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Abstract

We study different algebraic structures associated to an operad and their relations: to any
operad P is attached a bialgebra, the monoid of characters of this bialgebra, the underlying
pre-Lie algebra and its enveloping algebra; all of them can be explicitely described with the help
of the operadic composition. non-commutative versions are also given.

We denote by bo, the operad of b, algebras, describing all Hopf algebra structures on a
symmetric coalgebra. If there exists an operad morphism from by to P, a pair (A, B) of coin-
teracting bialgebras is also constructed, that it to say: B is a bialgebra, and A is a graded
Hopf algebra in the category of B-comodules. Most examples of such pairs (on oriented graphs,
posets. ..) known in the literature are shown to be obtained from an operad; colored versions of
these examples and other ones, based on Feynman graphs, are introduced and compared.

AMS classification. 18D50 16T05 16T30 81T18 06A11
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Introduction

Operads —a terminology due to May— appear first in 1969 in [2| as clone of multilinear operations
and were used in the 70’s [36, 44, 39, 4, 11], to study loop spaces in algebraic topology; see
[31] for a historical review. They are now widely used in various contexts; our point here is to
study certain constructions associated to an operad from a combinatorial Hopf-algebraic point
of view. To a given operad P, several objects are attached, such as monoids and groups, pre-Lie
and brace algebras, bialgebras and Hopf algebras, or pairs of interacting or cointeracting Hopf
algebras.

Let us precise the structures we obtain here. If P is an operad, then:

1. the space P = @P(n) is a brace algebra [23, 43] and a pre-Lie algebra [9, 10, 41]; in
n>0
particular, its pre-Lie product is given by:

n
VpeP(n), P, peg=> poig,
=1

where o; is the i-th partial composition of the operad P. Moreover, the quotient of coin-
variant coinvP is a pre-Lie (but generally not a brace) quotient of P.

2. As observed in [8], this pre-Lie structure induces two monoid compositions ¢ and ¢’ on
the space P = H P(n):
n>0
Vp € P(n),q € P, pO'g=q+pol(q,...,q),

pOq =q+ Z T Ofyq,... i O(yv'--ay)7
1<i1 <. <ix<n

where:

o5, i oY,...,y)=xzo(l,....y,...,y,..., I).

the y’s in position i1,..., ik

These two monoids are isomorphic; in both cases, coinvP is a monoid quotient. Similar
constructions are used in [5, 7, 22| for different purposes.

3. Using the Guin-Oudom construction [41], the symmetric algebra S(P) inherits a product *,
making it a Hopf algebra with its usual product A; similarly, using the brace structure, we
obtain a dendriform Hopf algebra structure on T'(P) [43, 32, 17|, with the deconcatenation
coproduct Age., denoted by Dp. Moreover, considering the quotient S(coinvP) of S(P),
we obtain a Hopf algebra Dp, which is an explicit description of the enveloping algebra of
the pre-Lie algebra coinvP, and morphisms:

Dp <— (S(P),*,A)——Dp

Here are examples of products *. if p; € P(n1), p2 € P(n2), q1,¢2 € P:



e In Dp,
P1*q1=p1q1 + q1p1 + Z P19 q1,
1<i<ny

P1*q1G2 = p19192 + q1P192 + q192p1 + Z (p19i q1)q2
1<i<ni

+ Y aoie)+ Y, poij(an, ),

1<i<ni 1<i<j<ng

Pip2 % 1 = pip2qy + praapz + @ipip2 + >, (proiq)pe+ >, pi(p2oiqu).

1<i<m 1<i<ny
e In S(P),
P1*q1 = p1q1 + Z P19 q1,
1<i<ng
prae=pae+ Y, Proia)e+ Y. a@oig)+ Y, poijla, )
1<i<ng 1<i<ng 1<i#j<n;

P1p2 * q1 = p1p2q1 + Z (1 05 q1)p2 + Z p1(p2 % q1).
1<i<ng 1<i<ns

These Hopf algebras are graded, but not connected, the elements of P(1), including the
unit I of P, being homogeneous of degree 0 in them.

4. With the help of a technical condition called O-boundedness (definition 16), we can define a
coproduct A, on T'(P*), in duality with *, making D5 = (T'(P™*), mecone, Ax), where meone
is the concatenation product, a bialgebra, generally not a Hopf algebra. By abelianization,
one obtains bialgebras (S(P*),m,A) and Dp = (S((coinvP)*,m,A,), respectively in
duality with S(P) and Dp, with morphisms:

Dp— S(P*) ~— Dj

Moreover, (coinvP, ) and (P, Q) are the monoids of characters of respectively D} and
S(Px).

5. Replacing P by its augmentation ideal P, we obtain similar objects:

e Monoids:

/\

(P+,0) (coinvP, Q) = My

\/

coznvP+, 0) =

Moreover, GB and (P, ) are groups.
e Graded and connected Hopf algebras Bp, S(P.) and Bp, and their graded dual:

Dp <— S(P)——Dp Dpy—— S(P*) <—Dp
gp <<—S(i+)(—> ]_j)p Bp—— S(P7)<~—Bp



Let us now assume that there exists an operadic morphism fp from the operad b, ruling
Hopf-algebraic structures on symmetric coalgebras, to P. If this holds, for any vector space V,
the free P-algebra Fp(V) is a by algebra, so the symmetric coalgebra Ap (V') is given a product
*, making it a graded, connected Hopf algebra. If V' is one-dimensional, we shall simply write
Ap. We prove that Ap is a Hopf algebra in the category of Dp-modules, that it to say its unit,
product, counit, coproduct, are all morphisms of Dp-modules, for a certain action induced by
the operadic composition. Dually, the graded dual AL of Ap is a Hopf algebra in the cate-
gory of Dp-comodules, that it to say its unit, product, counit, coproduct, are all morphisms of
Dp-comodules. In terms of characters, this means that the monoid (Ml;f? , 0) acts by group endo-
morphisms on the group of characters of Ap. We shall say that (Ap, Dp) is a pair of interacting
bialgebras, and (Ap, Dp) is a pair of cointeracting bialgebras. Note that all these results admit
colored versions, tensoring P with the operad of morphisms from V to V®", where V is a vector
space.

Several pairs of cointeracting bialgebras are known in the literature, usually based on combi-
natorial objects, such as trees, posets, graphs, etc; the proofs of the cointeraction (and of the fact
that they are indeed bialgebras) usually need combinatorial operations such as cuts, extractions,
contractions. .. We here obtains algebraic proofs:

e For the pair of cointeracting bialgebras of rooted trees of [6], the operad to consider is
Prelie, seen as a quotient of b, through the canonical projection OpreLie-

e For the posets or quasi-posets of [14], use the operad on quasi-posets of [15].
e Tor the oriented graphs of [37], use an operad on graphs here introduced.
e The example for Feynman graphs is here treated.

As all these constructions are functorial, one also obtains morphisms of pairs of (co)interacting
bialgebras, relating quasi-posets, graphs, Feynman graphs, and sub-families such as posets,
graphs without cycles, simple graphs, etc.

This paper is organized as follows. In the first, short, chapter, we give reminders on oper-
ads. The examples of associative algebras As and commutative, associative algebras Com are
introduced. The second chapter is devoted to the study of the two operads Bo, et bs,. For
the reader’s comfort, we give a complete proof of the bijection between, for any vector space
V, the set of By structures on V, and the set of products * on T'(V) making (T'(V), *, Agec)
a Hopf algebra (theorem 2). Two quotients of By, are described, namely Brace (in which case
the product * comes from a dendrifrom Hopf algebra structure), and As (obtaining quasi-shuffle
Hopf algebras). The quite complicated operad By, is shown to be isomorphic to a suboperad of
the simpler 2As, proving again Loday and Ronco’s rigidity result |33, 34]. A dual construction
is also given, needing the technical condition of 0-boundedness (definition 16). Cocommutative
versions of these results are given, replacing T'(V) by S(V), By by bs, and 2As by AsCom;
the operad Brace is replaced by PreLie, obtaining a diagram of operads:

P

boo B
i i
PreLie Brace
\ /
As
i
Com



It is also proved that, if (V, [, |) is a 0-bounded b, then its completion V is given a non-bilinear
product ¢ defined by xQy = |e®, e¥ ], making it a monoid, isomorphic to the monoid of characters
of the dual of S(V) (theorem 31).

The next chapter applies these construction to operads. The brace algebra structure (hence,
B structure) on P is defined in proposition 37; the implied pre-Lie product (hence, by, struc-
ture) in corollary 38; the associated dendriform products on T'(P) and associative product on
S(P) are given in proposition 40, giving two bialgebras and two Hopf algebras, namely Dp, Dp,
Bp and Bp. If p : boo — P is an operadic morphism, then any P-algebra A is also be,
which implies that S(A) becomes a Hopf algebra with a product x induced by the P-algebra
structure; in particular, if P = PreLie and Opyerie is the canonical surjection, we obtain in
this way the Oudom-Guin construction. Applied to the free P-algebra in one variable Fp, we
prove that the graded, connected Hopf algebra Ap = S(Fp), with this product *, is in inter-
action with Dp. There are two ways to obtain a duality; firstly, dualizing the composition of
P gives bialgebras D} (non-commutative) and D} (commutative), such that Ay and Dy are
in cointeraction (corollary 51). Secondly, using the 0-boundedness of P, one obtains bialgebras
D} (non-commutative) and Dp (commutative), different but isomorphic to the preceding ones
(proposition 52, corollary 53). Consequently, we obtain a monoid MP? of characters of D}, which
can be described with the product ¢ of chapter 2, acting on the completion of Fp; it is shown
that this is the monoid of formal endomorphisms of Fp (proposition 58), that is to say a Faa di
Bruno-like monoid.

Examples are treated in the last chapter. We start with Com and As, getting back Faa di
Bruno bialgebras of commutative or non-commutative formal diffeomorphisms coacting on K[X].
For the operad PreLie, we get back the two cointeracting bialgebras of rooted trees of [6], the
first one being the Connes-Kreimer Hopf algebra, the second one being given by an extraction-
contraction process. We then treat the case of Feynman graphs (definition 60), and give them
two operadic compositions, o and V (theorem 67). It contains a suboperad of Feynman graphs
without oriented cycles and a suboperad of simple Feynman graphs; forgetting the external
structure, we obtain operads on various families of graphs; considering Hasse graphs, we obtain
operads on quasi-posets (or equivalently, finite topologies) and posets, which were described
in [15]. Consequently, we obtain pairs of interacting bialgebras on these objects; for certain
families of graphs, this was done in [37]; for quasi-posets, in |14, 19]. The functoriality also
gives morphisms between these objects. The last chapter is a summary of the different objects
attached to an operad used in the paper.



Notations

e For all n € N, we put [n] = {1,...,n}. In particular, [0] = 0.

e K is a commutative field of characteristic zero. All objects (vector spaces, algebras, coal-
gebras, operad. ..) in this text are taken over K.

e Let V be a vector space.

— We denote by T'(V) the tensor algebra of V, that is to say:
T(V)=Epver
n=0

It is given an algebra structure with the concatenation product meone, and a coalgebra
structure with the deconcatenation coproduct Agec:

n

Vai,...,xy €V, Adec(l'l'--xn): E r1... ;i QTix1...Tp.
=0

The shuffle product W makes (T'(V'), Agec) a commutative Hopf algebra. For example,
if x1,29, 23,24 €V

xr1 W Ty = 2129 + T2,
1 W Zox3 = X1T2X3 + ToX1X3 + T2x321,

T1x2 Wl T3xy = 1222304 + X1T3X2T4 + T1X3T4X2 + T3T1X2T4 + T3T1T42T2 + T3X4T1T2.

The augmentation ideal of T'(V') is denoted by T (V).

— We denote by S(V) the symmetric algebra of V', with its usual product. It is a Hopf
algebra, with the coproduct A defined by:

Vri,...,x €V, A({L‘l:L'k): Z H:L'Z(X)HZI%

IC[K] i€l i1
The augmentation ideal of S(V') is denoted by Sy (V).

o Let (P(n))n>0 be a family of vector spaces. We denote:

P =(PP(n), P=]]Pwm).

n>0 n>0

P(n)if n > 2,

The family (P4 (n))n>0 is defined by Py (n) = .
- (0) otherwise.

8



e Recall that a S-module is a family (P(n)),>0 such that for all n > 0, P(n) is a right
&,,-module, where &,, is the n-th symmetric group. We denote:

_ P(n)
- Vect(p—p° |peP(n), c €6,)’
invP(n) = {p € P(n) | Vo € &,, p° = p}.

coinvP(n)

both (coinvP(n)),>0 and (invP(n)),>0 are G-modules, with a trivial action of the sym-
metric groups.



Chapter 1

Reminders on operads

We here briefly recall the notions we shall use later on operads. We refer to |35, 38, 40, 45| for
more details.

1.1 Non-X operads and operads

A non-¥ operad P is a family (P(n)),>0 of vector spaces with, for all n,ki,...,k, > 0, a
composition o:

O_{P(n)@P(k1)®...®P(kn) — Plki+...+kyn)
’ POPI®...®@py —> Po(p1s---,Pn);

such that for all n, ki,...,kp,li1,...,lhk, >0, for all p € P(n), p; € P(ki), pij € P(l;;):

(po (plv cee ,pn)) © (pl,la e 7pn,k’n) =po (Pl © (pl,h s vpl,k:1)7 -++yPn © (pn,la e 7pn,kn))'

There exists an element I € P(1), called the unit of P, such that for all n > 1, for all p € P(n):
Top=p, po(l,....I)=p.

An operad is a non-X operad P and a S-module; there is a compatibility between the action
of the symmetric groups and the composition we won'’t detail here. We just mention that for all
n,ki,...,k, >0, for all p e P(n), p; € P(k;), for all 0 € &,,, 0; € Sy, there exists a particular
o' € &g, 4. 1k, such that:

p7o (pclrla s 710%") (p © (pafl(l)a s 7pcr*1(n)))0 :

Notations. Let P be a non-X operad, n > 1, iy,...,i; € [n], all distinct, p1,...,pr € P.
We put:
pr it j =,

/ / /
O4q,.iip 1y---5Pk) = o ety ’ Where i — :
P %%y, (P pr) =po(p Pn) P; {I otherwise.

For example, if p € P(3), p1,p2,p3 € P:

poipr =po(p1,1,1), pogpr =po(l,1,p),
po12 (p1,p2) = po (p1,p2, ), poa1 (p1,p2)=p0(p2,p1,1),
po13 (p1,p2) =po(p1,1,p2), po31 (p1,p2) =po (p2, 1, p1),
p o123 (p1,p2,p3) = po (p1,p2,p3), po231 (p1,p2,p3) = po (p3, p1,p2).

Remark. We shall here only consider operads P such that P(0) = (0).

10



1.2 Algebras over an operad

Let V be a vector space. Let us recall the construction of the operad Ly of multilinear endo-
morphisms of V:

e For all n > 0, Ly (n) is the space of linear maps from V®" to V.

e The operadic composition is defined by:

VfeLy(n), fieLy(k), fo(fi,....fa) =fo(/1i®...® fn) € Ly (k1 + ...+ kn).
The unit is Idy .

e The action of &,, on Ly (n) is defined by:
fa(ml ce :L'n) = f(xa—l(l) ce xa—l(n))'

Let P be an operad. An algebra over P is a pair (V,p), where V is vector space and
p: P — Ly is an operad morphism. In other words, for all n > 1, there exists a map:

{P(n)®V®” — V
PRVI...vp — p.(vi...vn) = p(p)(vi...vp),

such that:
e ForallveV, Iv=nv.
e Forall pc P(n), p; € P(k;), ui € VO po(p1,....pn)ut ... up = p.((pru1) ... (Pn-n)).
e Forallpe Py, 0 € Gy, w1,..., 20 €V, p7(21... 20) = p(To-1(1) - - - To1())-

Let P be an operad and V be a vector space. The free P-algebra generated by V is:

Fp(V) =P P(n) @s, V",

n>0

where for all n > 0:

P(n) @ vVen
P Ver = '
(n) @, Vect(p? @ x1...an = p @ To101) -+ To-1(m)) | P € P(0), 21, 20 € V)

The P-algebra structure is given by:

PPLOU®...0DPy @Up) = (po(P1,-.,Pn)) @ (U1 ... up).
Examples.

1. The operad Com of commutative, associative algebras is generated by m € Com(2) and
the relations:

12)

m =m, M 01 M = 1 09 M.

e Consequently, the Com-algebras are the commutative, associative (non necessarily
unitary) algebras; for any vector space V, Feom(V) = S+ (V).

e For all n > 1, Com(n) = Vect(e,), and for all n,ky,... ky, > 1:
€n O (€k1, o 7€kn) = Cky+..+kp-

e Toralln >1,0€ G, e =e,.

11



e For any associative, commutative algebra (V,-), for any z1,...,x, € V:
en(T1,...,xp) =21 ... Tp.
2. The operad As of associative algebras is generated by m € As(2) and the relation:
m o1 M = 1M oy M.

e Consequently, the As-algebras are the associative (non necessarily unitary) algebras;
for any vector space V', Fas(V) =T, (V).
For all n > 1, As(n) = Vect(&,,). Here are examples of compositions:

(12) o1 (12) = (123), (12) 0y (21) = (213), (12) 0g (12) = (123), (12) 09 (21) = (132),
(21) oy (12) = (312), (21) 01 (21) = (321), (21) o0y (12) = (231), (21) 0z (21) = (321).

e For any 0,7 € &,,0" =0orT.

e For any associative algebra (V,-), for any o € &, for any z1,...,x, € V,

O'.(l‘l, e ,fEn) = 130.—1(1) et .%’o.—l(n).

1.3 Operadic species

We shall often work with operadic species [40]. A linear species P is a functor from the category
of finite sets, with bijections as arrows, to the category of vector spaces. An operadic species is
a species P with compositions, defined for all non-empty finite sets A and B, and a € A:

) { P(A)@P(B) — P(AUB\{a})
¢ PRG — Ppoagq,

such that:
e For all finite sets A, B,C, foralla#be€ A, pe P(A),q e P(B), r € P(C):
(Poaq)opr =(pobT)oaq.
e Tor all finite sets A, B,C, foralla€ A, b€ B,pe P(A), ¢ € P(B), r € P(C):
(Poaq)opr =poq(qgopT).
e For all singleton {a}, there exists I, € P({a}) such that:

— For all finite set A, for all a € A, for all p € P(A), poy I, = p.
— For all singleton {a}, for all finite set A, for all p € P(A), I, 04 p = p.
Examples.

1. We take Com(A) = Vect({A}) for non-empty all finite set A. For all finite sets A, B, and
a € A:
{A} oa {B} = {AU B\ {a}}.
For all singleton {a}, I, = {a}.

2. For all non-empty finite set A, As(A) is the set of all words w with letters in A, such that
any element a € A appears exactly one time in w. If ay...a, € As(A) and a € A, there
exists a unique ¢ € [n] such that a; = a; then:

al...ap %% W =201 ...0;—1WaA;41 - . -0Qp.

For any singleton {a}, I, = a.

12



If P is an operadic species, one deduces an operad, also denoted by P, in the following way:
e For alln > 1, P(n) = P([n]).
e Forallpe P(m), ¢ € P(n), i € [n]:

poiq="P(a),)(poiq),

with oy ¢ ([m] \ {i}) U [n] — [m + n — 1] defined by:

U?S?,n(l) =1, U#Ln(l) =1, 07(7?771(1._'—1) =n+1,
oW (i—1)=i-1, ol (n) =n+i-1, o) (m)=m+n—1,
where the elements of [m] are denoted by 1,...,m, the elements of [n] by 1,...,7.

e The unit is I; € P({1}).
e For all p € P(n) and 0 € &, p° = P(c71)(p).

For example, the operad associated to the operadic species Com is the operad Com; the operad
associated to the operadic species As is the operad As.

13



Chapter 2

Infinitesimal structures on primitive
elements

Introduction

Let V' be a vector space, m a product on T(V) making H = (T(V),m, Age.) a bialgebra. Is
it possible to obtain m from a structure on the space V of primitive elements of H? The an-
swer is positive, this is the By structure (or multibrace, or LR, or Hirsch algebra structure
[24, 23, 30, 34, 33]) on V. More precisely, there is a bijection between the sets of such products
m and the set of By structures on V' (theorem 2). As proved in [34], the operad By can be
seen as a suboperad of the operad of 2-associative algebras (definition 5 and theorem 11; we here
give a complete proof of these well-known results. We will also be interested in several particular
cases of such products m: right-sided in the sense of [34], or two-sided, leading to quotients of
the operad of B, algebras, such as the Brace operad (definition 12, [23, 43]) or the associative
operad. In particular, if the By, structure on V is brace, then m can be split into a dendriform
structure [43], which we here explicitly describe in theorem 13. We give a condition on a B
algebra to obtain a dual bialgebra, namely the 0-boundedness condition (definition 16 and 17).

