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Introduction

The Hopf algebra of planar rooted trees, described in [4, 6], is a non-commutative version of the
Hopf algebra of rooted tree introduced in [1, 7, 8, 9| in the context of Quantum Field Theories
and Renormalisation. An infinitesimal version of this object is introduced in [3], and is related to
two operads on planar forests in [2]. These two operads, denoted by P\ and IP », are presented
in the following way:

1. P\ is generated by m and \,€ P\ (2), with relations:

mo (\, 1)

mo (m,I)

N\ o(m, 1)

oI, m),
mo (I,m),

oo\



2. P - is generated by m and /'€ IP »(2), with relations:

mo (/1) = /o(l,m),

mo(m,I) = mo(I,m),

S o( ) /oI, /).

The algebra of planar rooted trees is both the free PP »- and P -algebra generated by ., with
products " and “\, given by certain graftings.

The operads P » and P\ are quadratic. Our aim in this note is to prove that they are both
Koszul, in the sense of [5]. We describe their Koszul dual (it turns out that they are quotient of
P\, and P ») and the associated homology of P »- or P\ -algebras. We compute these homologies
for free objects and prove that they are concentrated in degree 0. This proves that these operads
are Koszul.

1 Operads of planar forests

1.1 Presentation

We work in this text with operads, whereas we worked in [2] with non-X-operads. In other terms,
we replace the non-3-operads of [2] by their symmetrization [10].

Definition 1

1. P\ is generated, as an operad, by m and \, with the relations:

\O(mvl) = \0(17\)7
No(l,m) = mo(\,I),

mo(m,I) = mo(l,m).

2. IP » is generated, as an operad, by m and ', with the relations:

o) = Sl /),
/o(lm) = mo (/1)

mo (m,I) = mo(I,m).

Remarks.

1. Graphically, the relations defining P\ can be written in the following way:

1 2 2 3 1 2 2 3 1 2 2 3
3 1 3 1 3 1
m N m m N m
\ﬁ( ) \2/ \ﬁ( ) \2/ \g( ) \2/
2. We denote by INF’\ the sub-non-Y-operad of P\ generated by m and ™. Then P\  is the
symmetrization of Px_.

3. Graphically, the relations of P!/ can be written in the following way:

e e m m Ve m
e . e m . m m . e
- ) - ) - .

4. We denote by P » the sub-non-Y-operad of P » generated by m and . Then PP » is the
symmetrization of P .



Both of these non-Y-operads admits a description in terms of planar forests [2]. In particular,
the dimension of P\ (n) and P »(n) is given by the n-th Catalan number [11, 12]. Multiplying
by a factorial, for all n > 1:

(2n)!

dimP\ (n) = dimP ~(n) = CESk

In particular, dim P\ (2) = dimP (2) = 4 and dim P\ (3) = dim P ~(3) = 30.

1.2 Free algebras on these operads

We described in [2] the free P\ - and P ~-algebras on one generators, using planar rooted trees.
We here generalise (without proof) these results. Let D be any set. We denote by TP the set of
planar trees decorated by D and by FP? the set of non-empty planar forests decorated by D.

1. The free P\ -algebra generated by D has the set FP as a basis. The product m is given by
concatenation of forests. For all F, G € FP, the product F \, G is obtained by grafting
F on the root of G, on the left.

2. The free P r-algebra generated by D has the set FP as a basis. The product m is given by
concatenation of forests. For all F', G € FP, the product F' G is obtained by grafting
F on the left leaf of G.

In both cases, we identified d € D with ., € FP. Moreover, for all F € FP, F N\, .. =F / .4

is the tree obtained by grafting the trees of F' on a common root decorated by d: this tree will
be denoted by By(F).

2 The operad P\ is Koszul

2.1 Koszul dual of P\

(See [5, 10] for the notion of Koszul duality for quadratic operads). We denote by IP’!\ the Koszul
dual of P_.

Theorem 2 The operad ]P’!\ is generated by m and \ € ]P’!\(2), with the relations:

No(m, I) = No(l,\),
mo (m,I) = mo(Il,m),
mo(\nl) = \‘O(I’m)’
\O(\”I) = 0,
mo (I,\,) = 0

Proof. Let P(E) be the operad freely generated by the So-module freely generated by m
and \,. Then P\ can be written P\ = P(E)/(R), where R is a sub-S3-module of P(E)(3).
As dim(P(E)) = 48 and dim(P~_(3)) = 30, dim(R) = 18. So dim(R‘) = 48 — 18 = 30. We
then verify that the given relations for IP)!\ are indeed in R*, that each of them generates a free
Ss-module, which are in direct sum. So these relations generate entirely P(F)(3). O

Remarks.

