’

’

’

’

&

’

’

’

’

%

ΦpsolpGqq “ ΦpsolpG1qq,

shinpGq “ shinpG
1q,

shoutpGq “ shoutpG
1q,

valOpGq “ valOpG
1q.

This is clearly an equivalence.

Roughly speaking, this equivalence identifies graphs with the same input-output edges and
loops and which coincide after contraction of their components obtained from deleting input-
output edges and loops.

Theorem 3.4.2. Let P be a TRAP and let „ be the equivalence on CGrœpP q of Definition
3.4.1. The quotient uPGrœpP q :“ CGrœpP q{ „ is a unitary TRAP, containing a sub-TRAP
isomorphic to P through.

Proof. • We first show the compatibility of the equivalence relation with the left and right
actions of the symmetric group.

Let G,G1 P CGrœpP q, such that G „ G1. If σ P Sk`l, there exists a unique triple
pσ1, σ2, σ

1q P Sk1 ˆSk´k1 ˆSk such that:

– shinpGq ˝ σ “ σ1 ˝ pσ1 b σ2q.

– σ1p1q ă . . . ă σ1pk1q and σ1pk1 ` 1q ă . . . ă σ1pkq.

Then solpG ¨ σq “ solpGq ¨ σ1, shinpG ¨ σq “ σ1 and shoutpG ¨ σq “ shoutpGq. Obviously,
valOpG ¨ σq “ valOpG

1q. A similar result holds for G1. We immediately obtain that:

shinpG ¨ σq “ shinpG
1 ¨ σq, shopG ¨ σq “ shopG

1 ¨ σq, valOpG ¨ σq “ valOpG
1 ¨ σq.

Recall that Φ is given in Definition 3.4.1. As it is a TRAP morphism:

ΦpsolpG ¨ σqq “ ΦpsolpGq ¨ σ1q “ ΦpsolpGqq ¨ σ1 “ ΦpsolpG1qq ¨ σ1 “ ΦpsolpG1 ¨ σqq,

So G ¨ σ „ G1 ¨ σ. Similarly, if τ P Sl, τ ¨G „ τ ¨G1.

• Let us show the compatibility of the equivalence relation with the horizontal concatenation
˚ on the left and on the right.

Let H P CGrœpP q. Then, by construction of the product ˚ (Paragraph 3.2):

solpG ˚Hq “ solpGq ˚ solpHq,

shinpG ˚Hq “ shinpGq ˚ shinpHq,

shoutpG ˚Hq “ shoutpGq ˚ shoutpHq,

valOpG ˚Hq “ valOpGq ` valOpHq.

A similar result holds for G1 ˚H. As G „ G1,

shinpG ˚Hq “ shinpG
1 ˚Hq, shoutpG ˚Hq “ shoutpG

1 ˚Hq, valOpG ˚Hq “ valOpG
1 ˚Hq.
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Moreover, as Φ is a TRAP morphism:

ΦpsolpG ˚Hqq “ ΦpsolpGq ˚ solpHqq

“ ΦpsolpGqq ˚ ΦpsolpHqq

“ ΦpsolpG1qq ˚ ΦpsolpHqq “ ΦpsolpG1 ˚Hqq.

Hence, G ˚H „ G1 ˚H. Similarly, H ˚G „ H ˚G1.

• We now check the compatibility of the equivalence relation with the partial trace maps.

Let i P rks and j P rls. We denote by ei (respectively e1i) the i-th input of G (respectively
of G1) and by fj (respectively f 1j) the j-th output of G (respectively of G1). There are five
possible cases:

1. If ei “ fj P IOpGq, then e1i “ f 1j P IOpG
1q. Moreover:

shinpti,jpGqq “ shinpti,jpG
1qq,

shoutpti,jpGqq “ shoutpti,jpG
1qq,

valOpti,jpGqq “ valOpti,jpG
1qq “ valOpGq ` 1,

solpti,jpGqq “ solpGq,

solpti,jpG
1qq “ solpG1q.

As G „ G1, ΦpsolpGqq “ ΦpsolpG1qq, so ti,jpGq „ ti,jpG
1q.

2. If ei, fj P IOpGq, with ei ‰ fj , then e1i, f
1
j P IOpG

1q, with e1i ‰ f 1j . Moreover:

shinpti,jpGqq “ shinpti,jpG
1qq,

shoutpti,jpGqq “ shoutpti,jpG
1qq,

valOpti,jpGqq “ valOpti,jpG
1qq “ valOpGq,

solpti,jpGqq “ solpGq,

solpti,jpG
1qq “ solpG1q.

So ti,jpGq „ ti,jpG
1q.

3. If ei P IOpGq and fj R IOpGq, then e1i P IOpG
1q and fj R IOpG1q. Moreover:

shinpti,jpGqq “ shinpti,jpG
1qq,

shoutpti,jpGqq “ shoutpti,jpG
1qq,

valOpti,jpGqq “ valOpti,jpG
1qq “ valOpGq,

and there exists a permutation α P Sk1 such that

solpti,jpGqq “ solpGq ¨ α, solpti,jpG
1qq “ solpG1q ¨ α.

As Φ is a TRAP morphism:

Φpsolpti,jpGqqq “ ΦpsolpGqq ¨ α “ ΦpsolpG1qq ¨ α “ ΦpsolpG1q ¨ αq “ Φpsolpti,jpG
1qqq,

so ti,jpGq „ ti,jpG
1q.

4. The case where ei R IOpGq and fj P IOpGq is treated similarly.
5. If ei, fj R IOpGq, then ei, fj R IOpG1q. Moreover:

shinpti,jpGqq “ shinpti,jpG
1qq,

shoutpti,jpGqq “ shoutpti,jpG
1qq,

valOpti,jpGqq “ valOpti,jpG
1qq “ valOpGq,
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and there exist i1 P rk1s, j1 P rl1s, such that

solpti,jpGqq “ ti1,j1psolpGqq, solpti,jpG
1qq “ ti1,j1psolpG1qq.

As Φ is a TRAP morphism:

Φpsolpti,jpGqqq “ Φ ˝ ti1,j1psolpGqq

“ ti1,j1 ˝ ΦpsolpGqq

“ ti1,j1 ˝ ΦpsolpG1qq “ Φpsolpti,jpG
1qqq,

so ti,jpGq „ ti,jpG
1q.

By Lemma 1.2.1, uPGrœpP q is a unitary TRAP.
The canonical injection ι : P ÝÑ CGrœpP q induces a TRAPmorphism ι1 : P ÝÑ uPGrœpP q,

which we see as follow. If p, q lie in P , then in CGrœpP q, ιppq ˚ ιpqq and ιpp˚ qq are solar graphs,
and:

Φpιppq ˚ ιpqqq “ Φ ˝ ιppq ˚ Φ ˝ ιpqq “ p ˚ q “ Φ ˝ ιpp ˚ qq,

so ιppq ˚ ιpqq „ ιpp ˚ qq. Hence, ι1ppq ˚ ι1pqq “ ι1pp ˚ qq. If p P P pk, lq, i P rks and j P rls, then
ti,j ˝ ιppq and ι ˝ ti,jppq are solar graphs in CGrœpP q, and:

Φ ˝ ti,j ˝ ιppq “ ti,j ˝ Φ ˝ ιppq “ ti,jppq “ Φ ˝ ι ˝ ti,jppq,

so ti,j ˝ ιppq „ ι ˝ ti,jppq, which implies that ti,j ˝ ι1ppq “ ι1 ˝ ti,jppq: the map ι1 is a TRAP
morphism.

Let p, q P P , such that ι1ppq “ ι1pqq. Then ιppq „ ιpqq. As ιppq and ιpqq are solar graphs,

p “ Φ ˝ ιppq “ Φ ˝ ιpqq “ q,

so ι1 is injective. We have proved that the unitary TRAP uPGrœpP q contains a (non unitary)
sub-TRAP isomorphic to P .

We now identify the sub-TRAP ι1pP q of uPGrœpP q with P . Let us give a description of the
SlˆSop

k -module uPGrœpP qpk, lq. Its elements are obtained from the elements ofCGrœpP qpk, lq
by the contraction of their solar parts to an element of P . Moreover, the elements of CGrœpP q
are obtained from their solar parts by adding copies of the unit I, corresponding to input-output
edges, and copies of the trace O of the unit. Similarly, the elements of uPGrœpP q are obtained
by adding copies of I and O to elements of P . The action of the symmetric groups on the copies
of I and on P has to be taken in account: for any i, Ii generates a Si ˆSop

i -module isomorphic
to Si, with its canonical Si ˆSop

i -action. Therefore, we obtain that:

uPGrœpP qpk, lq “

¨

˝

minpk,lq
ğ

i“0

ind
SkˆS

op
l

pSibSl´iqˆpSibSk´iqop
Si ˆ P pk ´ i, l ´ iq

˛

‚ˆ tOj , j P N0u,

where ind is the induction of modules.
The partial trace maps can be computed with the help of the unitary TRAP axioms. For

example, if p P P pk ´ 1, l ´ 1q, if j ą 1, then:

t1,jpIdr1s, p,Oiq “ pIdr0s, p1 . . . j ´ 1q ¨ p,Oiq,
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which is graphically represented by

t1,j p

1 2 3 k k ` 1

. . .