There are cocommutative equivalents of these results, working on a symmetric coalgebras
instead of tensor coalgebras; then Bo, structures are replaced by beo structures, and brace
algebras by pre-Lie algebras in the second part of this chapter.

2.1 B, algebras

2.1.1 Definition and main property

Definition 1 Let V be a vector space equipped with a map:

(- _>{ TV)eT(V) — V
P x e Quyr ey — (T T, Y- YD)

For all k,l € N, we put (—, —)g1 = (—, =) jvergver. We shall say that A is a Boo algebra if the
following axioms are satisfied:

Idy if k=1,

o Forany k>0, (—,— =\ -
yk >0, (= =)ok = (= —)ko {0 otherwise.

14



e for any tensors u,v,w € T(V):

lg(u)+ig(v) lg(v)+lg(w)
> > (unvr) g v wy =Y > (uy (v wn) - (v wi).
=1 U=UT ... Ug, i=1 V=V1...V4,
V=01...0; W=wW1i...W;

The operad of Boo algebras is denoted by B

Remark. If i > lg(u) 4+ lg(v), v = uy...u; and v = vy ...v;, there exists an index 4 such
that u; = v; = 1, so (u;,v;) = 0. Consequently, (2.1) can be rewritten as:

Z Z ((ug,v1) ... (u;,v;), Z Z (v1,wr) ... (vi,w;)). (2.2)

i>1 U=UL.. U, i>1 V=V1...0;,
V=01...0; W=wW1...W;

A combinatorial description of free Bo-algebras can be found in [20].
Theorem 2 Let V be a vector space. Let Bialg(V') be the set of products x on T'(V'), making

(T'(V), *, Agec) a bialgebra. Let Boo (V) be the set of Boy structures on V.. These two sets are in
bijections, via the maps:

B+ (V) — Bialg(V)
Dy (—,—) — *deﬁnedbyu*v—z Z (ur,v1) ... (us,vy)

i>1 U=UL... Uj,
V=01...0;

. { Bialg(V) — Bso(V)
v ¥ — (=) defined by (u,v) = m(u*v),

where 7 s the canonical projection on V.
Remark. If x = &y ((—, —)), (2.1) can be rewritten as:
(u,v* w) = (u*v,w). (2.3)
The proof of this theorem will need the following two lemmas:

Lemma 3 Let C be a connected coalgebra and let ¢, : C — (T(V), Agec) be two coalgebra
morphisms. Then ¢ = ¢ if, and only if, Top =m0 .

Proof. Let (Cy,)n>0 be the coradical filtration of C, and deg the associated degree; that is
to say:

e () is the coradical of C, that is to say the sum of simple subcoalgebras of C'. As C is
connected, it has a unique group-like element denoted by 1¢, and Cy = Vect(1co).

e If n > 1, C), is uniquely defined by:
Ch={2cC|Ax) e C®Ch_1+Ch_1®C).
As the unique group-like element of T'(V') is 1, ¢(1¢) = 9 (1¢) = 1. For all z € Ker(ec), we
put A(z) = A(z) —x® 1¢ — 1¢ ® . Then A is a coassociative coproduct on Ker(ec) and for

all x € Ker(eg) N Cy: 3
A(LU) S Cn_l X Cn—1~

We assume that mo ¢ = m o). Let us prove that for all z € C, ¢(x) = ¥(x), by induction on
n = deg(x). If n =0, then x = A for a certain A € K, so ¢(x) = ¢(z) = A\l. Let us assume
the result at all ranks < n. As ¢(1¢) = ¥(1¢) = 1, using the induction hypothesis:

Agec 0 9(x) = (9 ® ¢) 0 A(z) = (¢ @ ¥) 0 Az) = Agec 0 (),
so ¢(x) —Y(x) € Ker(Adec) = V. Hence, ¢(z) — ¢¥(x) = w(p(x) — P(x)) = 0. O
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Lemma 4 Let (—,—) : T(V) @ T(V) — V be any linear map such that (1,1) = 0. The
following map is a coalgebra morphism:
TWV)eT(V) — T(V)
* uRv — Z Z (ur,v1) ... (u;,v;).

i>1 u=u1...u;,
- V=V1...04

Moreover, for all u,v € T(V), m(uxv) = (u,v).

Proof. Note that, as (1,1) =0, for all u,v € T(V):

lg(u)+lg(v)
UxV = E E (uy,vy) ... (ugv;),
U=uy...Uqi,
V=v1...0;

souxv € T(V). Let u,v be two tensors of T'(V).

Agec(u xv) = Z Z Z (ur,v1) ... (Up, Up) @ (Upt1,Vpt1) - - - (Ui, vs)

i>1 U=UL... Ui, p=0
V=V1...0;

= S Y Y @ wM oM e @ o) W o)

u=uDu®), 5521 0 ),

~alt)

_(1)0,(2 iy’
v=vDy(2) U<1):U§1) _vlgl),
u<2)*u<12) U -2>,

u=uy @),
v=v(Dp(2)

= Adec(u) * Adec(v)‘

So * is a coalgebra morphism. O

Proof. (Theorem 2). Let us first prove that ®y is well-defined. By lemma 4, the product
* = ®y ((—, —)) is indeed a coalgebra morphism. Moreover, by convention 1% 1 = 1, and for all
v=2zy...2p € T(V), with k£ > 1:

lxv=(Lx)...(L,zp) + 0=z ... 2 = v,
vxl= <55171>-~<$k,1>+0:x1...xk:v.
So 1 is a unit for the product *. For all tensors u,v € T(V), if u or v is not a word of length 0,

then w * v is a sum of words of length > 1: this implies that e(u * v) = e(u)e(v).
We consider the two following morphisms:

7. { TV)@T(V)T(V) — T(V)

' uRUVRW — (ukv)*w,
G- { TV)T(V)eT(V) — T(V)

’ URUVW — ux*(vxw).

As * is a coalgebra morphism, F and G are coalgebra morphisms. Moreover, for all tensors
u,v,we T(V):

ToFlu®v®w) = (uxv,w), ToGu®v®w) = (u,vk,w).
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By (2.1), ro FF=moG. By lemma 3, F = G, so * is associative. Finally, * € Bialg(V).

Let us prove that Uy is well-defined. Let % € Bialg(V') and (—, —) = 7 o *. The unit of * is
a group-like of T'(V'), so is equal to 1. Hence, if z1,..., 2, € V:

(Lzy...op) =m(lxxy...0) =7w(x1...Tk) = 01 %1 - .. Tk,

so (—, =)o,k = Idy if k =1 and 0 otherwise. The condition on (—, =) is proved similarly.
Let u,v,w € T(V). Then:

(uxv,w) =m((uxv)xw) =m(ux(vxw)) = (u,v*w),
50 (—, —) € Boo(V).

Let (—,—) € Bs(V) and let * = &y ((—,—)). By lemma 3, for all u,v € T(V), n(u*v) =
(u,v), so Uy o @y = Idp_(vy. Let x € Bialg(V), (=, —) = Yy () and x = ®y((—, —)). Then *
and * are both coalgebra morphisms from T'(V) @ T(V') to T(V), and for all u,v € T(V):

m(u*xv) = (u,v) = w(u*xv).
By lemma 4, x = %, so @y o Wy = Idpiqiev)- O

Example. Let x1,x0,y1,y2 € V.

1 * Yy = 21y + yix1 + (@1, 1),
T1T2 * Y1 = T1T2Y1 + T1Y1%2 + yiz122 + (T1, Y1) T2 + 1 {z2, Y1) + (X122, Y1),

T1*Y1y2 = T1Y1y2 + y121y2 + y1ver1 + (x1,y1)y2 + yi{x1, y2) + (T1, y1y2).
Remarks.

1. For any vector space, there exists a trivial B, structure on it, defined by:

( Vot = Id if (k,1) = (0,1) or (1,0),
BT 0 otherwise.
The associated product ®y(0) is the shuffle product L.

2. The coalgebra (T'(V'), Agec) is connected, so for any product * € Bialg(V'), (T'(V), *, Agec)
is a Hopf algebra.

2.1.2 2-associative algebras

Definition 5 A 2-associative algebra [34] is a family (V,x,m), where V is a vector space,
and *, m are both associative products on V. The operad of 2-associative algebras is denoted by
2As. [t is generated by x and m, both in 2As(2), with the relations:

* 01 % = % 09 *, m o1 MM = M O M.

Lemma 6 1. Let A be o 2-associative algebra. The products m and x on A are extended
to UA = K® A, making it a 2-associative algebra: for all a,a’ € A,

/ !/
ax1l=a, lxa =a,

/ /
al = a, la’ =a'.
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2. Let A and B be two 2-associative algebras. Then AQB = (A®K)® (K® B)® (A® B) is
a 2-associative algebra: if a,a’ € A, b,V € B,

* a @1 100 a @b m d®1 |1V | dot
a®1l|axd ®1| axb axa @V a®l|ad @1| a®l |ad @V
19b| d®b |[1bxV | dbxt 1®b 0 1® b 0
a®b|laxd @b |axbxl |axd @bx*b a®b 0 a® by’ 0

Moreover, if A, B and C are three 2-associative algebras, then (AQB)®C = A®(B®C).
Proof. Direct verifications. O

Definition 7 A 2-associative bialgebra is a family (A, *,m,A), where:
1. (A, x,m) is a 2-associative algebra.

2.A:UA — UARUA = (KoK)® (ARA) = U(ARA) is a coassociative, counitary
coproduct, whose counit 1s the canonical projection on K, and sending 1 to 1 ® 1.

3. A is a morphism of 2-associative algebras.

Remark. Let A be a 2-associative bialgebra.

1. As the counit of UA is the canonical projection on K, for all z € A:

Al@)=aP ®ad? =a®1+1®a+d @d", withd ®d’ € A® A.

2. For all a,b € A:

Aa*b) = A(a) * A(b),
Alab) = (a®1+1®a+d @d)(bo1+10b+b ")
=ab@1+axb+al @b +1®ab+d ®a’b
=aV @a®b+abM @2 —axb.

In other words, (UA, %, A) is a bialgebra and (UA, m,A) is an infinitesimal bialgebra
[3, 33, 34].

Definition 8 1. If A is a 2-associative algebra, we denote by Prim(A) the space of ele-
ments a € A such that A(a) =a®1+1® a.

2. For all m > 1, we denote by Prim2As(n) the space of elements p € 2As(n) such that for
any 2-associative bialgebra A, for any ai,...,a, € Prim(A), p.(a1,...,a,) € Prim(A).

Note that Prim2As is a suboperad of 2As.

Proposition 9 Let Xy,..., X, be indeterminates, and V, be the vector space generated by
X1,...,Xpn. Recall that Faoas(Vy,) is the free 2-associative algebra generated by V,,. Let A be the
unique 2-associative algebra morphism such that:

UF2AS(Vn) — UFZAS(Vn> ® UFZAS(Vn)
A Xi,iE[n] — X;®14+1R X;,
1 — 11
Then (Faas(Vy), *,m, A) is a 2-associative bialgebra. Moreover, for alln > 1:

Prim2As(n) = {p € 2As(n) | p.(X1,...,Xn) € Prim(Faas(Vy))}.
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Proof. 1. We consider (A®Id)oA and (Id®A)oA. They are both morphisms of 2-associative
algebras from Faas(Vy) to Faas(V,)®3, sending X; to X; ®101+1@X;®1+1®1® X; for all 4,
so they are equal: A is coassociative. Consequently, Faas(V},) is indeed a 2-associative bialgebra.

2. C: immediate, as Faas(V;,) is a 2-associative bialgebra and Xj,..., X, are primitive
elements of this bialgebra.
D: let p € 2As(n), such that p.(X1,...,X,) € Prim(Faas(Vy)). Let A be a 2-associative
bialgebra and let aq,...,a, be primitive elements of A. By universal property, there exists a
2-associative algebra morphism ¢ : Foas(V,,) — A, sending X; to a; for all i. As a; is primitive
for all i, Ao ¢(X;) = (¢ ® ¢) o A(X;) for all 4; as moreover both (¢ ® ¢) o A and A o ¢ are
2-associative algebra morphisms from Faas(V;,) to A® A, they are equal, so ¢ is a 2-associative
bialgebra morphism. As p.(Xy,...,X,) is primitive, its image by ¢ also is:

o(p.(X1,...,Xpn)) =p.(6(X1),...,0(Xn)) =p.(a1,...,a,) € Prim(A).

So p € Prim2As(n). O

Remark. The following map is injective:

{ 2As(n)

By restriction, the following map is injective:

0, e - { Prim2As(n) — Prim(Faas(Va))
24s - p — p(X1,...,Xn).

Lemma 10 Let A = (A,*,m,A) be a connecled (as a coalgebra) 2-associative bialgebra.

1. The following map is a coalgebra morphism.:

¢ T(Prim(A)) — UA
' ay...ap —> ai...Q.
From now on, we assume that A = (T(V'), Agec) as a coalgebra, and that m is the concate-
nation product Meopc.

2. For all k,l € N, there exists a unique p; € Prim2As(k + 1), independent of A, such that
forallay,... a,by,...,bp € Prim(A):

W(al...ak*bl...bl):pk,l.(al,...,ak,bl,...,bl).

Proof. 1. By the compatibility between A and m, an easy induction proves that for all
ai,...,ax € Prim(A):
k
Alay...ax) = Zal...ai®ai+1...ak.
i=0
So § is a coalgebra morphism. AS & pyim(1(Prim(A))) = & Prim(4)) = {dprim(a) is injective, § is
injective. Let us prove that £ is surjective. Let (A,) be the coradical filtration of UA. We use
the notations of the proof of lemma 4. For all a € A, let us prove that a € Im(§) by induction
on n. If n = 0, we can assume that a is the unique group-like of A. Then a = £(1). Let us
assume the result at all rank < n. We can suppose that €(a) = 0, that is to say a € A. Then:
A(”_l)(a) =41 ®...Qa, € Prim(A)®",

dec
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SO Aéﬁc_l)(a) = A(”*l)(al ...ap). As a consequence, a — aj...a, € A,_1. By the induction

hypothesis, a — aj ...a, € Im(§), so a € Im(§).

2. Let us prove the existence of py; by induction on n = k + . Firstly, if £ =0,

by ifl =1,
1xby...0) =7(b1...b) =
m( ! ) =7 2 {0 otherwise.

So we take pg; = d;11. Similarly, we take pp o = 5, 1/. We now assume that k,l > 1. There is
nothing more to prove if n < 1. Let us assume that n > 2. By lemma 4, if ay,...,ax,b1,...,b; €
V.

ket
a...agxby...bop= Z Z Plg(u) dg(vr)- (U1, V1) - - - Plg(us) ig(vs)- (Wi, Vi)

=92 G1...a)=U1...U;,
b1..bj=v1...v;

+7r(a1...ak>|<b1...bl).

So there exists pr; € 2As(k+1), such that w(a1...ap*b1...b) = pgy.(a1,...,ax,b1,...,0). By
definition, p,; € Prim2As. By the injectivity of 0245, pi,; is unique. O

Theorem 11 The operad B is isomorphic to the operad Prim2As, through the morphism:

{ B, — Prim2As
(= —)ki — Dk

Proof. By theorem 2, for any connected 2-associative bialgebra A, pj; defines a B, algebra
structure on Prim(A), which gives the existence of this morphism.

Let V be a space, (W,(—,—)) be a By algebra and f : V — W be a linear map.
By restriction, Faag(V) contains Fprim2as(V); by definition of Prim2As, Fprim2as(V) C
Prim(Faas(V)). If x = Oy ((—, =), (T'(W),*,m,A) is a 2-associative algebra. There exists a
unique 2-associative algebra morphism F' : Foag(V) — T(W), such that F(z) = f(x) for all
x € V. By construction, for all z1,...,zg,y1,...,y1 € V:

F(peg- (w1 opy1 .. m) = Fom(oy ..ok xy1...y)
=7(f(z1) ... flze) = f(y1) ... f(w))
= (f(x1) ... f(xg), F(y1) .- () k-

So the restriction of F' to Fprim2as(V) is a morphism of By, algebras taking its values in W.
Finally, Fprim2as(V) satisfies a universal property in the category of B, algebras: consequently,
the operad morphism from B, to Prim2As is an isomorphism. O

2.1.3 Quotients of B

Definition 12 [23, 43/ The operad Brace is the quotient of Bo, by the operadic ideal gen-
erated by the elements (—, =), k > 2, 1 > 0. Consequently, a brace algebra is a vector space V
equipped with a map (—,—) : V@ T(V) — V, such that:

o Forallz eV, (z,1) =x.

o Forall z,y1,...,yx €V, for all tensor w € T(V):

(z,y1 .. k), w) = Z (@, w1 (y1, w2)w3 . . . Wag—1(Yk, Wak)Wok+41)- (2.4)

W=W1...W2k+1
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Recall that a dendriform algebra is a family (V| <, >), where V' is a vector space, and <, >
are bilinear products on V such that for any z,y,z € V:

(r<y)<z=zx<(y<z+y>2),
(z-y)<z=x (y<2),
x=y=-2)=(@<y+z>y) -z

This implies that * =< + > is associative.

Theorem 13 Let V be a brace algebra. Then T (V) is a dendriform Hopf algebra [32, 43,
17], with the deconcatenation coproduct and the products given in the following way: for all

z1,...,xx €V, forallv=y ...y, € T(V), with (k,1) # (0,0),

Ty... Tp*v= E 01 (X1, V2)V3 . . . Vop—1(Th, U2k ) V2415
V=01...02541

T1...Tp <V = Z (x1,01)v2 ... Vog—2(Tk, Vog_1)Vak,
V=V1...U2k

T1...Tp =V = Z v1{X1,V2)V3 . . . Vog—1 (T, Vog ) Vok+1

V=V1...V2k+1,

v1#1

Proof. As brace algebras are also B, algebras, theorem 2 can be applied. The product
* = @y ((—, —)) is given by the announced formula: we immediately obtain that (7(V),*, A) is
a Hopf algebra.
Let u,v,w € T(V), u being a non-empty tensor. The formulas defining x and < give, with
Sweedler’s notations:
wxv=v0w<v®?),
(w) * w = (ux wM)(v < w?),

(w) < w = (u < wM)(v < w?).
By subtraction, we also obtain that (uv) = w = (u = w®)(v < w®). We consider:
A={ueT(V)|VY,weT(V),(u<v) <w=u<(vkw)}.

Firstly, 1 € A: indeed, for all v,w € T+ (V), (1 <v) <w =0=1 < (v*w). Let us assume that
uwe Aandlet z € V. For all v,w € T (V):

(ux <v) <w=((u=< v(l))(x < 0(2))) <w
= ((u < ovW) < wM)((z < v?) < w?)
= (u < (0 x« wO))((z, o)) < w?)
(u < (D % w2, 0?) < w?)V) < w®)
= (u < (U(l) " w(l)))<<1’,v(2)> w(2)>w(3)(v(3) =< w(4))
= (u < (0« wMW)) (@, 0@ « w®@) (LB % w®)
= (u < (vxw) M)z, (vrw)?)(v*w)®
= (< (vxw) D)z < (05 w)®)
= (uz) < (v*w)

So ux € A. As a consequence, A =T'(V): for all u,v,w € T (V), (u <v) <w=u < (v*w).
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Letu=x1...2, € T(V), with k> 1, v € T(V) and y € V. Then:
Agec(yv) = yo @ v + 1@ yo,
SO:
U=Yv=uU*xyv —u < v

— yoM (21, 0D0B) D) (g 2Ry 2h+1)
+ (21, (yo) D) (o) . (yo) P2 g, (o) D) (yo) PP
— (21, (y0) V) (y) @ . (yo) P (g, (yo) V) (yo) )
—y (1,(1)@17 v @)@ R g, U(Qk)>v(2k+1)>
=y(uxv).

Let B={w e T(V) |Vu,v € T (V),(uxv) > w=u > (v > w)}. Firstly, 1 € B: indeed, if
u,v €TL(V), (uxv) =1=0=u> (v>1). Let w € Band z € V. For all u,v € T (V):

(uxv) = zw=z((uxv)xw) =z(u* (vxw)) =u>= (zLxrw)) =u> (v> (2w)).

So zw € B: consequently, B = T'(V). For all u,v,w € T4 (V), (u*xv) > w=u > (v > w). So
(T+(V), <, >) is a dendriform algebra.