1. So IP’!\ is a quotient of P .



2. Moreover, IP’!\ is the symmetrisation of the non-Y-operad I~P"\ generated by m and \, and
the relations:

No(m,I) = N o(l,\),
mo (m,I) = mo(l,m),
mo(N\,I) = \,o(l,m),
No(\,I) = 0,
mo (I,N\,) = 0.

This is a general fact: the Koszul dual of the symmetrisation of a quadratic non-X operad
is itself the symmetrisation of a certain quadratic non-X-operad.

3. Graphically, the relations defining IP!\ can be written in the following way:
1 2 2 3 1 2 2 3 1 2 2 3
3 1 3 1 3 1
m N\ m m N m
- 9y - Y - Y
1 2 2 3
\<(3 1\?/
N ~
~l=o, "o=o.

Let V' be finite-dimensional vector space. We put:

2.2 Free ]P’!\—algebras

n

T (V)n) = @V@m for all n > 1,
k=1
W) = PV
n=1

In order to distinguish the different copies of V®"  we put:

T(V)(n):é<A®...®A®A®A®...®A>.
k=1

the k-th copyz)rf A is pointed.

The elements of A®... 9 AQARA®...® A will be denoted by 11®...QUip_1 QU RV+1®. . .QUp.
We define m and \, over T\ (V) in the following way: for v = v1 ® ... ® U, ® ... ® vy, and
W=wW R... W R ...Rwy,

e~ JOIELEL
- M. QU R... QU QU1 @ ... wy if [ =1;
[ 0ifk#£1,
vNw = {vl®...®Um®w1®...®wl®...®wniszl.

Lemma 3 T\ (V) is a ]P)!\A—algebm generated by V.

Proof. Let us first show that the relations of the }P’!\-algebras are satisfied. Let u =
UR...QUR...QUp, V=01Q.. 004 R.. 0 v, andw=w1 ®...0UW Q... R wp.

(ww) N w = 0ifj#1ork#1,
= UNO..0URRV®.. AV, QW RX..UWK...0wyif j=k=1,

uN\, (vN\w) = 0ifj#Tork#1,



= UNQ..0UL,RUV ..V, QW R..UWK...0wyif j=k=1,

(w)w = 0ifk#1orl#1,
UR...QU ... U, RV ®...0V, QW1 ®... 0wy ifk=1=1,
Oif k#£A1orl#1,
= UR...0U .. ULPV R...0V, QW1 ®...Q0wyif k=1=1,

u(vw)

(uNyv)w = 0ifj#1orl#1,

= UR..QULRRVR®...QV... 0, QW1 ®...Q0 w,if j=1=1,
u\, (vw) = 0ifj#Torl#1,

= UNR..0ULRU®..QV... 0V, QW1 ®...Q0wy,if j=1=1,

(uN\v)Nw = 0,

ulv Ny w) = 0.
So (TN (V),m, ) is a }P’!\_‘—algebra. Moreover, for all vy,...,v, € V:
VR...OUR...Q0 U, = (01...0k-1) \y (Vg ... 0p).
Hence, T\ (V) is generated by V. O

The P!\—algebra T\ (V) is also graded by putting V in degree 1. It is then a quotient of the
free P!\-algebra generated by V', which is:

@ ]?"\(n) ® Ve
n=0

So, for all n € N, dim(P!\(n) ®@Ve™) > dim(TX (V)(n)), so dlm(@'\(n)) > n and dim(P!\(n)) >
nn!.

Lemma 4 For alln € N, dim(IP!\(n)) < nnl.