1 2 j j ` 1l ` 1

. . . . . .

Oi “ p

1 2 k ´ 1 k

. . .

1 2 j l

. . . . . .

Oi “ p

1 2 k ´ 1 k

. . .

2 1 j l

. . . . . .

Oi.

and
t1,1pIdr1s, p,Oiq “ pIdr0s, p,Oi`1q,

which is graphically represented by

t1,1 p

1 2 3 k k ` 1

. . .

1 2 3 l ` 1

. . .

Oi “ p

1 2 k ´ 1 k

. . .

1 2 l ´ 1 l

. . .

Oi “ p

1 2 k ´ 1 k

. . .

1 2 l ´ 1 l

. . .

Oi`1.

3.5 A functor from TRAPs to unitary TRAPs

The unitary TRAP uPGrœpP q satisfies the following universal property:

Proposition 3.5.1. Let P be a TRAP, Q a unitary TRAP and θ : P ÝÑ Q be a TRAP
morphism. There exists a unique unitary TRAP morphism Θ : uPGrœpP q ÝÑ Q extending θ.

Proof. Uniqueness. Let θ be such a morphism. For any G P CGrœpP q, we denote by rGs its
class in uPGrœpP q. Then:

G “ shoutpGq ¨ psolpGq ˚ I˚k
2

q ¨ shinpGq,

so
ΘprGsq “ shoutpGq ¨ pθpsolpGqq ˚ I˚k

2

Q q ¨ shoutpGq,

which entirely determines Θ.

Existence. Let Θ : CGrœpP q ÝÑ Q be the unique unitary TRAP morphism such that
Θppq “ θppq for any p P P . Let G,G1 P CGrœpP q, such that G „ G1. Then:

G “ shoutpGq ¨ psolpGq ˚ I˚pq ¨ shinpGq,

G1 “ shoutpGq ¨ psolpG1q ˚ I˚pq ¨ shinpGq,

and ΦpsolpGqq “ ΦpsolpG1qq in P , so:

ΘpGq “ shoutpGq ¨ pΘpsolpGqq ˚ I˚pQ q ¨ shinpGq

“ shoutpGq ¨ pθ ˝ ΦpsolpGqq ˚ I˚pQ q ¨ shinpGq

“ shoutpGq ¨ pθ ˝ ΦpsolpG1qq ˚ I˚pQ q ¨ shinpGq

“ shoutpGq ¨ pΘpsolpG1qq ˚ I˚pQ q ¨ shinpGq

“ ΘpG1q.

Hence, Θ induces a unitary TRAP morphism Θ : uPGrœpP q ÝÑ Q, extending θ.
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In other words, uPGrœ is a functor from the category of TRAPs to the category of unitary
TRAPs, left adjoint of the forgetful functor from the category of unitary TRAPs to the category
of TRAPs. This functor is the functor L of [YJ15, Theorem 12.1] (with the difference that in
[YJ15], one works in the coloured setup). Notice that we have a more explicit and straightforward
construction of this tensor than the one of [YJ15].

4 Compositions, generalised trace and convolution

4.1 Vertical concatenation in a TRAP

In the same way as wheeled PROPs are PROPs and are equipped with a second associative prod-
uct [YJ15], TRAPs can be equipped with a natural operation, called the vertical concatenation.
We start with the various TRAPs of graphs we introduced.

Let G and G1 be two graphs such that opGq “ ipG1q. We define a graph G2 “ G1 ˝G in the
following way:

V pG2q “ V pGq \ V pG1q,

EpG2q “ EpGq \ EpG1q \ tpf, eq P OpGq ˆ IpG1q : βpfq “ α1pequ,

IpG2q “ IpGq \ tpf, eq P IOpGq ˆ IpG1q : βpfq “ α1pequ,

OpG2q “ OpGq \ tpf, eq P OpGq ˆ IOpG1q : βpfq “ α1pequ,

IOpG2q “ tpf, eq P IOpGq ˆ IOpG1q : βpfq “ α1pequ,

LpG2q “ LpGq \ LpG1q.

Its source and target maps are given by:

s2|EpGq “ s|EpGq, s2|EpG1q “ s1|EpG1q, s2|OpG1q “ s1|OpG1q, s2ppf, eqq “ spfq,

t2|EpGq “ t|EpGq, t2|EpG1q “ s1|EpG1q, t2|IpGq “ s|IpGq, s2ppf, eqq “ t1peq.

The indexations of its input and output edges are given by:

α2|IpGq “ α|IpGq, α2ppf, eqq “ αpfq,

β2|OpG1q “ β1|OpG1q, β2ppf, eqq “ β1peq.

Roughly speaking, G1˝G is obtained by gluing together the outgoing edges of G and the incoming
edges of G1 according to their indexation as depicted below.

G1

1 l

. . .

1 m

. . .

˝
G

1 k

. . .

1 l

. . .

“
G

1 k

. . .

G1

1 m

. . .
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Example 4.1.1. Here is an example of vertical concatenation :

2 1

/.-,()*+

OO

/.-,()*+oo

OO

<<

1

??��������
2

OO

3

OO ˝

2 1 3

/.-,()*+

OO

>>
/.-,()*+

OO ??��������~~

1

??��������
2

OO

3

OO

4

__>>>>>>>>

“

2 1

/.-,()*+

OO

/.-,()*+

OO

oo <<

/.-,()*+
OO

>>
/.-,()*+

gg OO

~~

1

??��������
2

OO

3

OO

4

__>>>>>>>>

If G and G1 are corolla ordered (respectively X-decorated) graphs, then G ˝ G1 is naturally
a corolla ordered (respectively X-decorated) graph. This operation ˝ is clearly associative.
Moreover, denoting by I the identity graph, for any pk, lq in N2, for any graph G with k inputs
and l outputs,

I˚l ˝G “ G ˝ I˚k “ G.

The vertical concatenation can be described in terms of the horizontal concatenation and of the
partial trace maps: If G is a graph with k inputs and l outputs, and G1 a graph with l inputs
and m outputs, then:

tk`1,1 ˝ . . . ˝ tk`l´1,l´1 ˝ tk`l,lpG ˚G
1q “ G ˝G1,

or, graphically:

G

1 k

. . .

. . .

G1

1 m

. . .

. . .

“
G

1 k

. . .

. . .

G1

1 m

. . .

This construction can be generalised from TRAPs of graphs to an arbitrary TRAP:

Definition-Proposition 4.1.1. Let P be a TRAP. We define a vertical concatenation7 ˝ in the
following way:

@pk, l,mq P N3
0, @p P P pk, lq, @q P P pl,mq, q ˝ p :“ tk`1,1 ˝ . . . ˝ tk`l´1,l´1 ˝ tk`l,lpp ˚ qq.

This operation is associative: for any pk, l,m, nq in N4
0, for any pp, q, rq in P pk, lq ˆ P pl,mq ˆ

P pl, nq,
r ˝ pq ˝ pq “ pr ˝ qq ˝ p. (16)

If the TRAP is unitary, then for any pk, lq in N2
0, for any p in P pk, lq, denoting by IP the unit

of P , then
I˚lP ˝ p “ p ˝ I˚kP “ p.

7 When there is a risk of confusion, we will write ˝P for the vertical concatenation of a given TRAP P .
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Proof. Recall that in Subsection 3.3 we identified any element p of the decorating set and the
solar graph with one vertex decorated by p (see Equation (12)). Let α : solCGrœpP q ÝÑ P
be the unique TRAP morphism such that αppq “ p for any p P P whose existence follows from
Theorem 3.3.1 and more specifically from the case detailled in Remark 3.3.1. This is therefore
a surjective TRAP morphism. As α respects the horizontal concatenation and the partial trace
maps, for any graphs G,G1 P solCGrœpP q such that G ˝G1 is well-defined, αpGq ˝ αpG1q is also
well-defined and

αpGq ˝ αpG1q “ αpG ˝G1q.

Since the vertical concatenation is clearly associative in solCGrœpP q, the vertical concatenation
is associative in P . If P is unitary then again by Theorem 3.3.1, this morphism is extended as a
unitary TRAP morphism from CGrœpP q to P , which we also denote by α. For any p P P pk, lq,
in CGrœpP q:

I˚l ˝ p “ p ˝ I˚k “ p.

As αpIq “ IP , in P :
αpI˚l ˝ pq “ I˚lP ˝ p “ p “ αpp ˝ I˚kq “ p ˝ I˚kP .

Remark 4.1.1. One could also define partial vertical concatenations, where only a subset of
the outputs are glued to the inputs with the partial trace maps, in the spirit of [YJ15, Paragraph
3.3.3]. We do not pursue this course here since such partial vertical concatenations will play no
role in the rest of the paper.