Let us prove the axioms of a dendriform Hopf algebra, that is to say for all u,v € T (V):

Agec(u <) =u@v+u @u" xv+u<v @0 +u <v@u" +u <v @u” *v”,

Agec(lu=v)=v@y+v Qusv+u=0 0" +u =veu” +u = @u" 0",

As we already know that (T'(V'), %, Age.) is a bialgebra, it is enough to prove one of these two
relations, say the second one. Let y € V and u € T (V).

Agec(tt = y) = Ageclyu) =y Qu+yu' @ u" =y @u+u' > you’,

which proves the relation for v € V', as then Adec(v) = 0. If v is a tensor of length > 2, we write
it as v = yw, with y € V and w € T4 (V). Then:

Agee(u = v) = Agee(y(u * w))
:y®u*w+yu®w+yw®u+y(u'*w)®u"
+yu' @u" xw+ylurw) @w” +yw @uxw’ +yu xw') @ xw”
=gwRu+ (yQurw+yw @uxw’) + (yu@w+ y(u*w') @ w")
+y( xw)@u" + (yu' @ u" xw+ y(u' xw') @u” xw")
=ygwRu+ (yQurw+yw Quxw’)+ (u=-yRw+u = yw @w")
+u' =yweu + W = yu" xw+u =y @u” xw”)
=v@u+v @uxv +u=0 @V +u =vd +u =0 @u" x "

So the second compatibility is verified. O

Remarks.

1. The products < and > can also be inductively defined: let z1,..., 2, y1,...,y € V, with
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k0> 1.

T1...0 <1 =x1...28,
1-<y1...yl:0,
l

ml...a:k<yl...yl:Z(xl,yl...yp>(:c2...xk*yp+1...yl),
p=0

Ti1...x > 1 =0,
L-yiccoi=wy--y,
xl...mk>yl...yl:yl(xl...xk*yg...yl).

2. If (V, (=, —)) is brace, putting * = &y ((—, —)), (2.4) can be written in the following way:
Ve eV, u,v e T(V), ((z,u),v) = (z,u*v). (2.5)

Proposition 14 The quotient of B by the operadic ideal generated by the elements (—, =),
k> 2 orl>2,is isomorphic to the operad As of associative algebras.

Proof. This quotient is generated by (—, —)1,1. The unique relation defining B, algebras
which does not become trivial in this quotient is:

Vr,y,z €V, {((z,y), 2) = (z,(y,2))-
So this quotient is indeed As. O

Consequently, if (V,-) is an associative algebra, it is also a B algebra; T(V') becomes a
bialgebra with the product x = &y (). For all zy,...,kx € V, v a word in T'(V):

Ty TRV = Z v1(21 - v2)v3 . .. Vo1 (T - Vok ) U2k 1
V=V1...V2k+1,
lg(v2),....lg(v2y) <1
with the convention z -1 = z for all x € V. This is the quasi-shuffle product associated to -
[28, 21]. It is a dendriform algebra, with the following products:

X1...Tp =<0V= E (371 . Ul)vg R vgk_g(xk . ng_l)vgk,
V=01...V25,
lg(v1),.-,lg(vag—1)<1
T1...Tp =0V = E vi(z1 - v2)V3 ... Vop—1(Tk - Vor)Vok+1,

V=V1...V2k+1,
U17£17 lg('UQ),...,lg('ng)Sl

2.1.4 Brace modules

Definition 15 Let V be a brace algebra. A brace module over V is a vector space M with a
map:

- MeT(V) — M
"l MRz — M Ty...Tp,

such that:
o Forallme M, m<+1=m.

o Forallme M, y1,...,yx €V, for all tensor w € T'(V):

(M yi...yr) ¢« w=m <« Z w1 (Y1, wo)ws . . . Wop—1 (Y, Wop)Wak+1 | - (2.6)
W=W1... W2k+1
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Remark. Let x = &y ((—, —)). Then (2.6) can be rewritten as:
Vm e M, u,v € T(V), (m+u) < v=m < (uxv). (2.7)
So a brace module over V' is a (right) module over the algebra (T'(V), *).

Example. If V is a brace algebra, (V, (—, —)) is a brace module over itself.

2.1.5 Dual construction

Notation. Let V be a graded space, such that the homogeneous components of V' are finite-
dimensional. We denote by V® the dual of V. The graded dual of V is:

ve=@pv;cve
n>0

If Vo = (0), then S(V) and T'(V) are also graded spaces, and S(V)* is isomorphic to S(V*);
T(V)* is isomorphic to T'(V*).

Definition 16 Let V be a graded B algebra. We shall say that V is 0-bounded if:
o Foralln >0, V, is finite-dimensional.

e For all m,n > 0, there exists B(m,n) > 0 such that for all p1,...,pk,q1,...,q > 0 with
pr4...+pr=mandq+...+q =n:

i | pi =0y +8{j | 45 =0} > B(m,n) = (Vp, -+ Vi, Vi - V) = (0).

Examples.

1. If V is connected, that is to say if Vj = (0), then V' is 0-bounded, with B(m,n) = 0 for all
m,n.

2. If V is associative, then (—, —),; = 0if £ > 2 or | > 2. Consequently, V is 0-bounded,
with B(m,n) = 2 for all m,n.

Let us assume that V' is 0-bounded. We identify T'(V*) with a subspace of T'(V)* by the
pairing < —, — >’ such that for all z1,..., 2, €V, f1,..., fr € V*:

0if k #1,
<frofoara =4 7 ,
filxy) ... fi(zg) if k=1
Note that for all F,G € T(V*), X, Y € T(V):
L Agee(F),X QY > =< F, XY >, K F®G,Agee(X) > =< FG, X > .

Proposition 17 Let V be a 0-bounded By, algebra. We define a coproduct A, on T(V*) as
the unique algebra morphism such that for all f € V*, for all X, Y € T(V),

KAL), X QY >'=< f,(X,Y)>".
Then (T(V*), Meone, AL) is a graded bialgebra. Moreover, for oll F,G € T(V*), X, Y € T(V):
< A;(F),X ®RY >>/ =K F,X *Y >>/7 < F® GvAdec<Y) >>/ =< FG,X >>I )

In other words, < —, — >' is a Hopf pairing.
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Proof. The B, bracket can be dualized into a map § from V* to (T'(V) @ T(V))*. Un-
fortunately, if V5 # (0), the homogeneous components of T(V) are not finite-dimensional, so
T(V*) @ T(V*) is (identified to) a strict subspace of (T'(V) ® T'(V))*. But, by the 0-bounded
condition, for all N > 0:

* * k k *

Vi e > LA TA: R O o
m+n=N p1t...+pE=m,
qa+..+q=n,

#{ilp:=0}+#{jlg;=0}<B(m,n)

As this is a finite sum, §(Vy) C T(V*) @ T(V*). We can define an algebra morphism A/, from
T(V*) to T(V*) @ T(V*) by AL(f) = 8(f) for all f € V*,

Let us consider:
A={FeT(V)|VX,Y eT(V), < AL(F),X QY >'=< F, X xY >' .}.
Firstly, 1 € A: for all X,Y € T'(V),
< A1), XY >=<101,XY >'=X)e(Y)=c(X*Y) =< 1, X xY >'.
Let F,G € A. For all X, Y € T(V):
< ALFG), XY > =< F6¢W o FP6¢P . x oy >/
—<FPe6VeFPec?, xVgx@ eyl gy® s/
=< FGXWxy® g x® vy s/

—< FoG,(X+Y)V e (XY)2 s/
=< FG, X xY >

So A is a subalgebra of (T(V*), mconc). In order to prove that < —, — >’ is a Hopf pairing, it
is enough to prove that V* C A. Let f € V*. For all X,Y € T'(V):

<A, XY > =< f{{X,)Y) >/
=< f,m(X xY) >’
=< £, XY > 40
=< f,XxY >

So « —, — >’ is a Hopf pairing.
Let FeT(V*), X, Y, Z € T(V).

< (AL @Id) o AL(F),XQY ®Z> =< F,(X*xY)xZ>'
=< B, X% (Y x2)>'
=< (Id@A) o AL(F), XY ®Z>'.

As the pairing is non degenerate, A’ is coassociative: (T'(V*), meone, AL) is a bialgebra. O
p g g ) By * g

Remark. If V is connected, then (T'(V*), meone, AL) is a graded, connected bialgebra, so is
a Hopf algebra, isomorphic to the graded dual of (T'(V), *, Agec)-

Corollary 18 Let V be a 0-bounded B, algebra.

o T(Vy) is a subbialgebra of T(V*).
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o Let Iy be the ideal of T(V*) generated by V. Then Iy is a biideal of T(V*), and T'(V*) /1y
is a graded, connected Hopf algebra, isomorphic to the graded dual of T(V,.).

Proof. We already noticed that:
5(‘/0*) C Z ‘/O®k ® V®l,
k-+1<B(0,0)
so AL(Vy) CT(V5) @ T(Vy): T(Vy) is a subbialgebra.

As V, is a B, subalgebra of V| T'(V,) is a Hopf subalgebra of T'(V): its orthogonal J is a
biideal of T'(V*). Moreover, if z1,...,z; € Vi, for all f € V"

0if k # 1,

L fixyp..oxp > =
frzy.. . xy {f(a:l)iszl

=0.

So Iy C J. Moreover, the following map is an algebra isomorphism:

{ vy — T(V*)/Io
fiiiife — fi fr

For all f1,...,fr € Vi, x1,...,2p € V:
_ 0if k #1,
<<f1...fk,y1...yl>>/:<<f1...fk,y1...yl>>’: .
fri(@a) o fu(y) if k=1
So the pairing induced by < —, — >’ between T'(V*) /Iy and T (V) is non degenerate: therefore,
Iy = J. Finally, T(V*)/I is the graded dual of (T'(V),*, A), so is a Hopf algebra. O

2.2 b, algebras

2.2.1 Definition and main property
Definition 19 Let V' be a vector space equipped with a map:
- —J{ SV)y@S(V) — V
’ ’ 1.0, QY1...Yy1 — L:cl...xk,yl...ylj.

For all k1, let us put |—, — |1 = [, —]|sk(v)os1(v)- We shall say that V is a beo algebra if the
following properties are satisfied:
Idy if k=1,

0 otherwise.

o [~ —Jo1=[-—l0o= {

o We shall need the following notations: let u =1 ...2, € S¥(V) andv =y ...y € SHV).
Let I C{1,....,k+1}. WeputI={ir,...,ip,J1,---,0q}, with
i1 <...<ip<k<j1<...<Jjg

We then put:
Lu,vJ]:inl...xiwyjl...yjqj.
Forallu=xy...0, €S*(V),v=y1...00€ S V), w=21...2, € S™(V),
> lu, o, ], . v, w]p, | = > wvln o), w]. (28)

{I1,..,Ip} {I,....Ip}
partition of [I+m] partition of [k+I]
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The operad of bso algebras is denoted by byo.

Theorem 20 Let V' be a vector space. Let bialg(V') be the set of products x on T'(V'), making
(S(V),*,A) a bialgebra. Let boo(V') be the set of boy structures on V. These two sets are in
bijections, via the maps:

boo(V) — bialg(V)
by |—,—] — * defined by uxv = Z lu, v, .. [u,v]g,

{I1,..0p}
partition of [k+1]

| bialg(V) — bso(V)
v { * — |—,—] defined by |u,v] = 7(u*v),

where 7 1s the canonical projection on V.

The proof of the following theorem is similar to the proof of theorem 2. In particular, its
proof uses the following lemma:

Lemma 21 Let C be a connected coalgebra and let ¢,v : C — S(V) be two coalgebra
morphisms. Then ¢ = ¢ if, and only if, Top =mo .

Example. Let x1,22,y2,y2 € V.

r1xy1 = r1y1 + |21, 1],
T1*y1y2 = T1y1y2 + (21, Y1 |ye + (21, 2]y + (21, y192)
T1T2 x Y1y2 = T1T2y1y2 + |21, y1|Tey2 + (21, y2 T2yn + (21, Y1y2 T2
+ [72, y1]m1y2 + (@2, Y2 |T131 + (T2, Y1y2] 71
+ (122, y1]y2 + (2172, Y2 |31 + |T122, Y172
+ (21, y1] (22, y2) + (21, y2 ) [22,91]

Remarks.

1. The coalgebra (S(V),A) is connected so, for any x € bialg(V'), (S(V),*,A) is a Hopf
algebra.

2. Any vector space V admits a trivial by, structure, defined by:

0 otherwise.

= {Idv if (k,1) = (1,0) or (0,1),

The associated product is the usual one of S(V).

2.2.2 Associative-commutative algebras

Definition 22 1. An associative-commutative algebra is a 2-associative algebra (A, *,m),
such that m is commutative. The operad of associative-commutative algebras is denoted by
AsCom. It is generated by m and %, both in AsCom(2), with the relations:

m(12):m’ m o1 m = 1m oy m, * O1 % = % 09 *.

2. An associative-commutative algebra is a family (A,*,m,A), such that (A,x,m) is an
associative-commutative algebra, and both (UA,*, A) and (UA, m,A) are bialgebras.
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3. For all n > 1, we denote by PrimAsCom(n) the subspace of elements p € AsCom(n)
such that for any associative-commutative bialgebra A:

Vai,...,an, € Prim(A), p.(ai,...,a,) € Prim(A).
This is a suboperad of AsCom.
As for By, algebras:

Theorem 23 The operads b and PrimAsCom are isomorphic.

2.2.3 Quotients of b,

Recall that a (right) pre-Lie algebra —also called a right symmetric algebra or a Vinberg algebra—
is a vector space V together with a bilinear product e such that:

Vr,y,z€V, z0(yez)—(zey)ez=xe(z0y)—(rez)ey.

Proposition 24 The quotient of bo by the operadic ideal generated by |—, —|ry, k > 2, is
isomorphic to the operad PreLie, generated by e € PreLie(2) and the relation:

0010—0020:(0010—0020)(23).

Proof. We denote by by’ this quotient of by,. If V is a by, algebra and z,y,z € V, in
S(V), zxy =xy+ |z,y]. So:

LL$7yJ7zJ - £$7 Ly7 ZJJ = Ll’*y,ZJ + LI'y,ZJ - LJJ,y*ZJ - Lx7sz
= lexy, 2] = |2,y *z] = [, yz]
= |z,yz].

As yz = zy in S2(V), |-, —]1.1 is pre-Lie. We obtain an operad morphism:

{ PreLie — b/,
D
e — [ -]

Moreover, in a by’ algebra V, if x,y1,..., 9541 € V:

k
Yl- o Yk X Yktl ==y1---yk+¢-+>§E:y1---y¢f1Lyi,yk+1Jy¢+1.--yk,
=1

s0:
k
[z, yka) = Loy gk ) = D@y i e e Y - k)
i=1
k
= [z, on -l wera) = D@y v [0 Yk Yir - k).
i=1
An easy induction proves that bl is generated by |—, —]1 1, so ® is surjective.

Let (V,e) be a pre-Lie algebra. The Oudom-Guin construction [41] allows to construct a
product x on S(V'), making it a Hopf algebra, isomorphic to the enveloping algebra of V. So V
is boo. Moreover, for all z1,..., 2k, y1,...,y € V, with the notations of [41]:

0if k # 1,

T\X, ... ZpxYl... Y1) = .
( Y y) {iUltyl...yllf]{:l.
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So V is a b -algebra: we obtain an operad morphism:

o b’ — PreLie
' L—7—J1,1 — e,

Then ® o ® = IdpreLie, 50 @ is injective. O

Remark. As noticed in the preceding proof, if (V) e) is a pre-Lie algebra, x = ¢y (e) is the
Oudom-Guin construction. In particular, its bs, brackets can be inductively computed:

e Forallz eV, |z,1] =z el =ux.
e Forall z,y €V, |z,y| =z oy.

e Forall x,xq,...,2p €V,

N

-1

|z, z1.. .2 = ||z, 21 . 1], ] — |z, 21 ... | @i, o] o T—1].
1

.
I

|z, x1 ... 21| is denoted by z e zq ...z in [41].

Corollary 25 The quotient of bos by the operadic ideal generated by |—,—|g;, k > 2 or
[ > 2, is isomorphic to the operad As.

Proof. The antecedent by ® of the element |—, —|; 2 is ®0; @ —eo0ye. So this quotient of by,
is isomorphic to the quotient of PreLie by the element e o) ¢ — e 05 e. This quotient is generated
by the class m of e and the relation m oy m = m oy m, so it is As. g

2.2.4 From B algebras to b, algebras

Notations. We denote by coS(V) the subalgebra of (T'(V'), ) generated by V; it is a Hopf
subalgebra of (T'(V'), L, Age.). As the characteristic of the base field K is zero, this Hopf algebra
is isomorphic to S(V') via the morphism:

- S(V) — coS(V)
v 1...Lp — T W...WTE.

Lemma 26 1. coS(V) is the greatest cocommutative subcoalgebra of T(V).

2. Let x € Bialg(V'). The subalgebra of (T'(V'),*) generated by V is coS(V).

Proof. 1. coS(V) is indeed a cocommutative coalgebra of T'(V'). Let C be a cocommutative
coalgebra of T'(V'). The subalgebra C’ generated for the shuffle product by C is then a cocom-
mutative subbialgebra of T'(V). As T(V) is connected as a coalgebra, C” also is: by the Cartier-
Quillen-Milnor-Moore theorem, C’ is generated by Prim(C”). As Prim(C") C Prim(T(V)) =V,
C CC" CcoS(V).

2. As * is a coalgebra morphism and coS(V)®? is a cocommutative subcoalgebra of T'(V )2,
coS(V) x coS(V) is a cocommutative subcoalgebra of T'(V'). By the first point, it is included in
coS(V'). So coS(V) is a subalgebra of (T(V), %), containing V. Denoting by A the subalgebra
of T(V), x) generated by V', A C coS(V'). Moreover, for all x1,...,z, € V, by theorem 2:

T1*k...kxp =z W... Wz, + asum of words of length < k.

By a triangularity argument, coS(V') C A. O
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Let V be a By, algebra, and let * = ¢y ((—,—)). By the preceding lemma, coS(V) is a
subbialgebra of (T'(V), %, Agec). Via vy, S(V) is also a bialgebra, so V' is a by, algebra. This
structure is given by:

Lxl...xk,yl...ylj = <$1LU...LU$k,y1LU...LUyl>.
At the operadic level, we obtain:

Proposition 27 There is an operad morphism ® from b to B, such that:

VE, 1 20, (I)(L_7 _Jk,l) = Z <_7 _>ZS§T.
c€GL,TEG,

We finally obtain a commutative diagram of operads:

boo 2 B
i i
PreLie Brace
\ /
As
i
Com

2.2.5 Dual construction

Definition 28 Let V be a graded by algebra. We shall say that V' is 0-bounded if:
e For alln >0, V, is finite-dimensional.
e For all m,n > 0, there exists B(m,n) > 0 such that:

k41> B(m,n) = [S*(V)S(V)m, S (Vo) S(V)n] = (0).

Examples.

1. If V is connected, that is to say if Vj = (0), then V' is 0-bounded, with B(m,n) = 0 for all

m,n.

2. If V is associative, then (—, —),; = 0if £ > 2 or [ > 2. Consequently, V is 0-bounded,
with B(m,n) = 2 for all m,n.

3. If V is a 0-bounded B, algebra, it is also a 0-bounded by, algebra.

Let us assume that V' is 0-bounded. We identify S(V*) with a subspace of S(V)* by the
pairing < —, — >’ induced by the pairing between V* and V. More precisely, let us choose a
basis (x;);cr of V, made of homogeneous elements of V. The dual basis of V* is denoted by
(fi)ier- We shall need the following notations:

e We denote by A the set of sequences of positive integers («;);c; whose support is finite.

e For all a = (a;)ier, we put:

=TT r=T05 = o

i€l el i€l
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Then (x%)aen is a basis of S(V), (f*)aea is a basis of S(V*), and the pairing is given by:
< 27 >= aldap.
Note that for all F,G € S(V*), X,Y € S(V):
KAF),XQY > =< F, XY >, <K FRGAY)>» =< FG, X >.

Proposition 29 Let V' be a 0-bounded b, algebra. We define a coproduct A, on S(V*) as
the unique algebra morphism such that for all f € V*, for oll X, Y € S(V),

KAL), XY >=<f,|X,Y]|>.
Then (S(V*),A,) is a graded bialgebra. Moreover, for all F,G € S(V*), X, Y € S(V):
KA(F), XY >»=<F,XxY >, <K FRGAY)>» =< FG,X>.
In other words, < —,— > is a Hopf pairing.