Proof. IP!\ (n) is linearly generated by the binary trees with n indexed leaves, whose internal

vertices are decorated by m and \,. By the four first relations of IF’!\, we obtain that IP’!\ (n) is
generated by the trees of the following form:
o(n—1) o(n)

o(n —2) A
n—

an—2

o(2) .
a(1)
az
ay
)

with o € S, a1,...an—1 € {m,\,}. With the last relation, we deduce that ]P"\_‘(n) is generated
by the trees of the following form:

o(n —1) o(n)
o(n —2)

o(2)

"“—w
YN

o(2)

o(1)
N
N
Y



where 0 € S;,, 1 <7 < n. Hence, dzm([P"\(n)) < nnl. O

As a consequence:

Theorem 5 Letn > 1.
1. dim(IP’!\(n)) = nnl.

2. P'\(n) is freely generated, as a Sp-module, by the following trees:

where 1 <3 <n.

3. T\ (V) is the free P!\—algebm generated by V.

2.3 Homology of a P\ -algebra

Let us now describe the cofree P\ -algebra cogenerated by V. By duality, it is equal to T\ (V)
as a vector space, with coproducts given in the following way: forv =11 ® ... @ U ® ... ® Vm,

Av) = (MN®..U0R®...0U) R (Vit1 ® ... R vy),

—

3

T
=

A (v) = (M ®...00)R V41 ®.. QUL Q... Uy).
1

.
I

Let A be a P\ -algebra. The homology complex of A is given by the shifted cofree coalgebra
T\ (V)[—1], with differential d : T\ (V)(n) — T\ (V)(n — 1), uniquely determined by the
following conditions:

1. for all a,b € A, d(a ®b) = ab.

2. foralla,be A, d(a®b) =a \,b.

3. Let 6 : T\ (A) — T\ (A) be the following application:

) [TV — T4
' x — (=1)%97ee(@) g for all homogeneous z.

Then d is a #-coderivation: for all x € T\ (A),

Ald(z)) = (d®Id+0® Id)oAx),
A(d(z) = (d@Id+061d)o A ().



So, d is the application which sends the element v1 ® ... R U @ ... @ vy, to

k-2
(1)1 ®@... QU1 ® ... QU Q... QU
=1
—_—
+(=D)* 201 @ .. QU \NE D ... D Uy

)
+(-1D)" 1 ® ... @1 @ ... @ U
1

+ ()71 ®.. Q0 ®... ViVip1 D ... Un.

The homology of this complex will be denoted by H*\ (A). More clearly, for all n € N:

Ker <d|T\<A><n+1>)

Im (d|T\(A><n+2>) |

H)(A) =

n

Examples. Let vy, vo,v3 € A.

(1)1) = 0,
d(v; ® v2) = wvivg,
d(vi @) = v1 N, V2,
d(v) @ v @ v3) = @@1)3 — U1 ® V203,
—— A~
dlvi @V ®v3) = v1 \, V2 V3 — V] ® Vav3,
. /_/R
dvi @2 ®@U3) = Vv @ Uz — V1 @ V2 \, V3.
So:
d2(1fl ® vy ® ’1)3) = (Ulvg)vgg — ’1)1(1)21)3),
(v @2 ®@v3) = (v1 \, v2)vg —v1 \, (v203),
d}(v1 @ va ®v3) = (vivg) \ vz —v1 \, (v2 \, v3).

So the nullity of d* on T\ (A)(3) is equivalent to the three relations defining P -algebras (this
is a general fact [5]). In particular:

2.4 Homology of free P\ -algebras

The aim of this paragraph is to prove the following result:

Theorem 6 let N > 1 and let A be the free P\ -algebra generated by D elements. Then
HO\(A) is D-dimensional; if n > 1, H}‘(A) = (0).

Proof. Preliminaries. We put, for all k,n € N*:

Cn = T\ (A)(n),

Ck = A®..0A®...@ ACC,ifk<n,
A in position k

5% = @cpn Ol C Cn.

n

7



For all k£ € N*, C=Fis a subcomplex of C,. In particular, cstis isomorphic to the complex

defined by C!, = A®" with a differential defined by:
A®n . A@(n—l)

d/ . n—l .
MR...0 v, — Z(—l)z 1v1®...®’ui_1®vwi+1®vi+2®...®vn.
=1

The homology of C., is then the shifted Hochschild homology of A. As A is a free (non unitary)

associative algebra, this homology is concentrated in degree 1. So, Ker (d ) C Im(d)ifn > 2.

e

First step. Let us fix n > 2 and let us show that Ker (d|cgk) CIm(d)foralll1<k<n-—1
by induction on k. For k£ = 1, this is already done. Let us assume that 2 < k < n and

k

Ker (d|C§k—1) C Im(d). Let x = sz € Ker (d|C§k), with z; € CL. If 2, = 0, then
i=1

z € Ker (d‘cgk—1> by the induction hypothesis. Otherwise, we put:

xk:ZU1®...®1ik®...®vn.