Example 4.1.2. Let V be a vector space and let f “ θpv1 . . . vl b f1 . . . fkq P Homfr
V pk, lq,

g “ θpw1 . . . wm b g1 . . . glq P Homfr
V pl,mq. Then, denoting by ‚ the vertical concatenation of

Homfr
V :

g ‚ f “ g1pv1q . . . glpvlqθpw1 . . . wm b f1 . . . fkq

“ θpw1 . . . wm b g1 . . . glq ˝ θpv1 . . . vl b f1 . . . fkq

“ g ˝ f.

Hence, the vertical concatenation induced by the TRAP structure is the usual composition of
linear maps. If V is not finite-dimensional, this composition does not have a unit, as IdV is not
of finite rank.

We end this subsection with a simple yet important proposition.

Proposition 4.1.2. For any two TRAPs P “ pP pk, lqqpk,lqPN2
0
and Q, any TRAP morphism

φ “ pφpk, lqqpk,lqPN2
0

: P ÝÑ Q is compatible with the vertical concatenations of P and Q.

Proof. We need to show that for any TRAPs P and Q and any TRAP morphism φ : P ÝÑ Q
as in the statement of the proposition, for any pk, l,mq in N3

0, p1 in P pk, lq and p2 in P pl,mq
we have

φpk,mqpp2 ˝P p1q “ φpk, lqpp1q ˝Q φpl,mqpp2q.

Using the definition of the vertical concatenation in the TRAP P and the third property of the
Definition 1.1.3 of morphisms of TRAPs we have

φpk,mqpp2 ˝P p1q “ tQk`1,1 ˝ ¨ ¨ ¨ ˝ t
Q
k`l,lrφpk ` l,m` lqpp1 ˚ p2qs

with tQi,j the partial trace maps of the TRAP Q. Then using the second property of Definition
1.1.3 we obtain:

φpk,mqpp2 ˝P p1q “ tQk`1,1 ˝ ¨ ¨ ¨ ˝ t
Q
k`l,lrφpk, lqpp1q ˚ φpl,mqpp2qs “ φpk, lqpp1q ˝Q φpl,mqpp2q.

34



4.2 The generalised trace on a TRAP

If G is a graph with the same number of inputs and outputs, we define its generalised trace by,
roughly speaking, grafting any of its input to the output with the same index:

G

1 k

. . .

1 k

. . .

ÞÝÑ
G

. . .

. . .

In particular, in CGrœpXq, this construction applied to I gives O. This construction preserves
solar graphs, corolla ordered graphs and X-decorated graphs. Moreover, we can describe this
construction in terms of the partial trace maps: if G P solCGrœpXqpk, kq, then its generalized
trace is

t1,1 ˝ . . . ˝ tk,kpGq “ t1,1 ˝ . . . ˝ t1,1pGq.

These formulas have a meaning for any TRAP:

Definition 4.2.1. Let P be a TRAP. For any p in P pk, kq, with k in N0, the generalised trace
on P is defined as:

TrP ppq :“ t1,1 ˝ . . . ˝ tk,kppq P P p0, 0q.

In the case of the TRAPs solCGrœpXq, we shall simply write Tr instead of TrsolCGrœpXq.

Proposition 4.2.2. Let P be a TRAP.

1. For any pk, lq in N2
0, for any pp, qq in P pk, lq ˆ P pl, kq,

TrP pp ˝ qq “ TrP pq ˝ pq,

which justifies the terminology "trace".

2. For any pk, lq in N2
0, for any pp, qq in P pk, kq ˆ P pl, lq,

TrP pp ˚ qq “ TrP ppq ˚ TrP pqq.

Proof. Let α : solCGrœpP q ÝÑ P be, as before in the proof of Definition-Proposition 4.1.1,
the unique TRAP morphism which extends the identity map on P . Since α respects the partial
trace maps, for any graph G P solCGrœpP qpk, kq,

α ˝ TrpGq “ TrP ˝ αpGq.

Let p, q P P pk, kq. In solGrœpP q, Trpq ˝ pq and Trpp ˝ qq are represented respectively by the
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graphs

p

. . .

. . .

q

. . .

q

. . .

. . .

p

. . .

which are the same. Applying α, we obtain TrP pp˝qq “ TrP pq˝pq. Moreover, the graph Trpp˚qq
is represented by

p

. . .

. . .

q

. . .

. . .

which is also a graphical representation of Trppq ˚ Trpqq. Applying α, we obtain TrP pp ˚ qq “
TrP ppq ˚ TrP pqq.

Example 4.2.1. Let V be a finite dimensional vector space and f “ θpv1 . . . vk b f1 . . . fkq P

Homfr
V pk, kq. Identifying HomV p0, 0q with R, we obtain that

TrHomV
pfq “ f1pv1q . . . fkpvkq,

which is the usual trace of linear endomorphisms of a finite-dimensional vector space. If V is not
finite-dimensional, Tr

Homfr
V

is a direct generalisation of this trace for linear endomorphisms of
finite rank.

4.3 Amplitudes and generalised convolutions

By Theorem 3.3.1 applied to φ “ IdP , we know that for any TRAP P there exists a canonical
TRAP map ΦP : solCGrœpP q ÝÑ P (see Remark 3.3.1).

Definition 4.3.1. Let G be a graph decorated by a TRAP P . The P -amplitude associated to
G is the image of G under ΦP .

When P “ K8M is the TRAP of smooth generalised kernels over a smooth finite dimensional
closed Riemannian manifold M of §2.3 (that is P pk, lq :“ K8M pk, lq with the r.h.s defined in
(10)), we simply write Φ for ΦP and call ΦpGq the smooth amplitudes associated to G P

solCGrœpK8M q.

Remark 4.3.1. The terminology P -amplitude is justified in so far as it associates to a graph an
expression in P depending on the ingoing and outgoing edges of the graph in a similar way as
an amplitude associated to a Feynman diagram depends on the external ingoing and outgoing
momenta.
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Remark 4.3.2. If we specialise to spaces EpMqpdk b̂ EpMqpdl which are symmetric in both sets of
input and output variables, then φ can be extended to solGrœpXq (see Corollary 3.3.3).

The case of a path graph relates amplitudes to convolutions:

Remark 4.3.3. Let G be a path graph decorated by X “ pK8Xpk, lqqk,lě0, that is to say a graph
such that IpGq “ OpGq “ r1s, IOpGq “ LpGq “ H, V pGq “ tv1, ¨ ¨ ¨ , vnu, EpGq “ te1, ¨ ¨ ¨ , en´1u

and the source and target maps defined by

sGp1q “ vn, tGp1q “ v1,

@i P rn´ 1s, sGpeiq “ vi, tGpeiq “ vi`1.

Here is a graphical representation of this graph:

1 // GFED@ABCv1 // . . . // GFED@ABCvn // 1

Let Pi, i “ 1, ¨ ¨ ¨ , n be smoothing pseudo-differential operator each of which is defined by the
kernel Ki that decorates the vertex vi. Then the generalised convolution associated to the
graph G is the convolution K1 ‹ ¨ ¨ ¨ ‹Kn of the kernels K1, ¨ ¨ ¨ ,Kn, which is the kernel of the
smoothing pseudo-differential operator P1 ˝ ¨ ¨ ¨ ˝ Pn. In this sense, P -amplitudes can be seen as
a generalisation of the convolution of multiple smooth kernels.

Proposition 4.3.2. For any TRAP P , the P -amplitude associated to a horizontal concatenation
of graphs is the horizontal concatenation of their P -amplitudes: for any G1, G2 P solCGrœpP q,

ΦP pG1 ˚G2q “ ΦP pG1q ˚ ΦP pG2q,

and the same holds for the vertical concatenation: if G1 ˝G2 exists, then

ΦP pG1 ˝G2q “ ΦP pG1q ˝P ΦP pG2q

with ˝P the vertical concatenation of P .

Proof. This follows directly from the fact that ΦP is a TRAP morphism and from Proposition
4.1.2.

For any TRAP P , let ιP : P ãÑsolCGrœpP q be the canonical embedding of P into the TRAP
of P -decorated graphs that is, ιP ppq is the solar graph with only one vertex decorated by p. We
have the following simple yet useful lemma.

Lemma 4.3.3. For any TRAP P the following diagram commutes:

P ˆ P �
� //

˝P

��

solCGrœpP q ˆ solCGrœpP q

˝

��
P solCGrœpP q

ΦP
oo

with ˝p the vertical concatenation of the TRAP P , the top arrow given by ιP ˆ ιP and the obvious
abuse of notation that vertical concatenations, if seen as maps, are not defined on the whole of
their domains.

In words, the vertical concatenation of two elements p1 and p2 of P is the P -amplitude
associated with the graph given by the vertical concatenation of two graphs with exactly one
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vertex, each decorated by one pi. Graphically, if p P P pk, lq and q P P pl,mq:

ΦP

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

p

1 k

. . .

q

1 m

. . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“ ΦP ppq ˝P ΦP pqq.