Proof. Similar to the proof of proposition 17. g

Remarks.

1. If V is a 0-bounded B, algebra, then (S(V*), m,A,) is the abelianization of the bialgebra
(T(V*), Mconces A*)

2. If V is connected, then (S(V*),m,A,) is a graded, connected Hopf algebra, isomorphic to
the graded dual of (S(V), x, A).

Corollary 30 Let V be a 0-bounded boo algebra.
o S(Vy) is a subbialgebra of S(V*).

o Let Jy be the ideal of S(V*) generated by the elements f € V. Then Jy is a biideal of
S(V*), and S(V*)/Jy is a graded, connected Hopf algebra, isomorphic to the graded dual
Of S(V+)

Proof. Similar to the proof of corollary 18. U

Remark. If V is a 0-bounded B, algebra, then (S(V*),m,A,) is the abelianization of
(T'(V*), Meone, Ax), whereas S(V*)/Jy is the abelianization of T'(V*)/Iy.
2.2.6 Associated groups and monoids

Theorem 31 Let (V,|—, —]) be a 0-bounded b, algebra. Then'V is given a monoid structure
with the product defined by:
Va,y €V, 20y = [e*, e ].

It is isomorphic to the monoid of characters of both (S(V*),m,A) and (T(V*), Mconc, D).

Proof. As S(V*) is the abelianization of T'(V*), these two bialgebras have the same monoid
of characters. Let us determine the monoid of characters of S(V*). For all a, 8 € A, we put:

|z%, | = Zagfﬂxi.

i€l
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Ifjel, forall o, € A

< AL(fj), 2z @2 > =< fj,2% % 2P >

=< fj,m(a® xa”) >

=< fj, [2%,9°] >

_ a(J’)ﬂ
Hence:

(j)
Adfi) =) ,B,f“ ® 7.
a,BEA

The monoid of characters of S(V*) is identified, as a set, with the (complete) dual (V*)® of V*,

that is to say:
®

GSvi| =1lvir=]]=V

n>1 n>1 n>1
The identification is through the map:
V. — Char(S(V*))
S(V* — K

T — Py fo — H<<fi,a:>>ai.
icl

Let # = >  Njz; and y = > pz; € V. For all j € I:

@z * 0y(f5) Plexev|(f7)
= (z ® @y) 0 Ay(fj) =< f;, €", eyJ >
o), u
= > ,B,s%(fa)soy(fﬁ) = > 117 N p 12ty >
a,BeA a,BeEN i€l Z'
o), ; )
= 2 g LI = 2 a1 e
a,BeA iel el a,BEA iel el

As ¢z * oy and @|ee oy are characters which coincide on V*, they are equal. Through the bijec-
tion ¢, we obtain the monoid structure on V. 0

Remark. If V is connected, then S(V*) is a Hopf algebra, and in this case (V, {) is a group.

Corollary 32 1. Let (V,e) be a 0-bounded pre-Lie algebra. Then'V is a monoid, with the
product defined by:
Ve,y eV, 2Qy=y+zee

2. Let (V,-) be a graded associative algebra. Then V is a monoid, with the product defined by:
Ve,y eV, 2Qy=x+y+z-y.

Proof. 1. Here, |—,—];; = 0if k£ > 2. So:

1 1
20y =Y lat e) = (1) + [m.e¥] = Y Ly fect =yt aect.

E>0 >0
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2. Here, |—, — |1 =0, except for (k,1) = (0,1), (1,0) and (1,1). Hence:

1
w0y =Y, plet v ke =l + Lyl + wy) =e+y+ay,
ki>0

Note that, V can be identified with the monoid of elements of the associative, unitary algebra
K & V, whose constant terms are equal to 1. ]

Using the graduation:
Corollary 33 Let V be a 0-bounded b algebra.

1. Then Vy and V. are submonoids of (V,0). Moreover, (Vi,0) is a group, isomorphic to
the group of characters of both (S(V}),m,A,) and (T(VY), m,A,).

2. Letx =x0+x, €V, withxg € Vy and x € V.. Then x is a unit of V if, and only if, xg

is a unit in Vp.

Proof. 1. Immediate.

2. =. The canonical projection on Vj is a monoid morphism from V to Vj, which implies
the first point.
<. Let yg be the inverse of g in V. We put y = xQyg. Then:

Yo = (Lex’eyoj)o — Leﬂco’eyoj — 1,0<>y0 =0.

So y € V., so is a unit of V; by composition, z is a unit of V. O

2.2.7 pre-Lie modules

Definition 34 Let (V,e) be a pre-Lie algebra. A pre-Lie module over V is a vector space
M, with a map:
MV — M
o { mr — m=,

such that for all m e M, x1,x0 € V:
(m«=ay) «=az—(m=ag) «<~a; =m = (a; ®as —az ®ay).

Example. If V is a pre-Lie algebra, (V) is a pre-Lie module over itself.

Remarks.

1. A pre-Lie module over V' is a module over the Lie algebra associated to V', so is a module
over the Hopf algebra (S(V),*, A), where x = ¢y (o). The action is given in the following
way:

e Forallme M, m «—1=m.
e Forallme M, x1,...,z, € V:
k—1
me=xy...xp= (M= x1...T5_1) ka—ZmH (x1...(x;0xp). .. T)—1).

=1

2. Let V Dbe a brace algebra and M be a brace module over V. Then V is also a pre-Lie
algebra, with ¢ = (—, —)1 1. Moreover, for all m € M, x1,x2 € V:

m < (x1 % x2) = m < (122 + Taxe + T1 0 T2) = (M 4 x1) < X2,

(m<—21) 20— (M T2) 1 =M (1 023 — T2 0X7).
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So the restriction «~ of < to M ®V makes M a pre-Lie module over V. By the isomorphism
between S(A) and coS(A), for all z1,...,2, €V, m e M:

me=xp...0p =m < (1 W...Wxg).

Definition 35 Let V be a 0-bounded pre-Lie algebra and M be a graded pre-Lie module over
V. We shall say that M is 0-bounded if for all k,1 > 0, there exists B(k,l) > 0 such that:

p> B(k,l) = My — S"(Vp)S(V) = (0).

Note that if V is connected, then any graded pre-Lie module over V is 0-bounded, with
B(k,l) =0 for all k,I.

Proposition 36 Let V' be a 0-bounded pre-Lie algebra and M be a 0-bounded pre-Lie module
over V. M is a module over the monoid (V,Q), with the action defined by:

VmeM, Ve eV, m<x=ux e
By restriction, it is also a module over the group (V, ).

Proof. By transposition of the action of (S(V');*) on M, we obtain thanks to the 0-bounded
condition a coaction of (S(V*),A,) on M?*; consequently, the dual of M*, identified with M,
becomes a module over the monoid of characters of (S(V*),m,A,), identified with (V, Q). The
end of the proof is similar to the proof of theorem 31. O
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Chapter 3

Brace and pre-Lie structures on operads

Introduction

We now study the brace and pre-Lie structure on an operad P induced by the operadic com-
position (proposition 37 and corollary 38). We have seen in the preceding chapter that these
structures imply a product on T'(P) making it a graded, non connected dendriform Hopf algebra,
named Dp (proposition 40). By the 0-boundedness condition, we construct a dual bialgebra Dp,.
Considering a connected Hopf subalgebra of Dp, we obtain a graded, connected Hopf algebra
on T (P, ), named Bp, and its graded dual B}, as a quotient of Dp,.

Using the pre-Lie product induced by the brace structure, we obtain a graded, non connected
Hopf algebra Dp, which underlying coalgebra is S(coinvP) with its usual coproduct; a graded,
connected Hopf algebra Bp, which underlying coalgebra is S(coinvP ) with its usual coproduct;
and bialgebras D and Bp, in duality with the preceding ones. All these objects admit colored
versions by any vector space V, see propositions 42, 43 and 44. As Dp and Bp are commu-
tative, they can be seen as coordinates bialgebras of a monoid: these monoids are described in
proposition 54, with the help of the pre-Lie product of P, as in theorem 31; they appeared in [8].

A sgpecially interesting case is obtained by operads P equipped with an operad morphism
0p : boo —> P. In this case, for any vector space V, the coalgebra S(Fp(V)), where Fp(V)
is the free P-algebra generated by V', becomes a graded, connected Hopf algebra denoted by
Ap (V). We prove in theorem 46 that Ap(V') and Dp(V') are bialgebras in interaction (definition
41), that is to say that Ap(V) is a bialgebra in the categroy of Dp(V')-modules; dually, Ap (V)
and Dy (V) are cointeracting bialgebras, in the sense of [37], that is to say that AL (V') is a Hopf
algebra in the category of Dy (V)-comodules.

3.1 Definition

Proposition 37 Let P be a non-% operad. We define a brace structure on P = @P(n) by:
n>1

VpeP(n),pl,...,pkeP, <p7p1pk>: Z D ©iy,... i (plv"'apk’)'
1<i1<..<ixg<n

It is graded, putting the elements of P(n) homogeneous of degree n — 1, and 0-bounded.

Proof. Let p,p1,...,pk,q1,.--,q € P. Then, using the associativity of the operadic com-
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position:
(<p,p1...pk),q1...ql>:Z<po(I,...,ph...,pk,...,I),ql...ql>
:Z(po(I,...,p1,...,pk,...,I))o(I,...,ql,...7ql,...,I)
:Zpo([,...,(_Il,...,ql'l,plO(I,...,ql'1+1,...,(IilJriQ,...,I),...,

Pk © (I, vy Qi o141y s Qi Figg s I), ceey
Qiytootinggrs -2 Qs> 1)

= > (p, Q1(p1, Q2)Q3 - . . Q2p—1(pr, Qok) Q2111)-

q1--q=Q1...Q2k 11

So (—,—) is a brace structure on P.
Let p,p1,...,pr in P, homogeneous of respective degrees n, ny,...,ng. Then p € P(n+ 1)
and p; € P(n; + 1) for all i. Then (p,p1...px) is a linear span of element of P(m), with:
m=n+1l—k+n+1+...4+np+1=n4+ni+...+n, + 1.
So (p,p1...pk) is homogeneous of degree n 4+ ny + ...+ ng: the brace algebra P is graded.
Let myn > 1. fpe P(m+1),and if £ > m+1, then (p,p1...px) =0 for all py,...,pr € P.
So P is 0-bounded, with B(m,n) =m + 1. O
Remark. Consequently, P(1) is a brace subalgebra of P. For all p,p1,...,px € P(1),

pop 1fk:17
0if k> 2.

So the brace algebra P(1) is the associative algebra (P(1),0).

(p,pl---pw:{

By the morphism from PreLie to Brace, we immediately obtain:

Corollary 38 Let P be a non-X operad. It is a graded pre-Lie algebra, with:

n

¥peP(n), e P, peg=(p,q) =) poig.
i=1
Its boo brackets are given by:
VpEeP(n), pr,- ok €P Ippr bkl = Y Poi i (1 DR)-
1<iy,...ix<n,
all distincts
Proof. Indeed, |p,p1...px] = (p,p1 ... Wpk) = > (D,Do(1) -+ Poi)- O
ceSy,

Corollary 39 Let P be an operad. Then coinvP is a graded pre-Lie algebra, quotient of P.

Proof. Let us prove that I = Vect(p —p° | p € P(n),0 € &,,) is a pre-Lie ideal. Let
p € P(n), 0 € S, and ¢ € P(m). There exist permutations o} such that:

n
(" —p)*xq=Y p°0iq—poig
=1

n n
=Y (Pos ) — > _poig
=1 =1

n
= (poiq)’ ' —poigel
=1
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So I is a right pre-Lie ideal. There exists permutations o/ such that:

q*(p"—p)ZZ(Qin”—qoip)ZZ((qoip)"g—qoz’p) €l

i=1 i=1
So I is also a left pre-Lie ideal. O
By theorems 13 and 20, and by proposition 24:

Proposition 40 Let P be an operad.

1. The brace structure on P induces a product * =< + >, making Dp = (T'(P),*, Agec) a
dendriform bialgebra. The graded, connected Hopf subalgebra T(P ) is denoted by Bp.

2. The pre-Lie product on P induces products x making (S(P),*,A), (S(P4),*,A), Dp =
(S(coinvP),*,A) and Bp = (S(coinvPy),*, A) bialgebras.

3. There is a commutative diagram of bialgebras:

Dp
Bp Dp
Bp
Examples. Let p; € P(ny), p2 € P(n2), ¢1,92 € P. In Dp:

P =<q=pq+t Z P19i q1,

1<i<ny
P1 = 41 = q1p1,
p=ae=pae+ Y, roig)e+ > proi(q,q)
1<i<ni 1<i<j<ni

P12 = apige + ep + Y q1(p1oi g2),

1<i<ny

pip2 < @1 =pip2qy + prapz + Y (proiq)pz+ Y pi(p2oi @),

1<i<ng 1<i<ng

pip2 = q1 = Q1p1P2-

In S(P):
PL*q=piq1+ Z P19 q1,
1<i<ng
P =pae+ Y, (proia)e+ Y. aloig)+ > piroi(q,q)
1<i<ny 1<i<ng 1<iAj<m

pipz* @ =pip2n + Y (roiq)p2+ Y pi(p2oi ).
1<i<n 1<i<ns

3.2 Interacting bialgebras from operads

3.2.1 Bialgebras in interaction

Definition 41 Let A and B be two bialgebras.
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1. We shall say that A and B are in interaction if A is a B-module-bialgebra, or equivalently
if A is a bialgebra in the category of B-modules, that is to say:

e B is acting on A, via a map —: AQ B — A.
e A is a bialgebra in the category of B-modules, that is to say:
— Forallbe B, 14 —~b=¢(b)14.
— Forallae A, be B, e(a —b) =¢e(a)e(b).
— For all aj,a0 € A, b € B, or, (a1a2) — b = m((a1 ® az) — A(b)) or, with
Sweedler’s notation, (ajas) «— b= (a; «— bM)(ag — b?).
— Foralla e A, be B, Ala = b) = Aa) — A(b) or, with Sweedler’s notation,
Ala —~b) = aV —«bM) @ a® —~p3.

2. We shall say that A and B are in cointeraction if if A is a B-comodule-bialgebra, or
equivalently if A is a bialgebra in the category of B-comodules, that is to say:

A — A®B
a — pla) =a1 ®ao.
o A is a bialgebra in the category of B-comodules, that is to say:
- p(la) =1a®1p.
- m3 0(p®p)oA=(A®Id)op, where:

e B is coacting on A, via a map p : {

m3 4 A®B®A®B — AQA®B
2N @b ®aa®by — a1 ® ag @ bybs.

Equivalenlty, for all a € A:
(@) @ (a®)1 @ (aM)o(a®)o = (a1)) & (a1)®) @ ay.

For all a,b € A, p(ab) = p(a)p(b).
Foralla € A, (ea®1d)op(a) =cs(a)lp.

Remark. If A and B are in interaction, the action map <« is a coalgebra morphism; if A
and B are in cointeraction, the coaction map p is an algebra morphism.

For examples and applications of cointeracting bialgebras, see [6, 14, 19, 18].

3.2.2 Bialgebras in interaction from operads
Proposition 42 1. Let V' be a vector space. We define the operad Cy by:

e Foralln > 1, Cy(n) = Endg(V,V®").
e Forall f € Cy(m), g€ Cy(n) and1 <i<m:

foig=(Id®V g d®" D)o fe Cy(m+n-—1).
The unit is Idy .
o Forall feCy(n),c €Sy, andx €V, if f(z) =xz1...2,:
fJ((L‘) = xa(l) e .1‘0(”).

2. The tensor algebra T (V') is a brace module over the brace algebra (Cy, (—, —)) with, for all
L1y n €V, f1,... f € Cy:

T1...Tp < fl...fk = Z -Tl~~Ii1—1fl(xi1)xi1+1"'fl'ik,—lfk(xik)xik—&-l~-'xn~
1< <. <ip<n

Putting the elements of VE™ homogeneous of degree n, T(V) is a graded brace module over
Cy.
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Proof. We leave to the reader the proof that Cy is an operad and T'(V') is a brace module
over Cy. Let x € V, homogeneous of degree n, and fi,..., fi € Cy, homogeneous of respective
degree ni,...,ng. Then for all 4, f; € Endg(V, VEit) so:

T f1...fr € V®(n—k+m+1+...+nk+1) _ V®(n+n1+...+nk)
so it is homogeneous of degree n +mnj + ...+ ng: T(V) is a graded brace module. OJ

Remark. If V is finite-dimensional, via the transposition, Cy is isomorphic to Ly+. More
generally, the transposition defines an injective operad morphism from Cy to Ly«.

Proposition 43 Let P be an operad and V' be a vector space.

1. The following space is a graded brace module over the brace algebra associated to the operad
P®Cy:

M=Pn) o ver
n=1

2. By restriction, M is a pre-Lie module on P ® Cy . This structure induces a graded pre-Lie
coinv(P ® Cy)-module structure over the vector space Fp(V'), such that, for all p € P(k),
forall xy,...,xx €V, for all g € P(n), f € Endg(V,V®"):

k
p(z1...71) = q® f = ZP 0i q(21 ... i1 f(T3)Tig1 ... Tn).
i—1

Proof. 1. As P is a N-graded brace module over P and V is a N-graded brace module over
the brace algebra Cy, M is a graded brace module over P ® Cy,. Moreover, for all p € P(k), for
all z1,...,2, €V, for all ¢ € P(n), f € Endg(V,V®"):

k
PRTL.. . 3p =g f = poiq® (1. .1 f(X)Tij1. .. Tn).

=1

2. Let p e Pk), z1,...,2x € V, 0 € &, ¢ € P(n), f € Endg(V,V®"). There exist

permutations o;, 0 such that:

(p@x1...28)7 = q® f =D ®Ts01) .. To) =P [

P70 @ To(1) - f(To(i)) -+ Ton)

|

ﬁ
Il
—

04

Il

s
Il
—

(p Oo(i) 4 ®T1 ... f(l'g(i)) )

/

(Pojag@ar... f(xj)...20)%7,

I
E

<.
Il
-

S0:

(p@x1...2)7 —p®@@1...2) = qD f
k

= (pojq@zi...f(z5)...2n)7 —pojq@xi... f(zj)...Tn.
j=1
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The pre-Lie action of P ® Cy induces a pre-Lie action on the quotient of M by the ideal I:

I=Vect((p@zx1...2)° —pQuz1...25 | k>1, pe P(k), x1,...,2, €V, 0 € &)
=Vect(p? @ (1) Toi)y —PRT1...7% | k> 1, pEP(k), 21,...,75 €V, 0 € &)
=Vect(p’ @x1... 2 —pRTo-171)-- - To1y | K> 1, p€P(k), 21,..., 2, €V, 0 € &y).

Note that the quotient M/I = Fp(V).
Let pe P(k), z1,...,2, €V, q € P(n), f € Endg(V,V®"), 0 € G&,,.
pat...xp —~(q® f)° Zpozq S (i) )
—Zpozq ()T M) )

= Zpoiq.(ml...f(xi)...:zk)
i=1
=px... T~ qR f.
so the action of P ® Cy on Fp(V) induces an action of coinv(P ® Cy ) on Fp (V). O
Definition 44 We put:

Dp(V) = Dpgc, = (S(coinv(P @ Cy)),*, A),
Bp (V) = Bpgc, = (S(coinv(P ® Cy)4),*, A),
Ap(V) = S(Fp(V)).

Note that if V' is one-dimensional, then Dp(V'), respectively Bp(V), is isomorphic to Dp,
respectively to Bp.

Lemma 45 1. The pre-Lie action of coinv(P ® Cy) on Fp(V) is extended to Ap(V):
Vi, ...,v, € Fp(V), VYq € coinv(P @ Cy), vy ...v; <= q = ZU1-~-(Uz‘ —~q)... V.

This induces an action of Dp(V') on Ap(V), such that:

e Forallaec Ap(V), be Dp(V), Ala + b) = aM) « bM) ® a? « b2,
e Forallbe Dp(V), 1 —b=c¢e(b).
e Forall ay,as € Ap(V), b€ Dp(V), ajag «— b= (a3 — bM)(ay « b®?).