We project d(z) over Ck_,. we obtain:

k—1 k—2
0 = Y md@)+ D ) (D) m(n @ Qv @ v ® 2 @ ... @B ... D vy)
=1 i=1

—_—
+ Z(—l)k_Qﬂk(v1 ® ... @ V2 @ Vg1 \, Vg QUpy1 ® ... @ vy)
+ Z(—l)k_lﬂ'k(vl ® ... QU1 @ VkUkt] Qg2 @ ... ® Up)
n—1 4
—|—Z Z (—1)1_17%(1}1 R... QU Q... ®Vi—1 @ViVi+1 Q Vg2 ®®Un)
i=k+1
= 040+0+ ) ()" 01 ®...® @p_1 @ DUk QUk42 ® ... @ Uy

n—1
—|—Z Z (—1)i_11}1®...®?.}k®...®’l)i_1®’l)i’l)i+1®’U¢+2®...®’l}n
i=k+1

= (=1)k1! Zvl @... QU1 Qd (V@ ... V).

Hence, we can suppose that d' (v ® ... ®v,) =0. Asn—k+1 > 2 and the complex C, is exact
in degree n — k 4+ 1 > 2, there exists Y w ® ... @ wp41 € A®(=k+2) “such that:

d’(Zwk®...®wn+1> =V, Q... R Uy,

Weputw =S 11®...00 13w @ ... @ wyi1). Then d(w) = 2, +CF 1 so x—d(w) € CEL.
As Im(d) C Ker(d), x — d(w) € Ker (dlcgkq) C Im(d) by the induction hypothesis. So,
x € Im(d).

Second step. Let us show that Ker (dlcgn> C Im(d) if n > 3. Let x € Ker <d|an). As

n
before, we put x = Z x;, with 2; € C! and:
=1
xn:Zin@...@v};@...@v;.

7



We can assume that the vj-’s are homogeneous. Let us fix an integer N, greater than the degree

of ,, and an integer M, smaller than max{weight(v’)}. Let us show by decreasing induction the
(2

following property: For allx € Ker (dlcgn) of weight < N and such that max{weight(vfl)} > M,

then z € I'm(d). If M > N, such an z is zero and the result is trivial. Let us assume the property
at rank M + 1 and let us prove it at rank M. Let Ap; be the homogeneous component (for the
weight of forests) of degree M of A. We project d(x) over A® ... ® Apr. Then:

0= wp(d(z)) = Yoo dEie. v ) e
i, weight(vt)=M

Hence, we can suppose that, for all i such that weight(vl) = M, d'(v! ® ... ®v) ;) = 0. As
n > 3 and C. is exact at n — 1 > 2, there exists Zwi’j R...Q wf{j € A®™ such that:

/ i, i | i
d E w’ ... QwY | =01®...®v,_4.
J

As d’' is homogeneous for the weight, the weight of this element can be supposed smallest than

the weight of v! ® ... ®v’_,. We then put w = Z Zwi’j ®...0uw | ® v% So
1, poids(vi)=M J

x —d(w) isin z € Ker (d|an), with weight < N, and satisfies the property on the v!’s for

M + 1. By induction hypothesis, x — d(w) € Im(d), so x € Im(d).

Hence, if n > 3, Ker (dwén) C Im(d). As C=" = C,,, for alln > 3, d(Cry1) C Ker (d|Cn) -
d(Cp41). Consequently, if n > 2, H7>(A) = (0).

Third step. We now compute H 1\ (A). We take an element x € C and show that it belongs
to I'm(d). This x can be written under the form:

T = Z CLF’GF X G — Z bF’GF R dG.
F,GeFP—{1} F,GeFP-{1}
So:
diz)= > apgF\G- Y brcFG.
F,.GEFP—{1} F,GEF—{1}

Hence, the following assertions are equivalent:
1. d(z) =0.