Proof. Let P be a TRAP. Then for any p1, p2 in P such that p1˝P p2 is well defined, ιP pp1q˝ιP pp2q

is well-defined since ιP respects the gradings and we have

ΦP pιP pp1q ˝ ιP pp2qq “ ΦP pιP pp1qq ˝P ΦpιP pp2qq by Proposition 4.3.2
“ p1 ˝P p2

since for any TRAP P , ΦP ˝ ιP “ IdP by definition of ΦP (Equation (14) with k “ 1 and
φ “ IdP ).

Remark 4.3.4. Note that the vertical concatenation is not the same as the P -amplitude: the
latter has a much larger domain.

Applying the above constructions to the TRAP of smooth kernels described in Theorem 2.3.1,
whose partial traces (11) are given by integrations on the underlying manifold, easily yields the
following statement. We use the notations of Paragraph 2.3: M is a smooth, finite dimensional
orientable closed manifold and µpzq is a volume form on M .

Theorem 4.3.4. For the TRAP pK8M pk, lqqk,lě0, the following statements hold:

1. The vertical concatenation of two kernels corresponds to their generalised convolution:

@pk, l,mq P N3
0, @K1 P K8M pk, lq, @K2 P K8M pl,mq,@px1, ¨ ¨ ¨ , xk, z1, ¨ ¨ ¨ , zmq PM

k`m,

K2 ˝K1px1, ¨ ¨ ¨ , xk, z1, ¨ ¨ ¨ , zmq

“ tk`1,1 ˝ . . . ˝ tk`l´1,l´1 ˝ tk`l,lpK1 bK2qpx1, ¨ ¨ ¨ , xk, z1, ¨ ¨ ¨ , zmq

“

ż

M l

K1px1, ¨ ¨ ¨ , xk, y1, ¨ ¨ ¨ , ylqK2py1, ¨ ¨ ¨ , yl, z1, ¨ ¨ ¨ , zmq dµpy1q ¨ ¨ ¨ dµpylq,

obtained by integrating along the diagonal ∆l
M :“ tpy1, ¨ ¨ ¨ , yl, y1, ¨ ¨ ¨ , ylq, yi PMu ĂM2l.

2. The associativity property K3 ˝ pK2 ˝ K1q “ pK3 ˝ K2q ˝ K1 (cfr. (16)) for any K3 P

K8M pm,nq, amounts to the Fubini property for the corresponding multiple integrals:

ż

Mm

ˆ
ż

M l

K1p~x, ~y1qK2p~y1, ~y2qd~µp~y1q

˙

K3p~y2, ~zqd~µp~y2q (17)

“

ż

M l

K1p~x, ~y1q

ˆ
ż

Mm

K2p~y1, ~y2qK3p~y2, ~zqd~µp~y2q

˙

d~µp~y1q

for any ~x PMk and ~z PMn, where we use the short-hand notations d~µp~yiq :“ dµpy1q ¨ ¨ ¨ dµpyliq.
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3. The generalised trace of a generalised kernel K“ K1 bK2 P K8M pk, kq is given by the
integral along the small diagonal of Mk:

TrK8pKq “

ż

Mk

Kpx1, ¨ ¨ ¨ , xk, x1, ¨ ¨ ¨ , xkq dµpx1q ¨ ¨ ¨ dµpxkq (18)

where we have set Kp~x, ~yq :“ K1p~xqK2p~yq and obeys the following cyclicity property:

TrK8pK̃ ˝Kq “ TrK8pK ˝ K̃q

for K P K8M pk, lq and K̃ P K8M pl, kq.

4. The K8M -amplitude is compatible with the horizontal and vertical concatenations in K8M .

Proof. We prove the assertions one by one.

1. The vertical concatenation ˝ of Definition-Proposition 4.1.1 applied to the TRAP K8M of
smooth kernel of Theorem 2.3.1 gives the generalised convolution..

2. As proved in Definition-Proposition 4.1.1, the vertical concatenation ˝ of any TRAP is
associative. Writing the explicit expression of each side of the equation K1 ˝ pK2 ˝K3q “

pK1 ˝ K2q ˝ K3 for the vertical concatenation of the TRAP K8M shows that the identity
amounts to the Fubini property for multiple integrals as given by Equation (17).

3. By Equation (10), for any K in K8M pk, kq, we can write K “ K1 b K2 with K1 and K2

in E pbk. The generalised trace of Definition 4.2.1 for the TRAP K8M of smooth kernel of
Theorem 2.3.1 combined with the partial traces of this TRAP given by Equation (11)
yields Equation (18). The cyclicity property of TrK8 follows from the cyclicity property
of generalised traces (Proposition 4.2.2, item 1).

4. This follows from Proposition 4.3.2 applied to the generalised amplitude of Definition 4.3.1
for the TRAP K8M of smooth kernel discussed in Theorem 2.3.1.

5 Categorical interpretation

We describe TRAPs and unitary TRAPs as algebras over an endofunctor of the category of
SˆSop´modules, thus extending known results of [YJ15] on the categorial aspects of wheeled
PROPs.

5.1 Two endofunctors in the category of SˆSopmodules

We consider graphs decorated by a SˆSop-module X “ pXpk, lqqk,lě0 and use the action of the
symmetric groups on the vertices of Definition 3.3.2 to define an endofunctor Γœ.

Definition 5.1.1. We define a relation on CGrœpXqpk, lq by pG, dGqRk,lpG1, dG1q for pG, dGq
and pG1, dG1q if there exists a vertex v of G and permutations σ P Sopvq, τ P Sipvq such that

σ ¨v pG, dGq ¨v τ“pG, d
σ,v,τ
G q

with

dσ,v,τG pv1q “

#

dGpv
1q for v1 ‰ v

σ ¨ dGpvq ¨ τ otherwise.

We denote by „k,l the transitive closure of Rk,l which defines an equivalence. We further define

ΓœpXqpk, lq :“
CGrœpXqpk, lq

„k,l
, solΓœpXqpk, lq :“

solCGrœpXqpk, lq

„k,l
.

We further write ΓœpXq :“ pΓœpXqpk, lqqk,lě0 and solΓœpXq :“ psolΓœpXqpk, lqqk,lě0.

39



Here is the type of relations we obtain graphically:

x

y

1 2 3

1 2

„

p12q ¨ x

y

1 2 3

1 2

„

x

y ¨ p12q

1 2 3

1 2

„

p12q ¨ x

y ¨ p12q

1 2 3

1 2

,

x ¨ p12q

y

1 2 3

1 2

„

x

y

2 1 3

1 2

,

x

p12q ¨ y

1 2 3

1 2

„

x

y

1 2 3

2 1

,

where x P X3,2 and y P X2,2.

It is easy to show that the family of equivalences p„k,lqk,lě0 is compatible with the action of
SˆSop, the partial trace maps and the horizontal concatenation in the sense of Lemma 1.2.1.
The subsequent useful statement follows from Lemma 1.2.1.

Lemma 5.1.2. Let X be a S ˆ Sop-module. ΓœpXq is a unitary TRAP and solΓœpXq is a
TRAP.

Proof. By Corollary 3.2.2, CGrœpXq is a TRAP, and it is easy to see that the family p„k,lqpk,lqPN2
0

satisfies the conditions of Lemma 1.2.1. Hence, ΓœpXq is a TRAP. The proof is similar for
solΓœpXq.

Proposition 5.1.3. Let X be SˆSop module, P be a TRAP and φ : X ÝÑ P be a morphism of
SˆSop-modules. There exists a unique extension φ to a TRAP morphism Φ : solΓœpXq ÝÑ P .
If moreover P is unitary, this morphism extends to ΓœpXq.

Proof. We know from Theorem 3.3.1 that solCGrœpXq is the free TRAP generated by the
set X. Hence, φ is extended as a TRAP morphism Φ : solCGrœpXq ÝÑ P . Let G,H P

solCGrœpXqpk, lq, with pk, lq P N2
0. If GRk,lH, then, as φ is compatible with the actions of

the symmetric groups, ΦpGq “ ΦpHq. By transitive closure, if G „k,l H, then ΦpGq “ ΦpHq.
Consequently, Φ induces a TRAP morphism Φ : solΓœpXq ÝÑ P , which extends φ. It is
obviously unique, as X generates solΓœpXq. The proof is similar for ΓœpXq.

In other words, solΓœpXq is the free TRAP generated by the SˆSop-module X and ΓœpXq
is the free unitary TRAP generated by the SˆSop-module X.

Example 5.1.1. If X is a trivial S ˆ Sop-module, then ΓœpXq “ GrœpXq and solΓœpXq “
solGrœpXq as TRAPs. More generally, choosing for any graph G a corolla ordered graph G
which underlying graph is G, we can prove that for any pk, lq in N2

0, the sets ΓœpXqpk, lq and
GrœpXqpk, lq are in bijection, as well as solΓœpXqpk, lq and solGrœpXqpk, lq (but not in a
canonical way), through the map sending the equivalence class of G to G.

The correspondence P Ñ ΓœpP q defined above induces an endofunctor in the categoryModS

of SˆSop-modules which we now introduce.