In other words, (Ap(V),m,A) is a Hopf algebra in the category of Dp(V)-modules.
2. For allp € P(n), vi,...,v, € Fp(V), Q € Dp(V):
p-(V1, ... Up) — Q = p.(v] QW ... v, — Q(”)).
In other words, Fp(V') is a P-algebra in the category of Dp(V)-modules.
Proof. 1. We consider:

X ={aecAp(V)|Vbe Dp(V), Ala —~b) =aV) —~ bV @ a? —~p*},
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Firstly, 1 € X:
Vvbe Dp(V), AQ —b)=e®d)1®@1=cdbe(®d®)1©1=1—~bV 01 —b?.
Let ai,a € X. For all b € DP(V

~—

, by the cocommutativity of Dp(V):

)
D bW (ay” = v) @ (0 = b)(af? < pY)
af) —~bW)(a§? —~ b)) @ (af —b)(af —bM)
(af"a) V) @ (@) — @)

(a1a2)(1) — b(l)) ® ((a1a2)(2) — b(2)).
)

So X is a subalgebra of Ap (V) for its usual product. Let a € Fp(V) and b € Dp (V). Then
a—be Fp(V), so:

Ala—=b=a—=b®1+1®a—b
=a—~bD@e®d®)1 +e0)1 @a —~b?
:a<—<b(1)®1<—<b(2)—i—1Hb(1)®aHb(2),

so a € X. As X is a subalgebra containing Fp(V), it is equal to Ap(V): Ap(V) is a coalgebra
in the category of Dp(V)-modules.

2. As this pre-Lie action comes from a brace action, if p € P(n), z1,...,2, € V, ¢1 ®
Jioooak ® fr € P®Cy

P Ty = QD1 ® = Y POy (@)1 i) @) ).
1<i1,. i <0,
all distinct
Let us consider:

C:{Qer(v)| Vp € P(n), v1,...,0, € Fp(V), }

p-(v1,. s 0) = Q = p.(v1 = QW, ... v, = QM)

Obviously, 1 € C. Let us take Q1,Q2 € C. For all p € P(n), v1,...,v, € Fp(V):

P(Viy. . ) = Q1% Q2 = (p.(v1,...,0n) —~ Q1) = Q2
=p((or = Q) = Q8" (00 = Q) = Q8
= (01— (Q1 Q). v — (Q1 + @5")
=p.(v1 — (Q1xQ2)M, ..., v — (Q1 % Q2)™).

So Q1 % Q2 € C: C is a subalgebra of Dp (V).
Let us take p € P(n) and v; = p;.(xi1,...,2iy,) € Fp(V)foralll <i<n. If¢q®f € P®Cy,
by the associativity of the operadic composition:

p-(vl,...,’Un) (_<Q®f:po(pl)'"7pn)’($1,17"'7xn,ln) <_<q®f

n

[
ﬂ:M

l;
> po(pry i piog @y pn)-(@11s s f(@ig)s s Tn,)
17=1

P(V1, .. U = QR [y Un).

I
NE

1

So coinv(P ® Cy) C C. As coinv(P @ Cy) generates Dp(V), C = Dp(V). O

..
I
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Theorem 46 Let O0p : boe —> P be an operad morphism. Any P-algebra is also boy, and
we denote:

* = ¢rpv)(Op (= —]))-
Then (Ap(V),*,A) and Dp(V') are two bialgebras in interaction.

Proof. We already proved that (Ap(V), m,A) is a Hopf algebra in the category of Dp(V)-
modules. Let us consider the two following maps:

o, . Ap(V)@Ap(V)@ Dp(V) — Ap(V)
L a1 ®as®b — (al*a2)<—<b,
o, . ] Ap(V)@Ap(V)@ Dp(V) — Ap(V)
2 g ®az @b — (ag —~bWM) % (ag — b?).
For all ay,as € Ap(V), b€ Dp(V):

Ao®di(a; ®aa®b) = (agl) * aél)) —~ Mg (agz) * a;2)) e
= ((I)l & (1)1) o A(al & ags @ b),

Ao ®y(a; ®ap®b) = (al) —bD)x (@l ~b®) @ (@ —~ @) x (a5 —~ W)
= () = bW) « (af) b)) ® (af? b))« (af? — @)
= (q)g &® q)g) o A(a1 X ags ® b)

So both ®; and @9 are coalgebra morphisms. In order to prove that their equality, by lemma
21, it is enough to prove that m o ®; = 7 o ®9, where 7 is the canonical projection on Fp(V) in
Ap(V). As for all k, S¥(Fp(V)) « Dp(V) C S*(Fp(V)):

mo®i(a; ®as ®b) = m((ay * ag) <= b) = w(ay *x az) <= b= |ay,az] —b.

The by, structure is induced by fp: denoting qr; = 0p(|—, — k) and ¢ = Z gk, for all

k,1>0
ai,az € Ap(V), la1,a2| = ¢.(a1,az). By lemma 45, for all b € Dp(V):
la1,a2] «—~b=q.(a1,a2) b
= q.(a1 — bW ay —b?)
= la; — bW, ag —b?|
=mo @g(al ® ag ® b)
As a conclusion, &1 = &5, and Ap(V) is a bialgebra in the category of Dp(V)-modules. O

3.2.3 First dual construction

We assume now that for all n > 1, P is finite-dimensional. The composition can be seen as a
map:
o: PP(n) @ P — P.

n>1

Moreover, for any n > 1:

P =P B PO Pk).. Pk

p=1 ki +..+kp=n
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By duality, we obtain a map § : P* — (P ® T'(P))*, such that for any n > 1:
PN P PP ). P (k).
le k1+..‘+kp:n
So 6(P*) C P* & T'(P*).

Proposition 47 1. We define a coproduct A, on T(P*) as the unique algebra morphism
(for the concatenation product Meone) such that for all f € P*:

Au(f) = o(f)-

Then Dy = (T'(P*), Meone, Ax) is a bialgebra. It is graded, the elements of P*(n) being
homogeneous of degree n — 1 for alln > 1.

2. There exists a nondegenerate pairing < —,— >: T(P*) @ T(P) — K, such that for all
F,GeT(P*), forall X, Y € T(P):

<1, X >»=¢X), < FRGAX)>»=<FG,X >,
K F,1> =¢(F), KA(F),XQY >=<F,XxY>.

In other words, < —,— > 1is a Hopf pairing between Dp and Dp.

Proof. The following map is an algebra isomorphism:

{ T(P}) — T(P)/I

We define a first pairing between T'(P*) and T'(P) by:

0if k # 1,

Vei,...,2x € P, Vf1,..., fi c P, L fi...fr,x1... ;g >'= .
filxr) ... fi(zg) if k=1

We shall need the completion:
o0
T(P)= [ P**.
k=0

We can extend the concatenation product, deconcatenation coproduct and the pairing as maps:

Meone : T(P) @ T(P) — T(P),
Agec : T(P) — T(P) @ T(P),
< —,=>":T(P)HQTP) — K.

We put:

> 1
= "= ——¢cT(P).
J E_% —— €T(P)

Then: -
A=Y > IFel'=> I'el'=JeJ
n=0 k+Il=n k>0

This implies that the following map is a coalgebra morphism:

o[ TR — TP
Nz — JrJ .. Jxg
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We now define the pairing < —, — >
VEeT(P), X eT(P), < F, X >=< F,¢(X) >".
Hil>k < fi...feoxr... .2y >=0. If k=1

L fioofr, . x> =<<f1...fk,J$1J...Jka>>/
=<<f1...fk,a:1...xk >>/ +0
= fl(:cl)fk(a:k)

By a triangularity argument, this pairing is non degenerate.
Let X =z1...2 € T(P).

0ifk>1
<L X>= ;.
<1,J>" ifk=0
0ifk>1
lifk=0

e(X).

Let F,G € T(P*), and X € T(P).

<KFRGAX)>=<F®G (¢®¢)oA(X) >
=< FRG,Acp(X) >
=< FG, ¢(X) >’
=< FG, X > .

Let us consider now:
A={F eT(P*) |VX,Y € T(P), < A,(F), X ®Y >=< F,X xY >}.
For all X,Y € T(P):
1L, X*xY >=e(X*xY)=e(X)e(V) =< 1®1,X QY >,
sole A Let F;Ge A. Forall X,Y e T(P):

K A(FG), X QY > =< A(FA(G), X QY >
=< AF)® A*(G),X(l) YWD o x® gy® s
< F® G,X(l) YD o x@ 4 y@ s
< FRG, XY Ve (X)) >
=< FG, X xY >.

So A is a subalgebra of T'(P*). In order to prove that A = T(P*), it is now enough to prove
that P*C A Let feP* X =u1...2, y=1y1...y1 € T(P).

e Let us assume that £ > 2. As A (P*) CP*@T(P*), < Ay(f), X ® Y >= 0. Moreover:

e | «T(P) c PP,

n>2 n>2

so < f,X*xY >=0.
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e Let us assume that £ = 0. Then:

K A(f)1RY > =< Au(f), J@$(Y) >
=< 0(f), I @ ¢(Y) > 40
=< f,I0p(Y) >’
=< f,o(Y) >’
= f,1xY >.

e Let us finally assume that £k = 1. Then:

<K A()1IRY > =<0(f),r1 @ Jynd ... JyJ >
=< fyaro (Jynd .. Jyd) >’
=< f(xr,y1- ) >

Moreover:

L fixrxyr.oy > =< filx,y1...y) > +terms < frz...z > 1> 2
=< f(x1,y1...y1) > +0
=< fv <951,?/1--~yl> >>, .

Finally, A is equal to T(P*): < —, — > is a Hopf pairing.
Let F € T(P*), X,Y, Z € T(P).

(A @Id) o Au(F),XRY RZ>=<F,(X*xY)*xZ>
=< FX*x(Y*xZ)>
=< (Id®@A) o Ay(F), X QY ®Z> .

As the pairing is nondegenerate, A, is coassociative. O

Remarks.

1. P*(0) is a subcoalgebra of D%; it is the dual of the algebra (P(0),0). Its counit is denoted
by eo; for all f € P*(0), eo(f) = f(I).

2. In general, D} is not a Hopf algebra. Let us take the example where P(1) = Vect(I). We
define X € P*(1) by X(I) = 1. Then A,(X) =X ® X. As X has no inverse, D} is not a
Hopf algebra.

Corollary 48 The abelianized algebra S(P*) of D} inherits a coproduct A, making it a
bialgebra. Moreover, Dp = S(invP™*) is a subbialgebra of S(P*).

Proof. We denote by I, the ideal of T(P*) generated by all the commutators. Then
S(P*) = T(P*)/I,. Let f € invP*. We denote by f) f1(2) e féz) the component of A, (f)
belonging to P*(n) @ P*(k1)...P*(ky). Let 0 € 6, 0; € Sk,. There exists 7 € Sg, 4. 4+, such

45



that for all p € P(n), p; € P(k;):

< (fO @ (B (f) T p @ e >
=<(ﬂ”f@wf”YP~%ﬂ”fﬂp®pynpn>/
—< [ O D T Tl L
—< fV e D D el g
< L o)

=< f,(po Po(1)s - Po(n)))” >

=< f7 D0 (Po()s- -+ Po(n) >

=< [,00 (Po(1)s -+ -+ Po(n)) >

=< Ve 2 e

This implies that A.(f) € T(invP*) @ T(invP*) + T(P*) ® I4. So, in the quotient S(P*),
AL(f) € S(invP*) ® S(invP*), so S(invP*) is a subbialgebra of S(P*). O

Corollary 49 1. Let Iy be the ideal of D} generated by the elements f —eo(f)1, f €
P*(1). This is a biideal; the quotient By = Dy /Iy is a graded, connected Hopf algebra,
and its graded dual is (T(P4),*,A).

2. Let Jy be the ideal of S(P*) generated by the elements f —eo(f)1, f € P*(1). This is a
biideal; the quotient S(P*)/Jy is a graded, connected Hopf algebra, and its graded dual is
(S(P1),* A).

3. By = Dy /JoN Dy is a graded, connected Hopf subalgebra of S(P*)/Jy, and its graded dual
is Bp.

Proof. 1. Firstly, observe that for all f € I:

A(f —eo(H)D) = fY @ fP —g(f)l o1

—f”®( —fdf))+wﬁmﬁm®l—%ﬁﬂ®l
= Y@ (fP —o(fO) )+ fel-c(f)l®1
= D@ (f@ —o(fN1) + (f —eo(f)1) @1 € Iy ® Dp + Dp @ .

So Iy is a biideal of Dp. Moreover, D} /Iy is isomorphic to the algebra T'(P?.) via the morphism:

{ T(P*) — Db/l
fiooife — fio fe

Let f € Py. Ifxl,...,xk€P+:

<L f—eo(f)L,m1...ap > =< f—eo(f)L, Ja1d ... JapJ >

0if k> 2,

=L foxp > ifk=1,

< f, 1> —eo(f) < 1,1 > if k=0;
0if k> 2,

=0if k=1,

eo(f) —eo(f) =0if k =0;

=0.
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So the pairing < —,— > induces a Hopf pairing between D} /Iy and Bp, which is a Hopf
subalgebra of (T'(P),*A). Moreover, for all fi,..., fr € P, x1,..., 2, € P*:

L fiooifr,xr.op>=<fi...fr,x1...01>
= f1... fx,Jxad ... Jx;J >

0if k> 1 (as < f;, 1 >'= 0 for all i),
=q0if k<,
fi(zr) ... fulag) if k=1L

Hence, we have a nondegenerate Hopf pairing between D}, /Iy and Bp. It is clearly homoge-
neous, so Dy /Iy is isomorphic to the graded dual of Bp.

2. Taking the abelianization of Dy /Iy, we obtain the graded, connected Hopf algebra
S(P*)/Jo. Its graded dual is isomorphic to the largest cocommutative Hopf subalgebra of T'(P_),
that is to say coS(P4), or up to an isomorphism S(P).

3. This is implied by the second point, noticing that the dual of coinvP(n) is invP*(n) for
all n. n

Definition 50 For any finite-dimensional vector space V', we put:

Dp(V) = Dpgey Dp(V) = Dpgcy -
Bi‘)(V) = BTD@va BI*D(V) = BI*D®Cv'
Remark. If V is one-dimensional:
Dp(V) ~ Dp, Dp(V) =~ Dp,
Bp (V) ~ Bp, Bp(V) =~ Bp.
Let 6§ : boo — P be an operad morphism. Then Ap(V) is a graded Hopf algebra in
the category of Bp(V')-modules. Let us consider its graded dual A (V). Using the pairing

< —,— >, one can define a coaction of Dp(V) over the graded dual Ap(V), which we can
quotient to obtain a coaction of Bp (V). We obtain:

Corollary 51 Let V be a finite-dimensional space and 6 : boo — P be an operad morphism.
Then AL (V) and Dp(V) are in cointeraction, via the transposition p of the action of Dp(V)
over Ap(V).

3.2.4 Second dual construction

As P is a 0-bounded brace algebra, there exists a second coproduct A/, on T(P*), induced by
the brace product, as defined in proposition 17. It is a different from A, (see section 4.1.1 for
an example), but there is a bialgebra isomorphism:

Proposition 52 The following map is a bialgebra isomorphism:

Df) = (T(P*)’m60nch*) — Di:’ - (T(P*)ymconmA;)
Up feP; — f—co(f)1,
fePr — f

Proof. The coproducts A’ and A, are defined by:

VEeP* VXY € P, < AL(F), X QY > =< F,X xY >/,
KA, XQY > =< F,X*xY >.
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Let us first prove that for all F € T(P*), X € T'(P):
K Up(F),X >'=< F, X > .
Let:
A={FeTP"|VX €T(P), < Up(F), X >'=< F, X >}.
Clearly, 1 € A. Let F,G € A. For all X € T(P):
< Up(FG), X > =< Up(F)¥p(G), X >
=< Up(F)® Up(Q),A(X) >’

=< FR G AX)>
=< FG,X > .

So A is a subalgebra of T'(P*). Let us take f € P*. For all x1,...,2; € P:

L Up(f),x1...7p > =< fya1... 2 > —eo(f)e(xr ... 2p)
fl@) it k=1,
=<0ifk>2,
e(f) —eo(f) itk =0
_ {f(:vl) if k=1,

0 otherwise

=K f,l'l T >
Consequently, P* C A, so A =T(P*).
Let F € T(P*). For all X,Y € T(P):

L (Tp@Up)oA(F), X QY > =< A (F),XQY >
—< F,XxG>
=< Up(F),X xG>'
=< AL oUp(F),X®Y >'.

As the pairing < —, — >’ is non degenerate, (UVp @ Up)o A, = Al o Up. O
Considering the abelianization:

Corollary 53 The following map is a bialgebra isomorphism.:
Dy = (S(P*),m,A,) — Dp=(SP*),m,AL)
UYp : feP; — f—co(f)l,
fepP, — f.

3.3 Associated groups and monoids

Proposition 54 1. (a) The monoid of characters of both Dp and (Dp)qp is identified
with (P,{"), where for allx =Y x, € P, y € P:

l‘<>/y =Y + Z Z Tn Ody,...,ig (ya R 7y)

n>11<3 <. <ip<n
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(b) The monoid of characters of both D} and (D} )ap is identified with (P, <), where for
allz =2, €P, yeP:

$<>y = Z Tn O1,...,n (yv cee 7y)‘

n>1

(c) The monoids (P,{’) and (P, Q) are isomorphic.

(d) ME = coinvP is a quotient of the monoids (P,0), and (P,{’), and is identified with
the monoid of characters of Dp.

2. (a) The group of characters of both By and (B})ap is identified with (P, ), where for
allr =1, €P,ycP:

2Oy =y+Y ano(I+y,....]+y).

n>1
(b) GB = coinvP is a quotient group of (P, <), identified with the group of characters
of Bp.

Proof. 1. We use the description of the monoid of characters of (Dp)a = (S(P*), *, Ay)
from corollary 32; its product ¢’ is given by:

2Oy =y+zee?

_y""z Z Hﬁ{P|]p l}' Oig,ei (y]17"'7yjk)

n>11<i1,...,ip<n, [=0
alll distjncts,
J1se-sJk 20

=y + Z Z T Oy ... g, (yj17 s 7yjk)

n>11<i <. <1 <n,
J1yeJ620

=y+ Z Z T Oy (Ys-o o Y)-

n>11<0<...<1<n

For all f € P*, we shall use the following notation for the transposition of the operadic
composition:
N=Y"rVe . 12
n

We identify the monoids of characters of Dp with P by the map:

P — MY
o { DP — K

Let z,y € P. For all f € P*:

o *d)y(f) = (¢x®¢y) o Ay(f)
= (¢x®¢y)05( )

= Zf(” >f1<2 W)... 12 W)
*Zf(” W) .- FPW)

:f(xn ( 7-~-,Z/))
:d)xOy(f)'

49



As P* generates D}, ¢, % ¢y = ¢5¢y. As Dp and D} are isomorphic, their monoids of characters
are isomorphic. As Dy = S(invP*) is a subbialgebra of (Dp)q, = S(P*), and as the graded
dual of invP* is identified with coinvP, the group of characters of Dy is identified with coinvP,
quotient of (P, 0).

2. We use corollary 32. We obtain:

2Oy =y +xee?

) 00 1
=y+ Z Z H mx Ot yeensip (yj1’ s 7y]k)

n=11<41,...,ip<n, [=0
all distincts,
Jiyeensjk 21

=y + Z Z T O4q,... ik (yju s ’yjk)

n>11<i;<...<ip<n,
J1yedk =1

=Y + Z Z T Ody,... 05 (y7 ceey y)

n>11<i;<...<ip<n

:y+Zxo(I+y,...,I+y).
n>1

As Bp = S(invP?) is a Hopf subalgebra of (Bp)a, = S(P% ), and as the graded dual of invP?%
is identified with coinvP ., the group of characters of Bp is identified with coinvP, quotient
Of (P+, <>) O

Remarks.
1. GB can be seen a submonoid of (M{, 0) and (MJ, '), via the injections:

r — [I+ux, r — x.

2. Using the isomorphism tp, we obtain an explict isomorphism of monoids:

(Mg, 0") — (ME.0) (Mg, 0) — (ME,0")
r — x+1, r — x—1.

Definition 55 Let V' be a vector space and P be an operad. We put:
ME (V) = Mg, , GB(V) = GBgc, -
Let 6p : boo — P be an operad morphism. We obtain:
e A group structure on GA(V) = Fp(V), given by:
Yo,y € Gé(V), x4y = ¥, eY].
In particular, if the morphism 0p is trivial, that is to say:

Iif (k1) = (1,0) or (0,1),

0 otherwise,

Op(l— —Jk1) = {

then z4y =z +v.

e The monoid ME = (coinv(P ® Cy ), ¢) and the group GB = (coinv(P @ Cy )4, 0).
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e By theorem 46 and proposition 36, there exists right actions <1 of (ME(V),¢) and <’ of
(ZMIQ(V)7 o) on Gl‘f},(V) by group endomorphisms; by restriction, there exists a right action
< of GE(V) on G4 (V) by group automorphisms.