2. For all H € FP — {1}, Z apGq = Z bra.
FNG=H FG=H

First case. For all F,G € FP — {1}, apc = 0, that is tosay 2 € A® A. So d(z) = d'(z'). As
C! is exact in degree 2, there exists v; @ vo @ vz € A®3 such that d’'(vi @V ®v3) = Z braF ®G.
F.G
Consequently, d(v; ® vg ® v3) = Z bng G =z.
F.G
Second case. © = F) @ F» — G1 @ Ga, Fi, Fy,G1,Go € FP | such that Fy \, Fh = G1Gy =
H. Weput H = ty...t, and t; = By(s1...5m), t1,.--,tn,51,...,5m € TP. There exists



i €{1,...,n—1} such that Gy = t1...t; and Gg = t;41...tp; there exists j € {1,..

such that F} = s1...s; and Fy = Bg(Sj41...5m)t2...t,. Then:

d(81 L8 ® Bd(3j+1 - Sm)tg Rt tn)

= (81 ...Sj) AN Bd(5j+1 .. .Sm)tQ...ti®ti+1 R

—S$1...8; @ Bd(5j+1 c Sm)tg R 71 7R R 7
= G1R0Gy— F1 ® F>.
So, x € Im(d).

Third case. We suppose now the following condition:
(are #0) = (G ¢ TP).

So, x can be written:

ﬂ.\ .
xr = Z aF,tgF ® tG — Z bF’GF ® G.
F,GEFD, teT? F,GeFP

,m— 1}

A~ =
By the second case, F @ tG —F \,t®G € Im(d) C Ker(d). So the following element belongs

to Ker(d):

A~
r— Y ama(FetG —F \ t8G)
F,GeFDP, teT?

. P
= — > beF®G+ > apweF \teG.
F,GeFD F,GeFD, teT?

By the first case, this element belongs to I'm(d), so x € Im(d).

Fourth case. We suppose now the following condition:
(arg #0) = (G ¢ TP ou G = .4, d€ D).
Let H = B} (t...t,) € TP, different from a single root. Then:

n
0= Z arG — Z bF7€ = Zat1...ti,Bd(ti+1...tn) -0= Aty..ty,ed + 0= aF,.q-

FN\G=H FG=H i=1

Consequently, for all F € FP, d € D, ar,., = 0. By the third case, € Im(d).

General case. The following element belongs to Ker(d):

¥ = z+ Z aF,Bd(G’)d(F®G®'.d)

F,GEFP,deD
= o+ Y appFGeau— Y appF oG\ .
F,GeEFP deD F,GeEFP, deD
= ZL‘+ Z aFde(G)FG(@-.d - Z aF,Bd(G)F®Bd(G)
F.GeFP, deD F,GeFDP deD
= Y weFeGt Y encre.
FeFP, GeFP-TD FeFP, deD
_ Z bp7gF®G+ Z aF,Bd(G)FG®'.d-
F,GeFP F,GEFDP,deD

10



So z’ satisfies the condition of the fourth case, so 2’ € I'm(d). Hence, x € Im(d). This proves
finally that Ker(d|c,) = d(Cs), so H,*(A) = (0)

It remains to compute H&‘(A). This is equal to A/(A.A+ A\, A), so a basis of H&‘(A) is
given by the trees of weight 1, so dim(HO\(A)) =D. O

As an immediate corollary:
Corollary 7 The operad P is Koszul.

3 The operad P - is Koszul

3.1 Koszul dual of P -

We denote by ]P’!/ the Koszul dual of P .

Theorem 8 The operad ]P’!/ is generated by m and /'€ ]P’!/(2), with the relations:

o) = /eI, ),
mo(m,I) = mo(I,m),
mo (/1) =/ o(l,m),
S o(m,I) = 0,
mo (I, /) 0.
Proof. Similar as the proof of theorem 2. O

Remarks.

1. So IP’!/ is a quotient of P .

2. The operad IP!/ is the symmetrization of the non-X-operad ]f”'/, generated by m and 7,
with relations:

o) = ol ),
mo (m,I) = mo(I,m),
mo (/1) = /o(l,m),
/O(va) = 0,
mo (I, /) 0.