Definition 5.1.4. Let ModS denote the category of S ˆSop-modules: its objects are families
X “ pXpk, lqqk,lě0, such that for any pk, lq in N2

0, Xpk, lq is a Sl ˆ Sop
k -module; a morphism

φ : X ÝÑ Y is a family pφpk, lqqk,lě0, where for any pk, lq in N2
0, φpk, lq : Xpk, lq ÝÑ Y pk, lq is

a morphism of Sl ˆSop
k -modules.

By the functoriality of post-composition of morphisms of SˆSop-modules, we obtain:
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Definition-Proposition 5.1.5. We define two endofunctors Γœ and solΓœ on the category
ModS as follows. Both are defined on objects as in Definition 5.1.1. For a morphism φ : X ÝÑ

Y of SˆSop-modules, the morphisms Γœpφq : ΓœpXq ÝÑ ΓœpY q and solΓœpφq : solΓœpXq ÝÑ
solΓœpY q are defined by post-composing φ with the decoration map of Definition 3.1.4. That is,
for pG, dGq P CGrœpXq and pH, dHq P solCGrœpXq, we have:

ΓœpφqpG, dGq “ pG,φ ˝ dGq, solΓœpφqpH, dHq “ pH,φ ˝ dHq.

Proof. We need to prove that Γœ and solΓœ are indeed functors. Let X and Y be two SˆSop-
modules and ϕ : X ÝÑ Y a morphism ofSˆSop-modules and let solCGrœpϕq : solCGrœpXq ÝÑ
solCGrœpY q be its pullback, defined by

solCGrœpϕqpG, dGq :“ pG,ϕ ˝ dGq (19)

for anyG P solCGrœpXq. It is easy to check that the induced morphism solΓœpϕq : solΓœpP q ÝÑ
solΓœpQq is indeed a morphism ofSˆSop-modules, turning solΓœ into an endofunctor ofModS.
The proof is similar for Γœ.

5.2 Monad of graphs

We now endow the functor Γœ with a monad structure.

We first recall basic definitions of category theory. In particular, for two functors F,G :
C ÝÑ D, a natural transformation η : F ÝÑ G between these two functors is given by maps
ηX : F pXq ÞÝÑ GpXq for each object X of C such that for any pair of objects X,Y P ObjpCq and
morphism f : X ÞÝÑ Y P MorpCq the following diagram commutes:

F pXq
F pfq //

ηX
��

F pY q

ηY
��

GpXq
Gpfq

// GpY q.

(20)

Let us now introduce the structure of monad, a terminology we borrow from [ML98]. A monad
is the categorical equivalent of monoids.

Definition 5.2.1. A monad (also called a triple) on a category C is given by an endofunctor
Γ P EndpCq and two natural transformations µ : Γ ˝ Γ ÝÑ Γ and ν : IdC ÝÑ Γ which form an
associative and unital monoid pΓ, µ, νq in the unital monoid8 EndpCq of endofunctors of C.This
means that the multiplication µ : Γ ˝ Γ ÝÑ Γ and the unit morphism ν : IdC ÝÑ Γ should satisfy
the axioms given by commutativity of the diagrams below for any object P of the category C.

Γ ˝ Γ ˝ ΓpP q
ΓpµP q //

µΓpP q

��

Γ ˝ ΓpP q

µP
��

Γ ˝ ΓpP q µP
// ΓpP q

ΓpP q
ΓpνP q//

IdC %%JJJJJJJJJ
Γ ˝ ΓpP q

µP
��

ΓpP q
νΓpP qoo

IdCyyttttttttt

ΓpP q

(21)

We now recall the notion of Γ-algebra (see for example [MMS09, Definition 2.1.4]).

Definition 5.2.2. Let C be a category. An algebra over a monad Γ P EndpCq or a Γ-algebra
is an object P of C together with a structure morphism α : ΓpP q Ñ P such that the following

8The terminology monoid is used in this definition with an obvious abuse of vocabulary since Γ and EndpCq
are not necessarily sets.
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diagrams commute:

Γ ˝ ΓpP q
Γpαq //

µP
��

µP
��

ΓpP q

α

��
ΓpP q α

// P

P
νP //

Id
��

ΓpP q

α
}}zzzzzzzz

P

(22)

Let pP, αq and pQ, βq be two algebras over a fixed monad Γ. A morphism of Γ-algebras from P
to Q is a morphism φ : P ÝÑ Q in the category C such that the following diagram commutes:

ΓpP q

Γpφq

��

α // P

φ

��
ΓpQq

β
// Q

(23)

We now define the natural transformations ν and µ in the case C “ModS and Γ “ Γœ. In
this case, for any SˆSop-module P , elements of Γœ ˝ ΓœpP q are graphs G whose vertices v are
decorated by graphs Gv, consistently with the number of incoming and outgoing edges.

Definition 5.2.3. 1. For any SˆSop-module P , let ηP : P ÝÑ ΓœpP q be the morphism of
S ˆ Sop-modules which sends an element p P P pk, lq to the class of the graph Gpk, lqppq
with one vertex v decorated by p, k incoming edges indexed from left to right by 1, . . . , k
and l outgoing edges indexed from left to right by 1, . . . , l.

2. For any S ˆ Sop-module P , let µP : Γœ ˝ ΓœpP q ÝÑ ΓœpP q be the morphism S ˆ Sop-
modules which sends a graph G P Γœ ˝ ΓœpP q to the graph H P ΓœpP q with V pHq “
Ů

vPV pGq V pGvq and whose edges are obtained by identifying, for any vertex v, the i-th
incoming edges of v with the i-th incoming edge of Gv, and the j-th outgoing edge of v with
the j-th outgoing edge of Gv.

In simpler words, the map ηP sends an element p P P to the graph with one vertex, which is
decorated by p and has the same numbers of input and output edges as p has inputs and outputs.
In picture:

νP ppq “
p

1 . . . k

1 . . . l

.

Furthermore, the map µP replaces vertices decorated by graphs pG, dGq by (decorated) sub-
graphs. These subgraphs are exactly the graphs that were decorating the vertices of the original
graph. To illustrate this graphically, we give an example in which µP sends the graph on the left
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to the graph on the right:

p

1 2

1 2 3

2 1

2 3 1 4

1 2

q

r

1 2 3

µP
ÞÝÑ

p

2 1

2 3 1 4

q

r

where p P P p2, 3q, q P P p2, 2q and r P P p2, 3q.

The families of morphisms ηP and µP define two natural transformations and we further
obtain:

Proposition 5.2.4. The triple Γœ “ pΓœ, µ, νq is a monad in the category ModS. Moreover,
solΓœ “ psolΓœ, µ|solΓœ , νq is a sub-monad of Γœ.

Proof. The associativity of µ is graphically immediate, as well as the fact that ν is a unit. The
functor ν takes its values in solΓœ and the composition of solar graphs is a solar graph, so solΓœ

is a submonad of Γœ.

5.3 TRAPs versus wheeled PROPs

We can now state the main result of this section, which relates TRAPs and various known
objects.

Theorem 5.3.1. The categories of Γœ-algebras and of unitary TRAPs are isomorphic. Similarly,
the categories of solΓœ-algebras and of TRAPs are isomorphic.

Remark 5.3.1. Wheeled PROPs are defined (for example in [MMS09]) as Γœ-algebras. Thus
Theorem 5.3.1 precisely says that wheeled PROPs and unitary TRAPs coincide, and that TRAPs
can be viewed as non-unitary wheeled PROPs.

Proof. Let us start with the non-unitary case.
From Proposition 5.1.3, we know that solΓœpP q is the free TRAP generated by the SˆSop-

module P . If P is a TRAP, then the canonical TRAP morphism αP : solΓœpP q ÝÑ P of
Proposition 5.1.3 makes it a solΓœ-algebra. Furthermore, since solΓœ is a functor by Definition-
Proposition 5.1.5, for any TRAP morphism φ : P ÝÑ Q we have the existence of solΓœpφq :
solΓœpP q ÝÑ solΓœpQq. Then by construction φ ˝ αP “ αQ ˝ solΓ

œpφq|P . By unicity of the
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lift of φ ˝αP given by Theorem 3.3.1 we obtain φ ˝αP “ αQ ˝ solΓ
œpφq|P , that is that Diagram

(23) commutes. Thus we have defined a functor from the category of TRAPs to the category of
solΓœ-algebras.

Conversely, if pP, αq is a solΓœ-algebra:

• For any pp, p1q P P pk, lq ˆ P pk1, l1q,we define p ˚ p1 by applying α to the following graph:

p

1 . . . k

1 . . . l

p1

k ` 1. . . k ` k1

l ` 1 . . . l ` l1

• For any p P P pk, lq, for any pi, jq P rks ˆ rls, we define ti,jppq by the application of α to the
following graph:

p

1

. . .

i´ 1 i

. . .

k ´ 1

1

. . .

j ´ 1 j

. . .

l ´ 1

Let us prove some of the axioms of TRAPs for P . The others can be proved in the same way
and are left to the reader.

1. holds by the functoriality of solΓœ.
2. (a): let pp, p1, p2q P P pk, lq ˆ P pk1, l1q ˆ P pk2, l2q. Then pp ˚ p1q ˚ p2 is obtained by the

application of αP to the graph:

p ˚ p1

. . .