Let us first describe these two actions.

Proposition 56 The vector spaces ME (V') and Fp(V)®@V* are canonically isomorphic. For
alz=> pp.(x1,...,2p) € G‘f‘,(V), forally=q® f e ME(V), with g € Fp(V) and f € V*:

xQ/y:Z Z f(wlj)'"f(xik>pn~(x17"'7xi1—17q7mi1+17'"7xik—17q7mik+17'"7xn)7
n>11<31<...<1x<n

r<1y= Zf(:vl) oo flzn)p(qs -5 Q).

n>1
Proof. We naturally identify Endg(V,V®") with V®" @ V*. For all n > 1:
coinvP ® Cy(n) = P(n) ®s, (V" @ V*) = (P(n) s, V)@ V* = Fp(V)(n) @ V*,
so:

MEWV) =] Fe(V)(m) @V = | [[ Fe(V)(n) | @ V* = Fp(V) @ V*.

n>1 n>1

The first formula comes from proposition 36, as x <’ y = x <~ €Y. The second formula is obtained
by the application of the isomorphism between Dp (V) and Dp(V), inducing the isomorphism
between (ME (V), ') and (ME (V), ). O

The graduation of Fp(V') induces a distance d on Fp(V'): denoting val the valutation asso-
ciated to this graduation,

Va,y € Fp(V), d(z,y) = 27v4@),

Proposition 57 For all y € ME (V), we consider:

& { Fp(V) — Fp(V)
v r — ¢ylz)=x Q.

Then ¢y is a continuous endomorphism of P-algebras. Moreover:
vya S Mg(‘/)a ¢y o ¢z = ¢z<>y-
Proof. For all z € Ga(V), y € ME(V), val(x < y) > val(x), so ¢, is continuous.

Un to the isomorphism between (ME (V),0) and (ME(V),o'), we work with the action <.
For all y € ME(V), z € Fp(V), we put ¢ (z) = x < y. By lemma 45, for all p € P(n), for all

V1,...,0n € Fp(V), as y is primitive, €Y is a group-like element and:
gi);(p.(vl, coyUn)) = p(v1y.. 0 by) — €Y
=p.(v1 — €Y, ... v, —~¢€Y)
= p.(¢,(v1), ..., By (vn)).

By continuity of ¢y, this is still true if v1,...,v, € Fp(V), so ¢, is indeed a continuous morphism
of P-algebras. Up to an automorphism, this is also the case for ¢,.
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For all z € Ga(V), y,z € ME(V):
Py o ¢=(x) = (v < 2) Qy = < (20y) = =0y (2),
S0 ¢y © G2 = Doy O
Notations.

1. We denote by Mp (V') the monoid of continuous P-algebra endomorphisms of Fp(V') and
by Gp(V') the group of continuous P-algebra automorphisms of Fp (V).

2. We put:

If p € Mp(V), then ¢(Fp(V),) C Fp(V),, so ¢ induces a map:

;| V=FpV)/Fp(V)
o T o).

We obtain in this way a monoid morphism @ : Mp(V) — Endg(V'), and by restriction
a group morphism w : Gp(V) — GL(V). The kernel of this morphism is denoted by

glg )(V): this is the group of continuous automorphisms of Fp(V) tangent to the identity.

3. If ¢ € GL(V), let () be the unique continuous endomorphism of P-algebras of Fp(V)
such that ¢(p)(z) = p(z) for all x € V. Then ¢ : GL(V) — Gp(V) is a group morphism,
such that @ ot = Idgpy). So:

Gp(V) = 6 (V) x GL(V).
Proposition 58 1. The morphism ¢ is an anti-isomorphism from MPZ,D(V) to Mp (V).
2. Its restriction to GB(V) is an anti-isomorphism from GE(V) to gl()l)(V),

Proof. By proposition 57, ¢ is antimorphism from ME(V) to Mp(V). Let y = ¢® f €
ME(V), with g € Fp(V) and f € V*. Forall z € V,

¢y(2) = f(x)q,

50 ¢ is injective. Let ¢ € Mp (V). We fix a basis (x;);cr of V. For all i € I, we put ¢; = ¢(z;),
and y = > q; ® ;. Foralli € It

by(zi) = Zx;(xi)Qj = q; = ¢(xi).

As both ¢, and ¢ are continuous morphisms of P-algebras, they are equal, so ¢ is surjective.
Moreover, for all y = ¢® f € ME(V):

by € GO (V) =V €V, ¢y(z) — 2 € Fp(V),
Ve eV, f(x)g—xz e Fp(V),
— y1 = Idy

— yecGE(V).
So ¢ induces an anti-isomorphism from GE(V) to gl(,l )(V). O
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3.4 Set bases

In numerous cases, there exists, for all n > 1, a basis B,, of P(n) such that for for all x € B,,, for
all 0 € G,,, 7 € B,,. We shall say in this case that the basis B = | | B,, of P is a set basis, and
we shall identify the vector spaces P and P* through the map:

P — P*
reB — x*e B

We do not expect these bases to be stable under the operadic composition (we shall not always
work here with set operads). For example, (e,)n,>1 and (0)scue, are set bases of respectively
Com and As.

Let us consider a set basis B of P.

e For all n > 1, we denote by O,, the set of orbits of the action of &,, on B,,. This is the set
of isoclasses of elements of B,,.

e For all z € B, its orbit will be denoted by & € O,,.

e For all w € O,,, we denote by s, the quotient cardinal of N!/|w| (number of symmetries of
w).

Let us fixe a system (zy,)weo, of representants of the orbits. For all w € O,,, we denote by w
the class of z, in coinvP(n): this does not depend of the choice of z,,, and (W),ec0, is a basis of
coinv(P). We denote by B}, the dual basis of P*(n). For all w € O,,, we put:

fo= 3 @) =Y a"

ceS, TEW

Then (f,)wev0, is a basis of invP*. For all w, w' € Oy:
fw(a) = 6w,w’5w‘

We now fix a finite-dimensional vector space V. Let us choose a basis (Xi,...,Xn) of
V and let us denote by (e1,...,ex) the dual basis of V*. A basis of P ® V®" is given by
(x ® Xy ... Xi, )beBn,1<iy,....in<N, Which can be seen as the set of elements of B, decorated by
elements of [N]. The action of the symmetric group is given by:

(x®Xi1...X,»n)":x"®X X

lg(1) " “Mig(n>

so this is also a set basis. The set of orbits of this action is interpreted as the set of isoclasses of el-
ements of B,, decorated by [N]. It is a basis of the homogeneous component of degree n of Fp (V).

A basis of Endg(V,V®") is given by (€;X;, ... Xi,)1<i1,...in,j<N, Where for all v € V:

Einl e Xin (’U) = Ej(U)Xil e in
A basis of PQCy (n) is given by (x®€;X;, ... Xi, )beBn,1<ji1,....in<N- The action of the symmetric
group is given by:

(CL‘ ® 6jXZ'1 - Xin)a =72 Q® Ein X;

o(l) " °° o(n?

so it is a set basis. Moreover, the orbits of this action can be seen as pairs (w, j), where w is an
isoclasse of elements of B decorated by [N] and j € [N].
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Chapter 4

Examples and applications

Let us now give examples of these constructions. We start with classical operads Com, As and
PreLie. We obtain that Ag,, is the coordinate Hopf algebra of the group G = (K[[X]]+,+)
and Bg,,, is the coordinate bialgebra of the Faa di Bruno monoid of formal continuous maps
M = (K[[X]]+,0); the coaction of B&g,, and Ag,,, corresponds to the action of M on G by
composition. Similarly, for As, we obtain groups and monoids of non-commutative formal se-
ries. Moreover, Ap ..y 15 the Connes-Kreimer Hopf algebra [12, 29, 16, 42|, and ApreLie is the
Grossman-Larson Hopf algebra [25, 26, 27|, both of them based on trees; Dp o140 IS another
bialgebra of rooted trees, whose coproduct is given by extraction-contraction operations, defined

in [6], as well as the coaction of D o156 00 ApreLio-

We then introduce an operadic structure on Feynman graphs, inducing operadic structures
on other combinatorial objects as simple graphs, simple graphs without cycle, posets. All these
operads give pairs of (co)-interacting bialgebras, as well as non-commutative versions of them;
we recover in particular in this process the bialgebras on graphs without cycle of [37], or the
bialgebras of quasiposets used in [19].

4.1 Operads Com, As and PrelLie

4.1.1 The operads Com and As
The brace and pre-Lie structures of Com are given by:

1+ 1 .
(€i,ej, .. €j) = < i >€i+j1+...+jk, eioe; = (i+1)eiq1.

Let us fix the vector space V = (X1, ..., Xn). Wedenote by (¢;);>1 the dual basis of (X1, ..., Xn).
We consider the morphism fcom : boo —> Com given in section 2.2.3. Then:

Acom(V) = S(Foom(V)) = S(K[X1, ..., XN]4),

with the quasi-shuffle product * induced by the product of K[X1,..., Xy];. For all a € NV, we
put Xo = X' ... X3V, Then, for example, if «, 3,7,6 € NV — {0}:
Xo# X5 =XoXg+ Xois,
Xo % XgXT = XaX5Xy + Xaps Xy + XoXsi,
XoXg#* X0 X5 = Xo XX Xy + Xoir X5 Xy + Xays XX,
+ Xo Xy Xs + Xa Xpg16 Xy + Xagy Xgprs + Xays Xy

Dually, A&, (V) is identified with S(K[X,..., Xn]+) as an algebra. Its coproduct A, is

Com
given by:
Va e NV, A(Xy) = > X0 X,.
a=f+
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Its group of characters is isomorphic to:
({1+P(X17"'>XN) ’ P e K[[X1>"'7XNH+}7')'

Moreover, B, (V) is the Faa di Bruno Hopf algebra on N variables, which group of characters
is the group of formal diffeomorphisms of K[[ X7, ..., Xy]] which are tangent to the identity, that
is to say:

({(Xl + P(X1 e XN))Z'E[N] ’ Pi(Xl, - ,XN) € K[[Xl, . ,XN]]22}7 O),

where K[[X71, ..., Xn]]>2 is the subspace of formal series in K[[X1,..., Xy]] of valuation > 2.

Here are examples of coproducts A, and Al on D§,

Alfer)=e1®1+1®e +e1 ey, As(e1) = e1 ® ey,
A;(eg) =e®R1+1RQer+er®eie; +e1 ®ea + 2e9 ® ey, A*(ez) =ea R®erer +e1 X es.

Let us describe D7 .

Definition 59 Let o € &,,.
1. We shall write Iy U ... U I, =4 [n] if:

e For all p € [K], both I, and o(Ip) are intervals of [n].
° [n] =nLu...Ulg.
o Forall1<p<q<k, forallicl, jel, i<j.
2. Let us assume that Iy U ... U Iy =, [n]. As o(l1),...,0(I) are intervals, there exists

a unique permutation 7 € &y such that o(l.y) U ... Uo(l ) =, [n]. We denote
O’/(Il,...,fk) =71

The bialgebra D7, is freely generated by the set |_| &,,. For all permutation o € G,
n>1

Avo)= Y o/(h,....I) ® Std(oyy,) ... Std(oyr,),

Ilu...qu:J[n]

where Std is the usual standardization of permutations. For example:

A1) =M@ (1),

A((12)) = (12) © (1)(1) + (1) @ (12),

Ax((21) = 2D © (1)(1) + (1) @ (21),
AL((123)) = (123) ® (1)(1)(1) + (1) ® (123) + (12) ® (12)(1) + (12) ® (1)(12),
AL((132)) = (132) ® (1)(1)(1) + (1) ® (132) + (12) ® (1)(21),
AL((213)) = (213) ® (1)(1)(1) + (1) ® (213) + (12) @ (21)(1),
AL((231)) = (231) ® (1)(1)(1) + (1) ® (231) + (21) @ (12)(1),
AL((312)) = (312) ® (1)(1)(1) + (1) ® (312) + (21) @ (1)(12),
AL((321)) = (321) ® (1)(1)(1) + (1) ® (321) + (21) ® (21)(1) + (21) ® (1)(21).

Let us consider the vector space V' = Vect(Xy,...,Xn). Then D} (V) is generated by the
elements (X, ... Xi, €j)k>1,i1,...ipje(v]- For all word w in letters Xy, ..., Xy, for all i € [N]:

A*(wei) = E E ’U,()Xilul ... uk,lXikukei X ('Uleil) . (Uk6k>-
k>0 W=U0VIUL - Vg Uk,
1,050k €[]
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Note that the abelianization of D¢

Com

(V) is D3 (V).
Examples. In D§_ (V) orin D3 (V), if 4,5, k,1 € [N]:

N
A*(Xiej) = ZXp6j & lep,
p=1

N N
A(XiXjer) = Xper @ XiXjep + Y XpXger ® (Xiep)(Xj€g),
p=1 pq=1

N N
Ad(XiX;Xpe) = Y Xpa @ Xi X Xpep + Y XpXge @ (XiXjep) (Xpeg)
p=1 p,q=1

N N
+ ) XpXea @ (Xig) (X Xpeg) + Y XpXoXee @ (Xig) (Xjeq) (Xer).
p,q=1 p,q,r=1

In order to obtain the Hopf algebra B% (V'), we quotient by the relations X;e; = 9; ;1. The
coproduct becomes:

A*(XlXJEk) =1® Xinﬁp + XinEk ® 1,
N N
A*(XZ‘Xijel) =1® XinXkel + Z Xpqu & Xz’Xjep + ZXinel ® XijEq + XinXkel ® 1.
p=1 q=1

We consider the morphism 6ag : boe — As defined in section 2.2.3. The Hopf alge-

bra A (V) is generated by the elements (Xi, ... Xy, )k>1,,,..ipe(n]- For all word w in letters
X1,..., Xy, for all i € [N]:

Alw)=wl+1lew+ Z U@ .

w=uv, u,vZ£p

The coaction of D} (V) over A% (V) is given by:

p(w) = Z Z w X5, U1 - up—1 X up ® (V1€4,) - - .- (Ug€R).

k>0 W=Uov1U1 ...V Uk,

7/1777'k€[n}
For example:
N
p(Xz) = ZXp X Xi€p>
p=1

N N
p(XiX;) = Z Xp @ XiXjep + Z XpXq ® (Xiep)(Xj€q),
p=1 p,q=1

N N
PXiX;Xp) =D X, ® X X; Xpep+ Y XXy @ (XiXj6)(Xneq)

p=1 p,q=1
N N
+ Z XpXq ® (Xiep)(X; Xpeq) + Z XpXqXr @ (Xiep)(Xjeq) (Xper).
P,q=1 p,q,r=1
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Here are examples of the coaction of B (V):

p(X;) =X, ®1,
N
p(XiX) =X X; 01+ ) X, ® Xiey,
p=1

N N N
PXiX;Xp) = XiX; X @1+ ) XpXp @ XiXjep+ > XiXg® X;Xpeg + > Xp ® Xi X;Xpep.
p=1 q=1 p=1

4.1.2 The operad PrelLie

We now consider the operad PreLie, as described in [9, 10]. This operad comes from an operadic
species; for all finite set A, PreLie(A) is the vector space generated by rooted trees whose set
of vertices is A. For example:

PreLie({1}) = Vect(.
PreLie({1,2}) = Vect(!

RFOW e =

3 1 2 1
1 Eg El EQ 2¢93 183 192
7£27 2453, 37\/1 7\/2 7\/3 )

PreLie({1,2,3}) = Vect(}

The composition is given by insertion at vertices in all possible ways. For example:

TS

2
17 0y 14 ="V,? 4+ 14, 17 09 13 =1
The morphism OpreLie : boo — PreLie is described in section 2.2.3.

Let us fix V = Vect(X1,..., Xn).

e A basis of Aprerie(V) is given by forests of rooted trees decorated by [IN]; in particular,
if i € [N], X; is identified with .;. The product is given by graftings; for example, if

i,7,k € [N]:
.i*.]':.i.j—}—Ig,
k ) . sk k
O R Hoaww =1+ 41
.i.j*.k:.i.j.k—i—Ii.j—{—.iI?, . *.j.k:.i.j.k—}—Iz.k—FIf.j—Fj\/ik.

In other terms, this is the Grossman-Larson Hopf algebra of decorated rooted trees |25, 26,
27]. Its dual is (the coopposite of) the Connes-Kreimer Hopf algebra of decorated rooted
trees [12, 16, 42, 29|, which coproduct is given by admissible cuts. If 4, j, k € [N]:

TANEY
A, (1
ALV

k
At
7

i R1+1® .,
HRl+10U +.; ®.;,
N Q1410 V" +H Qi+ 1 Q4 i ®ojer,

S

) =
)
) =
J =l @110l 11 @ t. @tk

e A basis of BpreLie(V) is given by forests of pairs (¢, j), where ¢ is a rooted tree decorated

by [N] and j € [N]. The underlying pre-Lie product e is given by insertion at a vertex, as
the operadic composition is. For example, if i, 5,k € [N] and N > 2:

k

(17,0) 0 (15,1) = (V2 0) + (35 L0), (12,0) 0 (15,2) = (1 ,1),
(th,d) e (15,1) = ("0 + (5o + (L), (11,4) e (15,2) = 0.
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e The bialgebra Dp, .o1:6(V) has the same basis. Its coproduct is given by extraction-
contraction of subtrees. For example, in the non decorated case (or equivalently if N = 1):

A )=.®.,

A(l)=1®..+.01,

AV =VR.+10l.+10.1+.0@ V,
Adb=le..+1et.+10.1+. 01

This is the extraction-contraction coproduct of [6]. More generally, in Dp . opi6(V), if
a,b,c,d € [N]:

N
A*(( a7d)) —Z('Pvd)@)( avp)
p=1
N N
A(1,d) =D (12.d) @ (0 P) (0, q) + D> (e, d) ® (14, p),
p,q=1 p=1
N N
(VS d) = D (VN d) @ (carp) (o, @) err) + D (35,d) @ (18, D) (e, q)
p,g,r=1 p,q=1
N N
+ Z a,p)( Q)+Z('P7d)®(b\/:l 7p)
pg=1 p=1
c N . N
A d)= 3 (1,0 @ (ap) o, @)eerr) + S (18,d) @ (12,9) (-, q)
p,q,r=1 p,q=1
N N .
+ 3 (15, @ (0, 0)(15,0) + (- d) @ (2, p).
p,q=1 p=1

After taking the quotient by .; ;X — §; ;1, in B .opi0(V):

Ax((1a,d))

UL®®1+1®(b@

N
ALV, d)) = (VL d) ®1+Z (5, d) @ (15,p) + > _(15,d)® (1,p) + 1@ ("V.°,d),
p=1
. N
A ) = ®1+Z )+ (1 i)+ 1@ (1 d).
q=1
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The coaction of Dp,.1i6(V) over Ap . 1:0(V) is given in a similar way. For example:

Z » @ (+asD),

p=1
N N
=3 5O+ Y (D),
p,q=1 p=1
N N
Z aap)( )(‘C7r)+ Z Ig ®(Igap)('07Q)
p,q,r=1 p,q=1
N N
Z (15, 0) (0, 0) + D n ® (V5 p),
p=1
c N N
2 Z avp Q)('07T)+ Z Ig ®(Izap)(‘67Q)
p,q,r=1 p,q=1
N N .
Z Coa)(t50)+ > o dh,p).
: p:l

4.2 Feynman Graphs

4.2.1 Oriented Feynman graphs
We shall use the following formalism for oriented Feynman graphs :
Definition 60 1. A Feynman graph is a family
I'=(V(I'), Int(T"), Out Ext(T"), InExt(T"), Sr, Tr),

where:

V(T') is a finite, non-empty set, called the set of vertices of T'.

Int(T) is a finite set, called the set of internal edges of T.

OutExt(I") is a finite set, called the set of external outgoing edges of T.
InExt(T) is a finite set, called the sel of internal ingoing edges of T.
St Int(T') U Out Ext(T') — V(T') is the source map.

Tr : Int(T) U InExt(T') — V(T') is the target map.

2. Let T and T' be two Feynman graphs. We shall say that T' and T are equivalent if the
following conditions hold:

o V(I)=V(T).
o There exist bijections:
b1t 2 Int(T) — Int(1),

boutEst : Out Ext(T) — OutExt(T”),
Grngst - INExt(T) — IntExt(T),

such that:

Ve € Int(I'), Sr(e) = Srv o ¢rni(e) and Tr(e) = Tt o ¢rnt(e),
Ve € OutExt(I"), Sr(e) = Srv o poutEst(€),
Ve € InExt(T), Tr(e) = T+ o ¢rnpat(e).
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Roughly speaking, two Feynman graphs T’ and I” are equivalent if one obtains T' from T" by
changing the names of its edges.