3. Graphically, the relations of IP’!/ can be written in the following way:

LA A
o Ve

11



3.2 Free ]P’!/—algebras
Let V' be finite-dimensional vector space. We put:
T,V)n) = @V@m for all n > 1,

k=1

T,(V) = @T (V)n).
n=1

In order to distinguish the different copies of V®"  we put:

TV)n) =P |A8 .. FAFAA®... 0 A
h=1 (k—1) signs &
The elements of A ... ¥ AR ... ® A will be denoted by 11 & ... Fvp ® ... ® v,. We

define m and " over T ~(V) in the following way: for v = »1 & ... F v ® ... ® vy, and
w=w & ... SwR...Q wy,

e [0iEIA,
a NE ... F@.. QU Qw1 X ... w, if | =1;

v Sw = 0if k£m —1,
- mg ... g, g ... Tw... 0w, if k=1.

As for P\, we can prove the following result:

Theorem 9 Letn > 1.

1. dzm(IP"/(n)) = nnl.

2. IP"/(n) is freely generated, as a Sp-module, by the following trees:

o(n—1) o(n)

o(n —@/m
(i) m
ot — <>4L
v

a(2) .-
o(1)
/
/!
)

3. T (V) is the free P!/-algebm generated by V.

where 1 < i <n.

3.3 Homology of a P --algebra
Let us now describe the cofree P ~-algebra cogenerated by V. By duality, it is equal to T ~(V)

as a vector space, with coproducts given in the following way: forv=v; & ... S Vp ® ... ® Uy,
m—1
Av) = (g ... 0nR...0U)Q (Vit1 ® ... R vy),
i=k
k—1
A (v) = (... 0v)Q Vi1 L ... Fp®... @ vp).

i=1

o
Il

12



Let A be a P r-algebra. The homology complex of A is given by the shifted cofree coalgebra
T »(V)[-1], with differential d : T (V)(n) — T »(V)(n — 1), uniquely determined by the
following conditions:

1. for all a,b € A, d(a ®b) = ab.

2. foralla,be A, d(a &g b)=a /b

3. Let 0:T (A) — T ,(A) be the following application:

. { T (4) — T(4)

r — (=1)%9ree@)y for all homogeneous .
Then d is a #-coderivation: for all z € T ~(A),
A(d(z)) = (dRId+60®Id)o Az),

A (@) = (dold+0®Id)oA ,(z).

So, d is the application which sends the element v1 ® ... ® U ® ... @ vy, to

dng ... S ®...Q0v,)
k-1
= Z(—l)i_lvlﬁ BB S0 Fvige S T @@ v,

=1
n

.
—_

+ (—1)i71’01 B SR QUi @Vt ® Vo ® ... Q Uy,
i=k

This homology will be denoted by H{ (A). More clearly, for all n € N:

Ker <d|T/<A><n+1>)

Im (d|T/<A><n+2>>

Hy (A) =

n

Examples. Let vy, vs,v3 € A.

d(vi) = 0,

divi ®v2) = vV,

dvi Fv2) = w1 /v,
d(vi ®v2 ®v3) = V12 @ V3 — V1 @ VU3,
divy Fva®@w3) = v /v ®@vz — v & v203,
divy Fvo Fwg) = v v vz —v F v/ vs.

So:
d*(v1 @ va ®@v3) = (vive)vg — v1(vaV3),

P Fraeuvy) = (v1,/ va)vs—v1 / (vov3),
PG Fog) = (01 v) Sv3—ovr / (va /v3).

So the nullity of d? on T '~(A)(3) is equivalent to the three relations defining IP ~-algebras, as for

P\ . In particular:

A

H (A)=—>"
¢ (A AA+A A
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3.4 Homology of free P --algebras

The aim of this paragraph is to prove the following result:

Theorem 10 let N > 1 and let A be the free P s-algebra generated by D elements. Then
HO/(A) is D-dimensional; if n > 1, Hy (4) = (0).

Proof. Preliminaries. We put, for k,n € N*:
C'n = T,(A)n),
C* = A .. . FA®..@ACC,ifk<n,

k —1 signs &
C = Bigkn O S Cln

For all k € N*, C’fk is a subcomplex of C’,,. In particular, C’fl is isomorphic to the complex
defined by C’,, = A®", with differential given by:
A®n A®(n—1)
d/ . n—1 '
Nl ®...®a, — Z(—l)’_lal ®...Qai—1 D ajGi+] ® Ait2 R ... D ap.
=1

Hence, the homology of C’, is the (shifted) Hochschild homology of A. As A is a free (non
unitary) associative algebra, this homology is concentrated in degree 1. So:

Ker (d‘o,?) C Im(d) if n > 2. (1)
Moreover, C,, admits a subcomplex defined by C¥(n) = A& ... & A, with differential given
by:
Cl(n) — Cl(n-1)

n—1
n@ . P — Y (DTG F ol 0v S v D i B .. D o
=1

Hence, the homology of this subcomplex is the shifted Hochschild homology of the associative
algebra (A, /).