. . .

p2

. . .

. . .

(For the sake of simplicity, we delete the indices of the input and output edges of this graph:
they are always indexed from left to right). Hence, pp ˚ p1q ˚ p2 is obtained by application of
α ˝ Γœpαq to the graph:

p

. . .

. . .

p1

. . .

. . .

p2

. . .

. . .

. . .

. . .

. . .

. . .

Note that for the second connected component of this graph, this comes from:

α ˝ Γœpαq ˝ ΓœpνP qpp
2q “ α ˝ Γœpα ˝ νP qpp

2q “ α ˝ ΓœpIdP qpp
2q “ αpp2q.
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As α ˝ Γœpαq “ α ˝ µP , pp ˚ p1q ˚ p2 is obtained by applying α to the graph:

p

. . .

. . .

p1

. . .

. . .

p2

. . .

. . .

The same computation can be carried out for p ˚ pp1 ˚ p2q, which gives the associativity of ˚.
2. (b): the unity I0 of the concatenation product of graph is the empty graph, which is the

image of the unity of P for the horizontal concatenation under α.
2. (c) holds trivially by definition of the horizontal concatenation product on P , the SˆSop-

module structure of P , and the fact that solCGrœpXq is a TRAP.
3. (c): for any k, l, k1, l1 ě 1, for any i P rks, j P rls, for any p P P pk, lq, p1 P P pk1, l1q, ti,jpp˚p1q

is the image under αP of the graph

p

1

. . .

i´ 1 i

. . .

k ´ 1

1

. . .

j ´ 1 j

. . .

l ´ 1

p1

k

. . .

k ` k1 ´ 1

l

. . .

l ` l1 ´ 1

(24)

On the other hand, ti,jppq ˚ p1 is the image under αP of the graph

αpp̃q

1

. . .

k ´ 1

1

. . .

l ´ 1

p1

k

. . .

k ` k1 ´ 1

l

. . .

l ` l1 ´ 1

(25)

with p̃ the image under αP of the graph

p

1

. . .

i´ 1 i

. . .

k ´ 1

1

. . .

j ´ 1 j

. . .

l ´ 1

The images of the graphs (24) and (25) under αP are identical by the commutativity of the first
diagram of (22). The case l` 1 ď j ď l` l1 and k` 1 ď i ď k` k1 holds by the same argument.

Let us now focus on the unitary case.
First if P is a unitary TRAP, then by Theorem 3.3.1, pP, µP q is a Γœ-algebra with exactly

the same argument as in the non unitary case.
Conversely, let pP, αP q be a Γœ-algebra. We then set

I :“ αP pI1q

where I1 is the graph with only one input-output edge.
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Let p P P pk, lq and 2 ď j ď l ` 1. Then t1,jpI ˚ pq is obtained by applying α ˝ Γœpαq to the
graph:

p

. . .

. . .

. . .

. . . . . .

where the curved edge relate the first edge at the bottom to the j-th edge on the top. As
α ˝ Γœpαq “ α ˝ µP , t1,jpI ˚ pq is obtained by application of α to the graph:

p

. . .

. . . . . .

where the curved edge relate the first edge on the bottom to the j-th edge on the top (note that
this edge is also the pj´1q-th outgoing the vertex decorated by p). As α is a SˆSop morphism,
we obtain that this is p1, . . . , j ´ 1q ¨ α ˝ νP ppq, that is to say p1, . . . , j ´ 1q ¨ p.

In this way, we define a functor from the category of solΓœ-algebras to the category of
TRAPs. In the same way, we define a functor from the category of Γœ-algebras to the category
of unitary TRAPs.

We obtain in this way two functors

F : TRAP ÝÑ AlgpsolΓœq, G : AlgpsolΓœq ÝÑ TRAP.

Let P be a TRAP and P 1 the TRAP G ˝ FpP q, with concatenation ˚1 and trace operators t1i,j .
We set FpP q :“ pP, αP q: in other words, αP is the TRAP morphism from solΓœpP q to P which
is the identity on P . For any p, q P P :

p ˚1 q “ αP pνP ppq ˚ νP pqqq “ p ˚ q,

where in the middle term ˚ is the concatenation in the TRAP solΓœpP q and where we used that
αP is a TRAP morphism by Proposition 5.1.3. Therefore, ˚ “ ˚1. If p P P pk, lq, pi, jq P rks ˆ rls,
then t1i,j is obtained by the application of αP to the graph:

p

1

. . .

i´ 1 i

. . .

k ´ 1

1

. . .

j ´ 1 j

. . .

l ´ 1

which is ti,jpνP ppqq, where here ti,j is the trace operator of solΓœpP q. As αP is a TRAP mor-
phism:

t1i,jppq “ αP ˝ ti,j ˝ νP ppq “ ti,j ˝ αP ˝ νP ppq “ ti,jppq,
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so P 1 “ P and G ˝ F is the identity functor of TRAP.
Let now pP, αq be a solΓœ-algebra and pP 1, α1q be the solΓœ-algebra F ˝ GpP q. Both α and

α1 are TRAP morphisms from solΓœpP q to GpP q; for any p P P ,

α ˝ νP ppq “ α1 ˝ νP ppq “ p.

Since solΓœpP q viewed as a TRAP is generated by the elements νP ppq, α “ α1, it follows that
F ˝ G is the identity functor of AlgpsolΓœq.

The proof is similar in the unitary case.

Remark 5.3.1 gives a straightforward Corollary of Theorems 5.3.1 and 3.3.1, thus confirming
previous statements.

Corollary 5.3.2. CGrœpXq is the free wheeled PROP generated by X.

Remark 5.3.2. The monad Γœ contains an interesting sub-monad, formed by graphs without any
oriented cycle (which includes also loops). This submonad is denoted by ΓÒ. It is well-known
that ΓÒ is the monad of PROPs [Mar08]. Hence, unitary TRAPs are PROPS. In particular, a
unitary TRAP P inherits a vertical composition denoted by ˝, which is the one described in
Definition-Proposition 4.1.1 in the more general frame of (non unitary) TRAPs.

A Appendix: topologies on tensor products

Tensor products ot topological spaces can be equipped with various topologies. A first possibility
is the so-called ε-topology; [Trè67, Definition 43.1]. For two topological vector spaces E and F ,
one can show ([Trè67, Proposition 42.4]) the isomorphism of vector spaces EbF–BcpE1σˆF 1σ,Kq
where BcpE1σ ˆF 1σ,Kq denotes the space of continuous bilinear maps from E1σ ˆF

1
σ to K and E1σ

(respectively, F 1σ) the topological dual of E (respectively, F ) for σ, the weak topology.
Recall that a bilinear map f : E ˆ F ÝÑ K is called separately continuous if, for any pair

px, yq P E ˆ F , the maps z Ñ fpx, zq and z Ñ fpz, yq are continuous. We then clearly have
that continuous bilinear maps build a linear subspace of the space BscpE ˆ F,Kq of separately
continuous bilinear maps.

The space BscpE ˆ F,Kq can be equipped with the topology of uniform convergence on
products of equicontinuous subsets of E1σ with equicontinuous subsets of F 1σ. Recall that, for a
topological space X and a topological vector space G, a set S of maps from X to G is said to be
equicontinuous at x0 P X if, for any V Ď G neighbourhood of zero, there is some neighbourhood
V px0q Ď X of x0, such that

@f P S, x P V px0q ñ fpxq ´ fpx0q P V.

In our case, G is K and X is Eσ (respectively, Fσ). This topology induces a topology on the
subspace BcpE1σ ˆF 1σ,Kq and thus on E bF . We denote by E bε F the topological vector space
obtained by endowing E b F with this topology.

There is another topology on E b F called the projective topology; [Trè67, Definition
43.2]. The projective topology is defined as the strongest locally convex topology on EbF such
that the canonical map φ : E ˆ F ÝÑ E b F is continuous. We write E bπ F the topological
vector space obtained by endowing E b F with this topology.

The neighbourhoods of zero of the projective topology can be simply described in terms
of neighbourhoods of zero in E and V . A convex subset S of E b F containing zero is a
neighbourhood of zero if it exist a neighbourhood U (respectively, V) of zero in E (respectively,
F ) such that U b V :“ tub v|u P U ^ v P V u Ď S.

Various topologies can be defined on the vector space E b F for E and F two topological
vector spaces. However the projective topology and the ε-topology play an important special
role since they allow to define nuclear spaces (see Definition 2.2.1).
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B Appendix: definition of the partial trace maps on Grœ

We give a rigorous definition of the partial trace maps on the space of graphs Grœ, which were
only loosely defined in the bulk of the article.