3. Let A be a finite set. The set of all equivalence classes of Feynman graphs T such that V(T')
is denoted by F(A) and the space generated by F(A) will be denoted by F(A).

We shall work only with equivalence classes of Feynman graphs, which we now simply call
Feynman graphs.

Remarks.
1. Int(T'), OutExzt(T) or InExt(I') may be empty.

2. Restricting to Int(I"), Feynman graphs are also oriented graphs, possibly with multiple
edges and loops.

We shall represent Feynman graphs by a diagram, such as:

Definition 61 Let I" be a Feynman graph, and I C V(I'), non-empty.

1. (Extraction). We define the Feynman graph T\ by:

V() =1,
Int(L\;) = {e € Int(') | Sr(e) € I, Tr(e) € I},
OutExt(T|;) = {e € Int(T) | Sr(e) € I, Tr(e) ¢ I} U {e € OutExt(T) | Sr(e) € I},
InExt(T';) = {e € Int(T') | Sr(e) ¢ I, Tr(e) € I} U {e € InExt(I') | Tr(e) € I}.

For all e € Int(L'|;) U OutExt(L f), for all f € Int(T');) U IntExt(T;):

Sr,,(e) = Sr(e), Tr, (f) = Tr(f)

Roughly speaking, I'|1 is the Feynman graph obtained by taking all the vertices in I and the
half edges attacted to them.

2. (Contraction). Let b ¢ V(I'). We define the Feynman graph I'/I — b by:

V(I'/I —b)=(V(I')\ I)u{b}, OutExt(I'/I — b) = OutExt(T),
Int(T'/I = b) = Int(L') \ Int(T'}), InExt(T'/I — b) = InExt(I).

For all e € Int(T'/I — b) U OutExt(T'/I — b):

Sr(e) if Sr(e) ¢ I,

b if otherwise.

SF/I—>b(€) = {
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For alle € Int(T'/I — b) U InExt(I'/I — b):

b if otherwise.

Roughly speaking, T'/I — b is obtained by contracting all the vertices of I and the internal
edges between them to a single vertex b.

3. We shall say that I is U'-convex if for any oriented path x — y1 — ... >y — z in [:
r,ze€l = y,...,yx € 1.
4.2.2 Lemmas on extraction-contraction
Lemma 62 Let I' be a Feynman graph, I,,I, C V(T'), non-empty and disjoint.
1. (T/1y — a)y, =Ty,
2. /I, —a)/Iy b= (/I = b)/1, = a.
3. The following conditions are equivalent:

(a) 1, is T-convexr and Iy is (I'/1, — a)-convez.

(b) I is I'-convezr and I, is (I'/I, — b)-convex.

Proof. 1. Let us put I = (T'/I, — a)z,- Then:

{
={ee Int(l') | Sr(e) € Iy, Tr(e) ¢ I} U {e € OutExt(T") | Sp(e) € I},
{6 S Int(f‘) | Sr(e) ¢ Iy, Tp(e) S Ib} U {6 S OutEazt(F) | Tp(e) S Ib}.

Forall e € Int(I'")UOutExt(I"), Sp/(e) = Sr(e). For all e € Int(I")UInExt(I"), Tr/(e) = Tr(e).
So F/ = Fllb'

2. Let us put I'" = (I'/I, — a)/I, — b. Then:

V(") =V(y)uia }\ Lo U D),
Int(T") = {e € Int(T") | Sr(e) & I, U I or Tr(e) & I, U I},
OutExt(T") = OutExt(T),
InExt(T") = InExt(T).

For all e € Int(T") U OutExt(T"):

a if SF(G) S [aa
SF//(G) = b lf S[‘(€> € Ibv
Sr(e) otherwise.

For all e € Int(I") U IntExt(I'"):

a if Tr(e) € I,
Tpu(e) = bif Tp(e) e I,

Tr(e) otherwise.
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By symmetry between a and b, I = (I'/I, — b)/I, — a.

3. =. Let us assume that © — y; — ... > yp — 2z in ', with x,z € I;,. For all y € V(I),

we put:
_ aify € I,
y =

1y otherwise.

Then z —91 — ... > g > z2in I'/I, — a. As I is (I'/I, — a)-convex, all the 7; belong to I,
so are different from a: hence, y1,...,yr € Ip.

Let us assume x — y; — ... =y — 2 in I'/I, — b, with z, z € I,. If at least one of the y, is
equal to b, let us consider the smallest index ¢ such that z; = b and the greatest index j such that
zj = b. There exists y;,y; € I, such that z > y1 — ... 2 yim1 = yjand yj = yj41 — ... > 2
in I'. As a consequence, in I'/I, — a:

" 1"
yj —>yj+1—>...—>yk—>a—>y1—>...—>yi_1—>yi.

As I is (I'/1, — a)-convex, a € Ip, which is absurd. So none of the y, is equal to b, which
implies that x — y1 — ... = yp — zin I'. As I, is I-convex, y1,...,yp € I,.

<=: by symmetry between a and b. O

Lemma 63 Let I be a Feynman graph, and I, C I, C V(G) be non-empty sets.
1. (T/Iy —a)/(Iyu{a}\I,) = b=T/I, —b.

2. (U/Io = a)r,ufapt. = (Ly5,)/ Lo — a.

3. (O, = D),

4. The following conditions are equivalent:

(a) Iy is T-convex and I, is T'|j, -conver.

(b) 1, is T'-convexr and Iy U {a} \ I, is '/I, — a-convex.

Proof. 1. Let I = (I'/I, — a)/(Iy U {a} \ 1I,) — b. Then:

For all e € Int(I") U OutExt(I):

S () = {Sp(e) if Sp(e) ¢ I,

| b otherwise.

For all e € Int(I") U InExt(I):

b otherwise.

Tin(e) = {Tp(e) if Tr(e) ¢ I,

SoI' =T/I, — b.
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2. Let IV = (T'/1, — a)|IbU{a}\Ia' Then:

V") = U () \ I,
Int(T") ={e € Int(T) | Sr(e) € I, and Tr(e) € I}
\ {e € Int(T') | Sr(e) € I, and Tr(e) € 1,},
OutExt(T") = {e € OutExt(T') | Sr(e) € L} U {e € Int(T') | Sr(e) € I, and Tr(e) ¢ I},
InExt(T") = {e € InExt(T) | Tr(e) € I} U {e € Int(T) | Sr(e) ¢ I, and Tr(e) € I,}.

For all e € Int(I") U OutExt(T"):

Sro(e) = {Sr(e) if Sr(e) € o\ Lo,

a otherwise.

For all e € Int(T") U InExt(I'"):

Trn(e) = {Tr(e) if Tr(e) € Iy \ I,

a otherwise.

So IV = (F”b)/ja — Q.
3. Immediate.

4. =. Letx >y = ... >y — zin I, with z,z € I,. Then z,z € I. As I} is T'-convex,
Y1, Yk € Ip. As Iy is Iy -convex, yi, ..., yx € lo-

Let x »y1 — ... >y > zin I'/I, — a, with z,z € I, U{a} \ I,. Let iy < ... <74 be the
indices such that y; = a. There exists elements ygp, y,’b; € I, such that, in I*:

/ i / 1/
x—>—>yll,yzl—>yll+1—>—>y,bp7y1/p—>—>z

As I, C I and I, is I'-convex, all the y; except the y; are elements of I. So y1,...,yx €
Iyu{a}\ I,.
—. Letx =y — ... >y = zin I, with z,z € I},. For all y € V(I'), we put:
7= yify ¢ Lo,
a otherwise.

ThenZ - 91 — ... >y > zin I'/I, » a. As I U{a}\ I, is '/I, — a-convex, U1,...,T €
Ibl_l{a}\fa, SO Y1,--.,Yk € Ip.

Let x > y1 — ... 2> yp = zin Iy, with z, 2 € I,. Then Let x = y1 — ... = yp — 2z in I}
as I, is I'-convex, y1,...,yx € I,. g

Definition 64 Let I' be a Feynman graph.
1. We shall say that T is simple if the two following conditions hold:

e For allv,v' € V(T'), there exists at most one internal edge e in I with Sp(e) = v and
Tr(e) = U/.
e For all e € Int(T"), Sr(e) # Tr(e).
Lemma 65 Let I' be a Feynman graph, I C V(I'), non-empty.
1. If Uy and I'/I — a has no oriented cycle, then I' has no oriented cycle and I is I'-connez.
2. We assume that I is I'-convexr. If I'\; or I'/T — a has an oriented cycle, then T' has an

oriented cycle.
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Proof. 1. Let x - y1 — ... > yp — z in ', with z,2 € I. We assume that at least one
of the y; is not in I. Let i be the smallest index such that y; ¢ I and j be the smallest index
greater than ¢ such that y; € I, with the convention y;41 = 2. Thena =y, — ... 2 yj—1 = a
in I'/I — a, and I'/I — a has an oriented cycle: this is a contradiction, so y1,...,yx € [ and I
is I'-convex.

Let us consider an oriented cycle 1 — ... = xp — x1 in I'. If one of the x; belongs to I,
as I is I-convex, all the z; belongs to I, so I'|; has an oriented cycle: this is a contradiction. Il
none of the z; belong to I, they form an oriented cycle in I'/I — a: this is a contradiction. As
a conclusion, I has no oriented cycle.

2. It 'y has an oriented cycle, obviously I' has an oriented cycle. Let us assume that
I'/I — a has an oriented cycle. If this cycle does not contain a, then obviously I' has an ori-
ented cycle. If not, there exists an oriented cycle a — y; — ... = yr — a in I'/T — a, with
Y1,--- Yk ¢ V(') \ I. Note that k& > 1, by definition of I'/I — a. Hence, there exists =,z € I,
such that t - y; — ... = ypr = 2z in I': I is not I'-convex. g

Remark. If [ is not I-convex, I' may have no oriented cycle, whereas I'/I — a may have

one. Take for example:
/\
r- G —0—0.

F/I—)a:@j\J\\/@.

4.2.3 The operad of Feynman graphs

If I = {1, 3}, then:

Proposition 66 Let T' € F(A), I € F(B), and b € A. We put:

IV, = Z T, Loy IV = Z .

I eF(AUB\{b}), e F(AUB\{b}),
T/ =T, T /B—b=T I{p=I",T"/B=b=T,
B I -convex

For allT € F(A), I" € F(B), " € F(C), ifb#c € A:

(TV, IV I = (TV.I")V,I7, (TopI") 0. T = (T o, I") 0, T.
Ifbe Bandce C:

(CV IV I =TV, (I'V. I, (CopT') 0. T =T o (T 0. ).

Proof. If b # c € A:

TV, )V I = > T = > T = (IV.I")V,I;
TeF(AUBUC\{b,c}), TeF(AUBUC\{b,c}),
T c=I", (T/C=C) p=T", Tic=I", T p=I",
(T/C—sc)/ B—sb=T (T/B—b)/C—c=T
(T o IT") 0, I = > T = > T=To,I") o, T".
YEeF(AUBLC\{b.c}), TeF(AUBUC\{b,c}),
T c=I", (Y/C—C) p=I", Y c=I", T =",
(T/C—c)/ B—b=T, (Y/B—b)/C—c=T,
C Y-convex, B Y/C — c-convex B Y-convex, C T/B — b-convex

We used lemma 62, with I, = B and I, = C.

64



Let b€ A and c € B.

TV, IV I = > T = > T =TIV, (I'VI");
TeF(AUBUC\{b,c}), TeF(AUBLC\{bc}),
Y\ c=T", (Y/C—c)p=I", (Y Buc\{e})jc=T",
(T/C%C)/B—)b:r‘ (TlBuc\{c})/c—)C:FN,

Y /BUC\{c}—b=T

(Top T) o . T = Z T = Z YT =T o, ("o . T”).
YeF(AUBLC\ {b,c}), TEF(AUBLC\{b,c}),
T\c=I", (Y/C—c)p=I", (T Buc\{c})|c=T",
(T/C—c)/ B—sb=T, (T B (o} )/ C—re=T",
C Y-convex, B T|c-convex T/BUC\{c}—b=T,

BUC\ {c} T-convex,
C T‘Buc\{c}—convex

We used lemma 63, with I, = C and I, = BUC \ {c}. O

Although the associativity of the composition is satisfied, F is not an operad: it contains no
unit. In order to obtain it, we must take a completion. For all finite set A, we put:

F4) = J] KT

TeF(A)

It contains F(A). Its elements will be denoted under the form:

Z arl’.

TeF(A)

Theorem 67 The compositions V and o are naturally extended to F, making it an operad.

Its unit is:
I= ) T
rer({1})

Proof. Let X = > arI’ € F(A) and Y = > brI' in F(B) and b € A. Then:

XV,Y = > arsposbr T, XopY = > ay/popbr s Y-

TeF(AUB\{b}) TeB]-'nguB\{b}),
-convex

These formulas also make sense if X € F(A) and Y € F(B). Proposition 66 implies the associa-
tivity of V and o.

Let '€ F(A) and be A. If TV € F({b}):

S {r it InBat(Tg) = InBat(I") and Out Bxt(Tg) = OutExt(T"),
b =

0 otherwise.

Summing over all possible IV, T'V,I =T'. Hence, for all X € F(4), XV,I = X.

Let I' € F({1}) and I" € F(A). Then:

S {F if InEat(I") = InExt(T) and OutExt(T) = OutEat(I"),
1 prm—

0 otherwise.

Summing over all possible I, IV1I” = I". Hence, for all X € F(A), IV1X = X, so I is the unit
of the operad (F, V). The proof is similar for (F,o). O
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Remark. The unit of F is:
k-
Vv
1= Y D
1,5,k>0

where the integers on the edges and half-edges indicate their multiplicity.

4.2.4 Suboperads and quotients

Proposition 68 1. For all finite space A, we denote by NcF(A) the set of Feynman
graphs T' € F(A) with no oriented cycle. We also put:

NcF(4)= & KT, NcF(4)= [ K.
TeNcF(A) TeNcF(A)

Then NcF is a suboperad of (F,V) and (F,0). Moreover, (NcF,V) = (NcF,o).

2. For all finite set A, we put:

I(A) = 11 KT

TEF(A)\NcF(A)

Then I is an operadic ideal of (F,0). Moreover, (F/I,0) is isomorphic to (NcF,o).
Proof. This is a direct consequence of lemma 65. O
Definition 69 Let I' € F(A). We define an equivalence relation on Int(T'):

Ve, f € Int(I'), e ~ f <= (Sr(e), Tr(e)) = (Sr(f), Tr(f))-
We define a Feynman graph s(I') by:

V(s(T)) = V(I), OutExt(s(T")) = OutExt(T),
Int(s(T")) = {e € Int(T") | Sr(e) # Tr(e)}/ ~, InExt(s(T)) = InExt(T).

For alle € Int(s(I")):

SS(F) (é) - Sr(e), TS(F) (é) - Tr(e).
For all e € OutExt(s(1)), for all f € InExt(s(I")):
Ssry(e) = Sr(e), Tyry(f) = Tr(f).

Roughly speaking, s(T') is obtained by deleting the loops of I' and reducing multiple edges to single
edges. Note that s(I') is a simple Feynman graph.

Proposition 70 For all finite set A, we denote by SF(A) the set of simple Feynman graphs
I such that V(') = A. We also put:

SF(4)= & KT, SF(4)= ][] K.
FeSF(A) FesF(A)

We define two operadic composition on SF: if I € SF(A), I" € SF(B) and b € A:

IV, = > I, Loy IV = > r’.
I"eSF(AUB\{b}), I eSF(AUB\{b}),

T/ =T, s(I" / B—b)=T I{p=T", s(I""/B—=b)=T,

B T -convex
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The following map is an injective operad morphism from (SF,V) to (F,V) and from (SF,o) to
(F,0):

SF(A) — F(4)

(G r — > I

I'eF(A), s(I')=T

Proof. The map ¢ is clearly injective. Let I' € SF(A), IV € SF(B), b € A. Note that
Y(T)Vp(I') is a sum of Feynman graphs with multiplicity 1, more precisely:

P(I)Vyp(I') = > T.
TeF(AUB\{b}),
s(Y|5)=T, s(T/ B—b)=T"
Let us assume that T appears in ¢(I')Vy(T') and that s(T) = s(Y’). Then, obviously, S(TTB) =
s(T)p) = I, and g(Y'/B = b) = g(Y/B — b) =T, so Y also appears in {(I")Vy(I).
Therefore:

P(T)Vp(T') =4 > T
TeF(AUB\{b}),
s(Yp)=I", T/B—sb=T

As 1) is injective, this defines an operadic composition on SF, making ¢ an operad morphism.
The proof is similar for o, observing that if I',T” € F(AU B\ {b}) are such that s(I') = s(I"),
then B is I'-convex if, and only if, B is I'-convex. O

Remark. The unit of SF is:
I = Z —i»@—ja .
1,520
Restricting to Feynman graphs with no oriented cycle:

Proposition 71 1. For all finite set A, we denote by NcSF(A) the set of simple Feynman
graphs T' with no oriented cycle such that V(I') = A. We also put:

NcSF(4)= (P KT, NcSF(4)= [ KI.
TeNcSF(A) TeNcSF(A)

Then NcSF is a suboperad of both (SF,V) and (SF, o), and (NcSF) C NcF. Moreover,
(NcSF, V) = (NcSF, o).

2. For all finite set A, we put:

J(A) = 11 KT.

TeSF(A)\NeSF(A)
Then J is an operadic ideal of (SF,o). Moreover, (SF/J,0) is isomorphic to (NcSF, o).

We obtain two commutative diagrams of operads.

For V: For o:
F F — NcF
/ \ / Iﬁd
SF NcF SF —— NcSF NcF
\ / \ It /
NcSF NcSF
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4.3 Oriented graphs, posets, finite topologies

4.3.1 Oriented graphs

We shall identify oriented graphs (possibly with loops and multiple edges) with Feynman graphs
with no external edge. For all finite set A, we denote by G(A) the set of graphs G such that
V(G) = A and we put:

= P k¢, = ] &

GEG(A) GEG(A)
Definition 72 Let I" be a Feynman graph. The graph g(T') is defined by:
o V(g(I) = V(I).
o Int(g(I")) = Int(T).
e Syry = (Sr)|me(r)-
* Tyry = (T0)imna(r).
Roughly speaking, one deletes the external edges of T' to obtain g(T').

Note that if G € G(A) and I C A, non-empty, then G/I — a is also a graph, whereas G| is
not always a graph (external edges may appear).

Theorem 73 We define two operadic composition on G: if G € G(A), G' € G(B) and b € A,

GV,.G = > G, Go, G = > a".
G"€G(AUB\{b}), G"E€G(AUB\{b}),
9(Gy)=G", G" | B=b=G 9(Gy)=G", G" | Bb=G,
B is G-convex
The unit 1s:
I = G.
eg({1})

Moreover, the following map is an injective morphism from (G, V) to (F,V) and from (G, o) to
(F,o0):

G — Z r.

rer(A), gI)=G

G(4) — F(4)
ot

Proof. The map ¢ is clearly injective. Let G € G(A), G’ € G(B), b € A. Note that
d(G)Vpo(G') is a sum of Feynman graphs with multiplicity 1, more precisely:

P(G)Vpp(G') = > T.
FeF(AuB\{b}),
9(T\g)=G, g(T'/B—b)=G"
Let us assume that I' appears in ¢(G)Vy¢(G) and that g(I') = g(I'"). Then, obviously, g(I'|5) =
g(F|B) - G/, and g(FI/B — b) = g(F/B — b) = G7 SO I‘/ also appears in ¢(G)Vb¢(G/>.HeHCGZ

H(G)Vid(G) = o 3 G
G"€G(AUB\{b}),
9(Gllp)=G", G" | B=b=G
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As ¢ is injective, this defines an operadic composition on G, making ¢ an operad morphism.
The proof is similar for o, observing that if I',T" € F(A U B\ {b}) are such that ¢g(I') = g(I"),
then B is I'-convex if, and only if, B is I'-convex. O

Remark. The unit of G is:

Definition 74 Let A be a finite set.

1. We denote by NcG(A) the set of graphs G with no oriented cycle such that V(G) = A. We
also put:

NeG(4)= P K, NcG(4) = [] K6
GeNcG(A) GeNcG(A)

2. We denote by SG(A) the set of simple graphs G such that V(G) = A. We also put:

= P Ka.

GESG(A)
This is a finite-dimensional space, of dimension 2/411AI=1)

3. We denote by NcSG(A) the set of simple graphs G with no oriented cycle such that V(G) =
A. We also put:

NcSG(4)= P KaG.
GeNcSG(A)

This is a finite-dimensional space.
By restriction of ¢, we obtain:
Corollary 75 NcG, SG and NcSG are operads for V and o.