Lemma 11 Every forest F € FP — {1} can be uniquely written as Fy / ... /' Fy, where
the F;’s are elements of FP of the form F; = . 4,G;.

Proof. Existence. By induction on the weight of F. If weight(F') =1, F' = .4 and the result
is obvious. If weight(F) > 2, we put F' = B} (H1)H,, with weight(Hy) < weight(F). If Hy = 1,
the result is obvious. If Hy # 1, we apply the induction hypothesis on Hj, so it can be written
as H1 == F1 / / Fn, with Fz == 'diGi' We put Fn+1 == .dHQ, so F' = F1 / e / Fn+1.

Unicity. By induction on the weight of F. If weight(F) = 1, then F = .; and this
is obvious. If weight(F) > 2, we put F' = By(H1)Hsz, with weight(H,) < weight(F). If
F=r .../ F, then F,, = .qHs and Fy /... /' F,,_1 = Hy. Hence, F}, is unique. We
conclude with the induction hypothesis. O

This lemma implies that (A, ) is freely generated by forests of the form .;G. So:

Ker (dicn) € Im(d) if n > 2. (2)
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First step. Let us fix n > 2. We show by induction on k the following property:

Ker (d‘c,gk) C Im(d) forall 1 < k <n— 1.

k
For k =1, this is (1). Let us suppose 2 < k < n and Ker <d‘c/§k_1) C Im(d). Let z = Zx, €
i=1

Ker (dlC,gk), with z; € Clir If z, = 0, then =z € Ker <d|c,§k71) and the induction hypothesis
holds. We then suppose x; # 0, and we put:

l‘k:Z’Ul@ B R Q.

Let us project d(x) over C’Z_l. We get:

k—1 k—1
Zﬂk(d(%)) + z:(—l)i_1 Zwk(vl &GS S TR Qo)
i=1 i=1

n—1
—l—Z(—l)Z_lZﬂ'k(Ul@‘ Q{?Uk(@...@’l)i’l)i_,_l ®®’Un)
i=k

= 0—}-0—1—(—1)’“712@1@ B Fd 0 ®. . @)
= 0.

Hence, we can suppose d' (v ® ... ®@v,) =0. Asn—k+ 1> 2 by (1), there exists an element
Swp @ ... @ wnp € AP(FH2) such that:

d’(Zwk®...®wn+1):Uk®...®vn.

Weputw=Y0& ... Svp1 & (Cwp®... @ wns1). Then, d(w) = zp+C"" " so z—d(w) €
C”ﬁ_l. As Im(d) C Ker(d), x — d(w) € Ker (d ) C Im(d) by the induction hypothesis.
Hence, z € I'm(d).

crSk—1

Second step. Let us show that, if n > 3, Ker (dlC,gn) C Im(d). Take xz € Ker <d‘cﬁn),

n
written as z = in, with 2; € C! and z, = Zvi@’ ) vfb. We can suppose the v;'-’s

i=1 i
homogeneous. Let us fix an integer N, greater than the degree of x,, and an integer M, smaller

than min{weight(v})}. Let us show by a decreasing induction on M the following property: for
K3

all x € Ker <dlc,§n), of weight < N, and such that min{weight(v’)} > M, then x € Im(d). If

M > N, such an x is zero, and the result is obvious. Suppose the result at rank M + 1 and let
us show it at rank M. Let Ap; be the homogeneous (for the weight) component of degree M of
A and let us project d(x) over A& ... & A& Apr. We get:

0=wn(d@)= Y  duig .. LFu,_) Lo,

i, weight(vi)=M

Hence, we can suppose that, for all i such that weight(v:) = M, d(vi & ... F vl ;) =0. As
n > 3, by (2), there exists Zwi’j & ... Fw € ', such that:
J

d Zwi’gﬁ Lo FBw) | =0 g oy,
J
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As d is homogeneous for the weight, we can suppose that the weight of this element is smaller
than the weight of v! ® ... ® v%_;. We then put:

w = wi’jﬁ...ﬁwi’j;ﬁvi.
Z Z 1 n n

i, weight(vi)=M J

So z—d(w) € Ker <d|C,gn>, with a weight < N, and satisfies the property on the v’ ’s for M +1.
By the induction hypothesis, z — d(w) € Im(d), so = € Im(d).