Let G P Grœpk, lq with k, l ě 1, i P rks and j P rls. We put ei “ α´1
G piq and fj “ β´1

G pjq. We
define the graph G1 “ ti,jpGq in the following way:

1. If ei P IpGq and fj P OpGq, then:

V pG1q “ V pGq, EpG1q “ EpGq \ tpei, fjqu,

IpG1q “ IpGqzteiu, OpG1q “ OpGqztfju,

IOpG1q “ IOpGq, LpG1q “ LpGq,

sG1peq “

#

sGpfjq if e “ pei, fjq,
sGpeq otherwise,

tG1peq “

#

tGpeiq if e “ pei, fjq,
tGpeq otherwise,

αG1peq “

#

αGpeq if αGpeq ă i,

αGpeq ´ 1 if αGpeq ě i,
βG1peq “

#

βGpeq if βGpeq ă j,

βGpeq ´ 1 if βGpeq ě j.

2. If ei P IOpGq and fj P OpGq, then:

V pG1q “ V pGq, EpG1q “ EpGq,

IpG1q “ IpGq, OpG1q “ OpGqztfju \ tpei, fj , qu,

IOpG1q “ IOpGqzteiu, LpG1q “ LpGq,

sG1peq “

#

sGpfjq if e “ pei, fjq,
sGpeq otherwise,

tG1peq “ tGpeq,

αG1peq “

#

αGpeq if αGpeq ă i,

αGpeq ´ 1 if αGpeq ě i,
βG1peq “

$

’

’

’

’

&

’

’

’

’

%

βGpeiq if e “ pei, fjq and βGpeiq ă j,

βGpeiq ´ 1 if e “ pei, fjq and βGpeiq ě j,

βGpeq if e ‰ pei, fjq and βGpeq ă j,

βGpeq ´ 1 if e ‰ pei, fjq and βGpeq ě j.

3. If ei P IpGq and fj P IOpGq, then:

V pG1q “ V pGq, EpG1q “ EpGq,

IpG1q “ IpGqzteiu \ tpei, fjqu, OpG1q “ OpGq,

IOpG1q “ IOpGqztfju, LpG1q “ LpGq,

sG1peq “ sGpeq, tG1peq “

#

tGpeiq if e “ pei, fjq,
tGpeq otherwise,

αG1peq “

$

’

’

’

’

&

’

’

’

’

%

αGpfiq if e “ pei, fjq and αGpfjq ă i,

αGpfiq ´ 1 if e “ pei, fjq and αGpfjq ě i,

αGpeq if e ‰ pei, fjq and αGpeq ă i,

αGpeq ´ 1 if e ‰ pei, fjq and αGpeq ě i,

βG1peq “

#

βGpeq if βGpeq ă j,

βGpeq ´ 1 if βGpeq ě j.
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4. If ei P IOpGq, fj P IOpGq and ei ‰ fj , then:

V pG1q “ V pGq, EpG1q “ EpGq,

IpG1q “ IpGq, OpG1q “ OpGq,

IOpG1q “ tpei, fjqu \ IOpGqztei, fju, LpG1q “ LpGq,

sG1peq “ sGpeq, tG1peq “ tGpeq,

αG1peq “

$

’

’

’

’

&

’

’

’

’

%

αGpfiq if e “ pei, fjq and αGpfjq ă i,

αGpfiq ´ 1 if e “ pei, fjq and αGpfjq ě i,

αGpeq if e ‰ pei, fjq and αGpeq ă i,

βGpeq ´ 1 if e ‰ pei, fjq and αGpeq ě i,

βG1peq “

$

’

’

’

’

&

’

’

’

’

%

βGpeiq if e “ pei, fjq and βGpeiq ă j,

βGpeiq ´ 1 if e “ pei, fjq and βGpeiq ě j,

βGpeq if e ‰ pei, fjq and βGpeq ă j,

βGpeq ´ 1 if e ‰ pei, fjq and βGpeq ě j.

5. If ei P IOpGq, fj P IOpGq and ei “ fj , then:

V pG1q “ V pGq, EpG1q “ EpGq,

IpG1q “ IpGq, OpG1q “ OpGq,

IOpG1q “ IOpGqztei, fju, LpG1q “ LpGq \ tpei, fjqu,

sG1peq “ sGpeq, tG1peq “ tGpeq,

αG1peq “

#

αGpeq if αGpeq ă i,

αGpeq ´ 1 if αGpeq ě i,
βG1peq “

#

βGpeq if βGpeq ă j,

βGpeq ´ 1 if βGpeq ě j.

C Appendix: Freeness of CGrœ
pXq

We now give a detailed proof of Theorem 3.3.1. We simultaneously prove the unitary and non-
unitary cases. Let P be a TRAP or a unitary TRAP and let φ : X ÝÑ P be a map.

Let us first prove the existence of Φ. We define Φ : CGrœpXq ÝÑ P by assigning to
any graph G P CGrœpXqpk, lq, or G P solCGrœpXqpk, lq for the non-unitary case, an element
ΦpGq P P pk, lq. We proceed by induction on the number N of internal edges of G. If N “ 0,
then G can be written (non uniquely) as

G “ O˚p ˚ σ ¨ pI˚q ˚G1 ˚ . . . ˚Grq ¨ τ, (26)

where p, q, r in N0 are unique, pki, liq in N2
0 for any i, unique up to a permutation, σ in

Sq`k1`...`kr , τ P Sq`l1`...`lr and Gi P Xpki, liq for any i. Note that in the non-unitary case we
necessarily have p “ q “ 0, and we have set in this case H˚0 “ I0 “ H, the empty graph, for
any graph H. We then put:

ΦpGq “ t1,1pIq
˚p ˚ σ ¨ pI˚q ˚ φk1,l1pG1q ˚ . . . ˚ φkr,lrpGrqq ¨ τ,

where as before x˚0 “ I0 (the unit for horizontal concatenation in the image P of Φ) for any
x P P ; and I is now the unit of P in the unitary case.

Let us assume now that ΦpG1q is defined for any graph with N ´ 1 internal edges, for a given
N ě 1. Let G be a graph with N internal edges and let e be one of these edges. Let Ge be a
graph obtained by cutting this edge in two:
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• V pGeq “ V pGq.

• EpGeq “ EpGqzteu, IpGeq “ IpGq\ teu, OpGeq “ OpGq\ teu, IOpGeq “ IOpGq, LpGeq “
LpGq.

• sGe “ sG and tGe “ tG.

• For any e1 P IpGeq \ IOpGeq, for any f 1 P OpGeq \ IOpGeq:

αGepe
1q “

#

1 if e1 “ e,

αGpe
1q ` 1 if e1 ‰ e,

βGepf
1q “

#

1 if f 1 “ e,

βGpf
1q ` 1 if f 1 ‰ e.

Notice that if G P solCGrœpXq (that is IOpGq “ LpGq “ H) then Ge also lies in solCGrœpXq.
Then, as before, we can treat the unitary and non-unitary cases simultaneously. In both cases
we have G “ t1,1pGeq and Ge has N ´ 1 internal edges. We then put:

ΦpGq “ t1,1 ˝ ΦpGeq. (27)

Lemma C.1. The map Φ is well-defined. Moreover, for any P solCGrœpXqpk, lq or in CGrœpXqpk, lq,
with pk, lq P N2

0, for any σ P Sl, for any τ P Sk,

Φpσ ¨G ¨ τq “ σ ¨ ΦpGq ¨ τ.

Proof. We proceed by induction on the number N of internal vertices. For N “ 0, we have
to show that ΦpGq does not depend on the choice of the decomposition (26) of G. Such a
decomposition is determined modulo a permutation of the vertices and of the choice of σ and τ .
Thus, we can go from one decomposition of G to any other one by means of a finite number of
steps among the following two types:

1. We consider two decompositions of G of the form

G “ O˚p ˚ σ ¨ pI˚q ˚G1 ˚ . . . ˚Gi ˚Gi`1 ˚ . . . ˚Grq ¨ τ,

G “ O˚p ˚ σ1 ¨ pI˚q ˚G1 ˚ . . . ˚Gi`1 ˚Gi ˚ . . . ˚Grq ¨ τ
1,

with

σ1 “ σpIdq`l1`...`li´1
b cli,li`1

b Idli`2`...`lrq,

τ 1 “ pIdq`k1`...`ki´1
b cki`1,ki b Idki`2`...`krqτ.

Then, by commutativity of ˚:

σ1 ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGrqq ¨ τ
1

“ σ ¨ pI˚q ˚ φpG1q ˚ . . . ˚ cli,li`1
¨ pφpGi`1q ˚ φpGiqq ¨ cki`1,ki ˚ . . . ˚ φpGrqq ¨ τ

“ σ ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGiq ˚ φpGi`1q ˚ . . . ˚ φpGrqq ¨ τ.