Remark. The unit of SG is I = @

We obtain two commutative diagrams of operads. For V:

~NcG

7

DNcSG

/\
SN
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For o:

NcF
/ \ 4
SF — NCSF NcF NcG
\ / / \ AAd
NcSF _ T -SG —= NcSG B NcG
\ Id /

chSG

4.3.2 Quasi-orders and orders

A quasi-order on a set A is a transitive, reflexive relation on A. By Alexandroff’s theorem, if A
is finite, there is a bijective correspondence relation between quasi-orders on A and topologies
on A [1, 13].

Definition 76 Let A be a finite set.

1. We denote by qO(A) the set of quasi-orders on A and we denote by qO(A) the space
generated by qO(A).

2. We denote by O(A) the set of orders on A and we denote by O(A) the space generated by
O(A).

The elements of ¢gO(A) will be denoted under the form P = (A, <p), where <p the considered
quasi-order defined on the set A.

Definition 77 Let I' € F(A). We define a quasi-order on A by:

Ve, y € A, x <r y if there exists an oriented path from x to y in T
Remark. The quasi-order <t is an order if, and only if, I" has no oriented cycle.
Definition 78 Let P € qO(A) and I C A, non-empty.
1. We shall say that I is P-convez if, and only if, for all x,y,z € A:

z,z€landr <py<pz=yecl.

2. The quasi-order <p/;_,, is defined on AU{a}\ I: if v,y € A\ I,

® z<p/yifx<py orifthere evists ',y € I, x <py and x <py'.
o = <p/1q a if there exists y' € I such that x <py'.

® a <p/rq Y if there exists ' € I, such that 2’ <py.

Remark. If I' € F(A) and I C A, then [ is T'-convex if, and only if, I is <p-convex. More-
over, SF/I—m: (SF)/I—W'

The following operad is described in [14]:
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Theorem 79 We define an operadic composition o on qO: if P € ¢qO(A), Q € qO(B) and
be A,

Po,Q = Z R.
ReqO(AUB\{b}),
Rp=Q, R/I—a=P,
B R-convex

The following map is an injective operad morphism from (qO, o) to (SG,o):

qO(A) — SG(A)
K P — Z G.
GeSG(A), <g=P

Proof. Let P € ¢qO(A), Q € ¢qO(B) and b € B. Then:

K(P) op K(Q) = > G.
GeSG(AUB\{b}),
SG‘B:Q7 SG/—H):P:
B G-convex

Let us assume that G appears in k(P) o £(Q) and that <g=<g. Then, as B is G-convex, it is
<g-convex, hence <g-convex, hence G’-convex. Moreover:

Sap, = (<e)iB = (Za)B =<¢ =P,

<a/B=b = (S¢7)/B=b = (S6)/B=b =<a/B=sv= Q,

so G’ appears in k(G) oy k(G'). Therefore:

K(P) oq K(Q) = K Z R
ReqO(AUB\{b}),
Rp=Q, R/I—a=P,
B R-convex

Moreover, k is injective: indeed, if P € qO(A), the arrow graph Gp of this quasi-order satisfies
<¢p=<p. Therefore, this defines an operadic composition on quasi-orders. ]

The following operad O is described in [15]:

Corollary 80 O is a suboperad of (qO, o). Moreover, if, for any finite set A, we denote by
J(A) the space generated by the elements of qO(A)\ O(A), then J is an ideal of (qO, o) and the
quotient qO/I is isomorphic to O.

Proof. This is implied by O = k= 1(k(qO) N NcSG). O
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Examples. In O:

13 O] e1e2

3

3

2 42
FRNIYE
=N + 1

o2 +

3
I1,2

11\23 +I
2j\13 +$

LN = Lo N

3
'1I2

RVARNES S URNNEINE

I% o1 .172:I§’2
2 __ 92
012 OIII —I1.3
2 91
e1e2 01 Il —Izog
e10¢2 O] e1e2 — ¢1e2e3
e102 O] ¢1,2 = 1,23
e1,2 O1 I% :0

1,2 O1 I% :0
1,2 O1 «1,2 =0

1,2 01 o1,2 =0

We obtain a diagram of operads (for

3
120y12 =12 + N,

2
2
12 015 =1+,
2¢ 73
17 02 e102 = Vl + 17+ 13
I% 02.172:I%3
1
: 14 73
hop 1 =13 +'V
1
1a 92
I% 09 12 :}g + \«/3
1
13 09 0142 :2/\3 +lls+ 1.
13 02-1221%,3
.1.202 I% :-113
e1e2 09 I% :.1I§
e1¢2 02 e1e2 = ¢162¢3
e102 02 ¢1,2 = e142,3

e1,2 02 I% :0
1,2 02 I% :0
e1,2 02 41,2 =0

1,2 02 ¢1,2 =0

Id — —
\ ~~
SF — NcSF NcF _ -G NcG
\)\ﬁd < \\\\\\\\ﬁd
NcSF " -sG cSG " NG

By composition, we obtain morphism from qO to several other operads; for example:

q0(4)
P

qO(4)

Ll

GeF(A),<g=P
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GeSF(A), <g=P

G,



Remark. The image of « is not a suboperad of (SG, V). For example, let us take P and @
be the quasi-orders associated to the following graphs:

OO0 @ ©

Then G appears in k(P)Vyk(Q), and G’ not: /\
6= =G ¢ =@J—U0 =B

although <g=<g.

4.4 b, structures

4.4.1 Operad morphisms and associated products

Theorem 81 There exists a unique operad morphism.:

AsCom — O
m — ele2,
*x — .1.2+I%.

Proof. In O:

12
.1.2( ): ele2,

e102 O] e1¢2 — ¢1¢2 02 ¢1e2 — 010243,

(I% +-1-2)01 (I% +-1-2) = (I% +-1-2)02 (I% +-1-2)
3
:}% +2\/13 +1j\32 +-1I§ + I%os + I‘;’oz + e1e203.

So these elements define a morphism from AsCom to qO. O

By composition, we obtain morphisms from AsCom to any operad of the commutative
diagram (4.1). We always denote by m and = the image of the two products of AsCom in all
these operads.

Definition 82 Let A a finite set and I C A.
1. Let T' € F(A). We shall say that I is an ideal of I if for all x,y € A:
r<ryandrecl =yecl

2. Let <€ qO(A). We shall say that I is an ideal of < if for all z,y € A:
r<yandrel =yecl

Proposition 83 Let A and B be disjoint finite sets. If P € {F,SF,G,8G,qO}, for all
I'e P(A), IV € P(B):

mo (I,T) =TT, *o ([,T') = > T.
YTeP(AUB),
Y 4=T, T p=T",

B ideal of T
Proof. We prove it for P = F; the other cases are proves similarly In F, m is the sum over
all Feynman graphs I' on {1,2}, with no internal edge between 1 and 2 and no internal edge
between 2 and 1. Then mo; I' is the sum over all Feynman graphs T over AU{2}, with T\, =T
and no edge between any vertex of A and 2 and no edge between 2 and any vertex of A. In
other words, m oy I is the sum over all Feynman graphs T = I'Y’, where Y’ is a Feynman graph
on {2}. Consequently, m o (I'\TV) = (m oy ') og I is the sum over all Feynman graphs T on
AU B, with T4 =T and T|p =1I", and no internal edge between A and B an no internal edge
between B and A, that is to say T = I'T”. The proof is similar for x: * o (I',T) is the sum over
all Feynman graphs T on AU B, such that T\, =T and T|p = IV, and no internal edge between
B and A. O
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4.4.2 Associated Hopf algebras

Corollary 84 The vector space CF generated by connected Feynman graph is a suboperad
of (F,V) and (F,o).

Proof. Let I' € F(A) and I C A, non-empty. Let us prove that if I'; and I'/I — a are
connected, then T is connected. For all x € A, let us denote by CC(z) the connected component
of z in I'. As |7 is connected, for all z € I, I C CC(x). Let x ¢ I. As I'/I — a is connected,
there exists an non oriented path from x to a in I'/I — a, so there exists a non-oriented path
from x to a vertex y € I in I': we obtain that I C CC(y) = CC(x) for all z ¢ I. So I has only
one connected component. O

Following corollary 80, it is possible to define suboperad of connected objects for all the
operads in the commutative diagram. As the product m is, in all cases, the disjoint union,
the morphism from by, to any of these operads obtained by restriction of the morphism from
AsCom takes its image in the suboperad of connected objects. For example:

Oo([—, —]1,1) = 11, Oo(|—, —|1.2) = *Vi*,
bo (= —J21) =2 s, Oo (|, —J22) =3 M3+ NG +INJ +3 115 +1115,

For all k,1 > 1, 8o (|—, —|k,) is the sum of all connected bipartite graphs with blocks {1,...,k}
and {k+1,...,k +[}. The number of such graphs is given by sequence A227322 of the OEIS.

For any vector space V| for any (P, CP) in the following set:

(F, CF), (NcF, CNcF), (SF, CSF), (NcSF, CNcSF), (G, CG),
(NcG, CNcG), (SG, CSG), (NcSG, CNcSG), (q0, Cq0), (0,CO) |’

we have:

Fo(V) = S(Fop(V).

Let us describe the product x induced by the b, structure on all these Hopf algebras. We restrict
ourselves to Fg(V'), the other cases are similar. We fix V = Vect(Xy,...,Xn).

e As a vector space, Acp(V) = Fr(V) is generated by isoclasses T of Feynman graphs I’
whose vertices are decorated by elements of [V].

e For any Feynman graph I whose vertices are decorated by [NV]:

AT = > Tiel.
I'=I'1I's

e For any Feynman graphs I' € F(A), I'' € F(B), whose vertices are decorated by [N]:

I'sI" = E .
I"eF(AUB),
F";‘_F, FE’B:F’
B ideal of T

The dual Hopf algebra Aty (V) has the same basis, up to an identification. Moreover:

e For any Feynman graph I' € F(A), whose vertices are decorated by [N]:

Ay = > Tweu el
I ideal of T'
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e For any Feynman graphs I',T”, whose vertices are decorated by [N]:
IV =TT".
By functoriality, we obtain a diagram of Hopf algebra morphisms:

CF\\ A

CNCcF
/ \ \\ _
ACSF ACNCSF A*CNCF - e A*CG A*CNCG
\ )= / / \
* = * Y A* T 4k
ACNCSF - = ACSG ACN SG ACNCG
- ‘ | /
- - Id
- ‘\»‘\ v
ACNCSG
AEqO A*CO
|
Id
\ v
ACO
Here are examples of morphisms in this diagram:
Ap(V) — A (V)
CF(V) - /C\SF(V) ~ I' if I" has no oriented cycle,
r — s(), r —

0 otherwise,

Ap(V) — Apg(V) A56(V) — Aggo(V)
r — g(), G — <c

Let us describe the bialgebra D (V). It is generated by pairs (f, d), where I' is a connected
Feynman graph decorated by [N], and d € [N]. We shall need the following notions:

Definition 85 LetT be a Feynman graph, with V(') = A, and let {A1, ..., Ay} be a partition
of A.

1. We shall say that this partition is I'-admissible if:

e For alli, T4, is connected.
o — Ay is I'-conver.
— Ag is (I'/A1 — 1)-convex.

- Agis ((...(T/AL = 1)/ ...)Ak—1 — (k — 1))-convex.
By lemma 62-3, this does not depend on the choice of the order on Ay, ..., Ag.

2. Let us assume that {Ay,..., A} is T'-admissible. Let D : [k] — [N].
(a) We obtain a Feynman graph on [k]:
T/{Ay, ... Ay = (... (T/A1 = 1)/ ..)/Ax — E.

Its isoclasse does not depend on the order chosen on the partition A1L. . .UAg by lemma
62. IfT is connected, thenT'/{A1, ..., A} is connected. Moreover, (I'/{A1,..., A}, D)
is a Feynman graph decorated by [N].
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(b) T4, ...Ta, is a decorated Feynman graph, with k connected components, namely
Aq, ... Ag.

For all connected Feynman graphs I' and d € [N], in Dy (V):

AT, d)) = 3 (T/{A1,. .., A}, D). d) @ (Tya,, D(L)) ... (T4, D(R)).
{A1,... bAFk]i if‘](ifmissible,

For any Feynman graph decorated by [IV]:

p(T) = 3 (C/{A1,-.., 44}, D) ® (T|a,, D(1)) ... (T|a,, D(K)).
{A1,..., Ay} I-admissible,
D:[k]—N

Similar formulas can be given for the other operads. For example, if a,b,c,d € [N], in
D:;;O(V):

('Pad) ® (’a7p)7

g
2

I
WE

p=1
N N
A*((Ig,d)) = Z (Ig,d) ®(’aap)(’b7Q)+Z( pvd)®(zg7p)a
p,q=1 p=1
N N
AV d) = > (VD)@ (anp) (o @)eesm) + Y (18,d) @ (12,p)(ec, )
p,q,r=1 p,q=1
N N
+ > (15,d) @ (15,0) (0, 0) + D (e d) @ (V5 p),
p,g=1 p=1
N N
AN d) = D (N d) @ (carp) (o, @) eesm) + Y (18,d) @ (0, p) (18, 9)
p,q,r=1 p,q=1
v v
+ ) (1. d)® (. p)(12.9) + Y (e, d) @ (A p),
p,q=1 p=1
. N . N
A*((}27d)) = Z (Eg 7d)®(‘a7p)<‘b7q)<‘c77a)+ Z (I:?Hd)@(zgap)('WQ)
p,q,r=1 p,q=1
N N .
+ Y D)@ o a)(15,0) + D (e d) @ (p).
p,q=1 p=1

Note that the subalgebra of DEqO(V) generated by rooted trees is a subbialgebra. This comes
from the sujective operad morphism from CqO to PreLie, sending any rooted tree to itself and
the other quasi-order to 0.
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For the coaction:

p=1
N N
p1E) =D 1@ (an) () +Y . ®
p,q=1 p=1
N N
p(NE) = D) N @) @)+ Y 1@ (1h,p)(ecrq)
pﬂmzl p,q=1
N
+ Z Iq aap Q>+Z'P®(b\/; 7p)
p,q=1 p=1
N
Z q/\?T ®('ﬂ7p)('b7q)('c7r)+ Z Ig ®( 8)p)(1b7Q)
p,q,r=1 p,q=1
N N
+ ) @659+ Y w0 N D),
p,q=1 p=1
c N ™ N
pdi) = Y B eepndlar)+ Y 15 ®00p) (e q)
p,g,r=1 p,g=1
N c
+ 3 1o CngEp) + Yo ()
p,q=1 p=1

In order to obtain the coproduct of By (V), let us quotient by relations (.:,j) =

B*CqO(V):

A((1%,d)) (IZ,d)®1+1®( 1%, d),

E

ALV, d)) = (V' d) ®1+Zr;, ® (1%,p) +

3
Il
—

M) =

A*((b/\“c,d)):(b/\“c,d)®1+2(zz,d)®(rz,q)+

1

=

A (dea)) = ( ®1+Z p)+

1

)
Il

77

(t19,d)® (15,p) + 1 (%, d).

0i

(15.d)® (ta,p) +1@ ("V.°,d),

(1, d)@(12,9) +1® (N, d),

NE In



We obtain a commutative diagram of Hopf algebra morphisms:

Dep <—:DCNcF
/ \ \\ -
Dtsp =——DENesF DCNcF - T Dgg <—:DCNCG
\ — ‘ — / / \
T o=~
CNcSF _ ~ Dcsc <—\DCN sG DCNcG
T \ Id /
> * ¢
CNcSG
Dtyo =—Dco
|
Id
\ v
D¢o

Remarks. The components of CF are not finite-dimensional, in order to obtain D&g(V),
we use the duality between CF and CF such that for every Feynman graphs T', TV:

< DT >=rp.

The formulas given in the finite-dimensional case also make sense for this duality. The same
remark holds for other operads here appearing, such as CG.
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Chapter 5

Summary

Let P be an operad, such that P(0) = (0) and, for all n > 1, P(n) is finite dimensional.

(a) P is a graded, non connected brace algebra, with a bracket denoted by (—, —). More-

1.
over, P, is a graded and connected brace subalgebra of P.
(b) This induces a graded, non connected pre-Lie algebra structure on P, which pre-Lie
product is denoted by e. The following diagram of pre-Lie algebras is commutative:
/ ) \
P, coinvP
coinvP 4
(c) This induces a monoid product ¢ on P and a group product ¢ on P,. The following
diagram of monoids is commutative:
) \
(P+,0) (coinvP, Q) =
(coinvP,, ) = Gg
2. (a) There exist products *, induced by the operadic composition of P, making the follow-

ing diagram of graded bialgebras commutative:
Dp = (S(coinvP), *, A) (S(P),*, A)——Dp = (T(P), *, Agec)

Bp = (S(coinvP4), %, A) <— (S(P4), %, A)——Bp = (T'(P4), *, Agec)

(b) They are all graded; the three bialgebras on the bottow row are graded Hopf algebras.

3. (a) There exist coproducts A, making the following diagram of graded bialgebras com-

mutative:
Dp = (S(invP*), m, A, )—— (S(P*),m, Ay) <— Dp = (T'(P*), mcone, As)
—— (S(P%),m,A,) <—Bp = (T'(P%), Mcone, Ax)

Bp = (S(invP%), m, Ay)
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Moreover, Bp, (S(P?%),m,A,) and By are graded, connected Hopf algebras, dual to
Bp, (S(P4),*,A) and Bp respectively.

(b) Considering the monoids of characters of these bialgebras, we obtain a commutative
diagram of monoids:

ME <~— (P,0) =——= MP
GE~— (P,0)=——=GB

4. Let us consider an operad morphism 0p : bo,o — P. Let V be a finite-dimensional vector
space. We denote by Cy the operad of morphisms from V to V&,

(a) We put:

Bp(V) =Bpgc,: Bp(V)=Bpgc,: Dp(V)=Dpgc,, Dp(V)=Dpgc,;
Bp(V) = Bpgc,, Bp(V)=Bpgc,; Dp(V)=Dpgc,, Dp(V)=Dpgc,-

(b) The morphism fp induces a product x on S(Fp(V)), making (S(Fp(V)),*,A) a
graded, connected Hopf algebra, denoted by Ap(V). Its graded dual is denoted by
Ap (V).

(c) Ap(V) is a Hopf algebra in the category of Dp(V')-modules; dually, Ap (V) is a Hopf
algebra in the category of Dy (V')-comodules.

(d) The monoid (ME (V), ®) of characters of D} (V) acts by endomorphisms on the group
Ga(V) of characters of A} (V), and is isomorphic to the monoid of continuous endo-
morphisms of the P-algebra Fp (V). The group of characters (GB(V),0) of Bp(V)
acts by group automorphisms on Gé(V), and is isomorphic to the group of formal
diffeomorphisms of Fp (V) which are tangent to the identity.

Here are diagrams of the different functors which appear in this text (contravariant functors
are represented by dashed arrows).

___ Operads _ _ _
/ / P \\\ \
“0-bounded brace 0-bounded pre-Lie .
’ P, (=) (coinvP, e) .
/
/ Env.dend.alg.i \ lEnv.alg. \
/ Dendriform \ Cocom. N
/ Hopf algebras Hopf algebras \
/ Dp Dp )
/ \
] \
v / !
Bialgebras b_Cocom.
D* ialgebras
|P Dp
Char. : €xTp- : Char.
y ¥
Monoids Monoids
Mp Mg
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Replacing P by its augmentation ideal P :

Non unitary

_ — operads - _
- P+ T~
- ~
- ~
re ~
- / \ ~
N
e N
, connected brace connected pre-Lie.
y (P4, (=) (coinvP ;o) N
\
/ \
,  Env.dend.alg. Env.alg. \

/ \

/ Connected \ Cocom. \
// dendriform connected \\
; Hopf algebras Hopf algebras \

/ Bp Bp . \

/ - 7 \ ~ Dual \
/ . " Dual N \
v ~ N v

Connected Cocom.
codenfriform connected

Hopf algebras Hopf algebras

exp.
exrp.

For operads with morphisms form b, which we here call be-operads:

b,o-operads

(P7 GP)
/ S s
Interacting Cointeracting
bialgebras bialgebras
(AP,DP) (ATIHDTD)

Replacing P by P:

Non unitary
bo-operads

(PJr’ GP)
/ N
Interacting Cointeracting
connected _ _ _ _ . connected
Hopf algebras Dual Hopf algebras
(Ap, Bp) (Ap, Bp)
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