So, if n > 2, as C'S" = C!,, Hy (A) = (0).

Third step. We now compute H 1/ (A). We take an element x € C} and show that it belongs
to I'm(d). This element can be written as:

r= Y  apgFEG- > bpeFeG
F,GeFP—{1} F,GeFP—-{1}

SO:

diz)= Y  apeF /G- Y bpaFG.

F,GEFP—{1} F,.GEFP—{1}

As a consequence, the following assertions are equivalent:
1. d(z)=0.

2. for all H € FP — {1}, Z arG = Z bra.
F/G=H FG=H

First case. For all F,G € FP — {1}, apg = 0, that is to say * € A ® A: then the result
comes directly from (1).

Second case. © = Fy & Fo —G1 @ G, Fi, F»,G1,Gy € FP  such that F} /' F» = G1Gy = H.
Weput H=1t,...thetty =Hy /... / Hp, t1,...,t, € TP, the H;’s of the form .q;H! (lemma
11). Then there exists i € {1,...,n — 1}, such that G; = t;...t; and Go = t;j41...ty; there
exists j € {1,...,m—1},such that Fy = Hy /... /" Hjand Fo = (Hj41 /... / Hp)ta.. . ty.
So:

dH, /... /' H;y & (Hjy1 /... /" Hyp)ta .. . ti Qtip1 ... ty)
= (W1 /... /' Hj) /" (Hj1 /... /" Hp)ta.. . t; Qtiz1...t,)
- .../ Hi& (Hjx1 /... Hy)ta. . titiyr ... ty)
= G1®Gy— | & .

Hence, z € Im(d).
Third case. We suppose that the following condition holds:
(apg #0) = (G ¢ TP).

So, = can be written as:

T = Y apeF G- ) bpaF®G.
F,GEFD teT? F,GeFP
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By the second case, F FtG — F /' t® G € Im(d) C Ker(d). So, the following element belongs
to Ker(d):

T — Z aric(F S tG—-F /t® Q)

F,GEFP  tcTP

= — Z braF @ G+ Z apicF /1®G.
F,GeFP F.GEFD teT?

By the first case, this element belongs to I'm(d), so x € I'm(d).

Fourth case. We suppose that the following condition holds:
(apg#0) = (G¢ TP or G = .4, d € D).

Let H € FP — {1}. Let us write BJ (H) = Hy /' ... /' Hy, withH; = .4, H] for all i (lemma
11). As Bf (H) € TP, H,, = .4, and Hy /' ... /' H,_1 = H. So:

0 = Z apG — Z bra

F /G=B4(H) FG=By(H)
n
= Z am, /... /Hi Hisr /... /Hy — 0
i=1
= aH, /.. /Hy 1,00 T0

= CLH7,d.

(We used the condition on z for the third equality). So, for all F € FP, d € D, we obtain
ar., = 0. As a consequence, by the third case, z € Im(d).

General case. The following element belongs to Ker(d):

33, = 33+ Z aF’Bd(G)d(F@TG@‘.d)

F,GEFP,deD
= T+ Z arp Byt S GE va— Z app,) 'S G / a
F,GeFP,deD F.GeEFDP deD
= o+ Y anp@F SGF = D anp)F £ BiG)
F,GEFP, deD F,GEFP deD
= Z ap,(;FQQ“G—i— Z aF,GFﬁgT od
FeFP GeFP-TDP FcFD, deD
- Z bF,GF®G+ Z CLEBd(G)FG}X? ed-
F,GEFP F,GEFD deD

So, ' satisfies the condition of the fourth cas, so ' € Im(d). Hence, z € Im(d).

It remains to compute HO/(A). This is equal to A/(A.A+ A /' A), so a basis of HO/(A) is
given by the trees of weight 1, so dim(HO/(A)) =D. O

As an immediate corollary:
Corollary 12 The operad P , is Koszul.
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