2. We consider two decompositions of G of the form

G “ O˚p ˚ σ ¨ pI˚q ˚G1 ˚ . . . ˚Grq ¨ τ,

G “ O˚p ˚ σ1 ¨ pI˚q ˚G1 ˚ . . . ˚Grq ¨ τ
1,

with

σ1 “ σpσ0 b σ1 b . . .b σrq, τ 1 “ pσ´1
0 b τ1 b . . .b τrqτ,

with σ0 P Sq, σi P Ski and τi P Sli if i ě 1. Using the commutativity of ˚ and the
invariance of the xk,l, we find

σ1 ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGrqq ¨ τ
1

“ σ ¨ pσ0 ¨ I
˚q ¨ σ´1

0 ˚ σ1 ¨ φpG1q ¨ τ1 ˚ . . . ˚ σr ¨ φpGrq ¨ τrq ¨ τ

“ σ ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGrqq ¨ τ.
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Notice that setting p “ q “ 0 in these computations does not change the result.
Hence, ΦpGq is well-defined. Moreover, for any τ 1 P Sk, σ1 P Sl, a decomposition of G of the

form
G “ O˚p ˚ σ ¨ pI˚q ˚G1 ˚ . . . ˚Grq ¨ τ,

give rise to a decomposition of G1 “ σ1 ¨G ¨ τ 1 given by

O˚p ˚ σ1σ ¨ pI˚q ˚G1 ˚ . . . ˚Grq ¨ ττ
1,

and, by definition of ΦpG1q:

ΦpG1q “ t1,1pIq
˚p ˚ σ1σ ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGrqq ¨ ττ

1

“ σ1 ¨ pt1,1pIq
˚p ˚ σ ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGrqq ¨ τq ˚ τ

1

“ σ1 ¨ ΦpGq ¨ τ 1.

Here again, the computations are valid in particular in the case p “ q “ 0, so for the non-unitary
case.

Let us assume the result at rank N ´ 1 and let G be a graph with N internal edges. Let us
prove that ΦpGq defined in (27) does not depend on the choice of e. If e1 is another internal edge
of G, then:

pGeqe1 “ p12q ¨ pGe1qe ¨ p12q,

which implies, by definition of ΦpGeq and ΦpGe1q:

t1,1 ˝ ΦpGeq “ t1,1 ˝ t1,1 ˝ ΦppGeqe1q

“ t1,1 ˝ t1,1 ˝ pp12q ¨ ΦppGe1qeq ¨ p12qq

“ t1,1 ˝ t2,2 ˝ ΦppGe1qeq

“ t1,1 ˝ t1,1 ˝ ΦppGe1qeq

“ t1,1 ˝ ΦpGe1q.

So ΦpGq is well-defined. Let σ P Sk and τ P Sl. Then:

pσ ¨G ¨ τqe “ pp1q b σq ¨ pGeq ¨ pp1q b τq,

so:

Φpσ ¨G ¨ τq “ t1,1 ˝ Φppσ ¨G ¨ τqeq

“ t1,1pp1q b σq ¨ ΦpGeq ¨ pp1q b τq

“ pp1q b σq1 ¨ t1,1 ˝ ΦpGeq ¨ pp1q b τq1

“ σ ¨ ΦpGq ¨ τ,

where, for σ P Sk we use σi for the permutation in Sk´1 defined by

σipjq “

#

σpjq if j ď i´ 1,

σpj ´ 1q if j ě i.

We have therefore defined a map Φ : CGrœpXq ÝÑ P , or Φ : solCGrœpXq ÝÑ P in the
non-unitary case, compatible with the action of the symmetric groups. It remains to prove that
Φ is compatible with the horizontal concatenation ˚ and with the partial trace maps.

Lemma C.2. For any graphs G, G1,

ΦpG ˚G1q “ ΦpGq ˚ ΦpG1q.
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Proof. We proceed by induction on the number N of internal edges of G ˚G1. If N “ 0, we put:

G “ O˚p ˚ σ ¨ pI˚q ˚G1 ˚ . . . ˚Grq ¨ τ,

G1 “ O˚p1 ˚ σ1 ¨ ¨ ¨ pI˚q1 ˚G11 ˚ . . . ˚G1r1q ¨ τ 1.

As before, if we are in the non-unitary case we set p “ q “ p1 “ q1 “ 0 and the whole discussion
still holds. We obtain:

G ˚G1 “ O˚pp`p1q ˚ pσ b σ1qpIdq b ck1`...`kr,q1 b Idk11`...`k1r1
q

¨ pIq`q
1

˚G1 ˚ . . . ˚G
1
r1q ¨ pIdq b cq1,l1`...`lr b Idl11`...`l1r1

qpτ b τ 1q,

which gives, by commutativity of ˚:

ΦpG ˚G1q “ t1,1pIq
˚pp`p1q ˚ pσ b σ1qpIdq b cl1`...`lr,q1 b Idl11`...`l1r1

q

¨ pIq`q
1

˚ φpG1q ˚ . . . ˚ φpG
1
r1qq ¨ pIdq b cq1,k1`...`kr b Idk11`...`k1r1

qpτ b τ 1q

“ t1,1pIq
˚p ˚ σ ¨ pI˚q ˚ φpG1q ˚ . . . ˚ φpGrqq ¨ τ

˚ t1,1pIq
˚p1 ˚ σ1 ¨ pI˚q

1

˚ φpG11q ˚ . . . ˚ φpG
1
r1qq ¨ τ

1

“ ΦpGq ˚ ΦpG1q.

In the non-unitary case, the TRAP P has no unit P and one simply removes the terms with the
identity I in the above computation and sets p “ q “ p1 “ q “ 0. In this case, the result is the
same as in the unitary case: ΦpG ˚G1q “ ΦpGq ˚ ΦpG1q.

If N ě 1, let us assume that the result holds at rank N ´ 1 and take an internal edge e of
G ˚G1. If e is an internal edge of G, then pG ˚G1qe “ Ge ˚G

1, and:

ΦpG ˚G1q “ t1,1 ˝ ΦppG ˚G1qeq

“ t1,1 ˝ ΦpGe ˚G
1q

“ t1,1pΦpGeq ˚ ΦpG1qq by the induction hypothesis
“ pt1,1 ˝ ΦpGeqq ˚ ΦpG1q by Axiom 3.(c) of Definition 1.1.1
“ ΦpGq ˚ ΦpG1q.

If e is an internal edge of G1, we obtain similarly that ΦpG1 ˚ Gq “ ΦpG1q ˚ ΦpGq. The result
then follows from the commutativity of ˚ (Axiom 2.pdq of Definition 1.1.1).

We still need to prove the compatibility of Φ with the partial trace maps.

Lemma C.3. Let G P CGrœpXqpk, lq or in solCGrœpk, lq with pk, lq P N2
0, i P rks and j P rls.

Then:
ti,j ˝ ΦpGq “ Φ ˝ ti,jpGq.

Proof. By Lemma 1.1.5, it is enough to prove that Φ is compatible with t1,1. LetG P CGrœpXqpk, lq,
or G P solCGrœpXqpk, lq in the non-unitary case, e1 “ α´1p1q, f1 “ β´1p1q. We set G1 “ t1,1pGq
and e “ te1, f1u to be the edge of G1 created in the process. Notice that if G P solCGrœpXq
then G1 P solCGrœpXq. There are five different cases (but only the first cases appear if
G P solCGrœpXq):

1. If e1 P IpGq and f1 P OpGq, then e P EpG1q and G1e “ G. By construction of ΦpG1q:

Φ ˝ t1,1pGq “ ΦpG1q “ t1,1 ˝ ΦpG1eq “ t1,1 ˝ ΦpGq.

2. If e1 P IOpGq and f1 P OpGq, let us put j “ βpe1q. Then there exists a graph H such that
p1, jq ¨G “ I ˚H, hence

t1,1pGq “ t1,1pp1, jq ¨ pI ˚Hqq “ p1, . . . , jq ¨ pt1,ipI ˚Hqq “ p1, . . . , jq ¨H,
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so:

t1,1 ˝ ΦpGq “ t1,1pp1, jq ¨ pI ˚ ΦpHqq

“ p1, jqp1, . . . , j ´ 1q ¨ ΦpHq

“ p1, . . . , jq ¨ ΦpHq

“ Φpp1, . . . , jq ¨Hq

“ Φ ˝ t1,1,pGq.

3. If e1 P IpGq and f1 P IOpGq the computation is similar.

4. If e1, f1 P IOpGq, with e1 ‰ f1 the computation is similar.

5. If e1 “ f1 in IOpGq, then G “ I ˚H for a certain graph G and t1,1pGq “ O ˚H. Then:

Φ ˝ t1,1pGq “ ΦpOq ˚ ΦpHq “ t1,1 ˝ ΦpIq ˚ ΦpHq “ t1,1pΦpIq ˚ ΦpHq “ t1,1 ˝ ΦpGq.

So Φ is compatible with the partial trace maps, both in the unitary and non-unitary cases.

We have proved the existence of Φ. It remains to prove the unicity. In the non unitary
case, any solar graph can be obtained from graphs with only one vertex, with the help of the
horizontal concatenation and the partial trace maps, which allow to create the missing internal
edges. Hence, solCGrœpXq is generated by X as a TRAP, which implies the unicity of Φ. In
the unitary graph, any graph can be obtained from graphs with only one vertex and copies of the
graph I, with the help of the horizontal concatenation and the partial trace maps, which allow
to create the missing internal edges and the copies of O when applied to I. Hence, CGrœpXq is
generated by X as a unitary TRAP, which implies the unicity of Φ.
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