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Abstract

Quasishu�e Hopf algebras, usually de�ned on a commutative monoid, can be more gen-
erally de�ned on any associative algebra V . If V is a commutative and cocommutative
bialgebra, the associated quasishu�e bialgebra QShpV q inherits a second coproduct δ of
contraction and extraction of words, cointeracting with the deconcatenation coproduct ∆,
making QShpV q a double bialgebra. In order to generalize the universal property of the Hopf
algebra of quasisymmetric functions QSym (a particular case of quasishu�e Hopf algebra)
as exposed by Aguiar, Bergeron and Sottile, we introduce the notion of double bialgebra
over V . A bialgebra over V is a bialgebra in the category of right V -comodules and an extra
condition is required on the second coproduct for double bialgebras over V .

We prove that the quasishu�e bialgebra QShpV q is a double bialgebra over V , and that
it satis�es a universal property: for any bialgebra B over V and for any character λ of B,
under a connectedness condition, there exists a unique morphism ϕ of bialgebras over V from
B to QShpV q such that εδ �ϕ � λ. When V is a double bialgebra over V , we obtain a unique
morphism of double bialgebras over V from B to QShpV q, and show that this morphism ϕ1
allows to obtain any morphism of bialgebra over V from B to QShpV q thanks to an action
of a monoid of characters. This formalism is applied to a double bialgebra of V -decorated
graphs.
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Introduction

Quasishu�e bialgebras are Hopf algebras based on words, used in particular for the study of
relations between multizêtas [10, 11]. They also appear in Ecalle's mould calculus, as a symmetrel
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mould can be interpreted as a character on a quasishu�e bialgebras [3]. Ho�man's construction
is based on commutative countable semigroups, but it can be extended to any associative algebra
pV, �q, not necessarily unitary [6]. The associated quasishu�e bialgebra QShpV q is, as a vector
space, the tensor algebra T pV q. Its product is the quasishu�e product ], inductively de�ned as
follows: if x, y P V and v, w P T pV q,

1] w � w,

v ] 1 � v,

xv ] yw � xpv ] ywq � ypxv ] wq � px � yqpv ] wq.

For example, if x, y, z, t P V ,

x] y � xy � yx� x � y,

xy ] z � xyz � xzy � zxy � px � zqy � xpy � zq,

xy ] zt � xyzt� xzyt� zxyt� xzty � zxty � ztxy

� px � zqty � px � zqyt� xzpy � tq � zxpy � tq � px � zqpy � tq.

The coproduct ∆ is the deconcatenation: if x1, . . . , xn P V ,

∆px1 . . . xnq �
ņ

i�0

x1 . . . xi b xi�1 . . . xn.

When pV, �, δV q is a commutative bialgebra, not necessarily unitary, then QShpV q inherits a
second, less known coproduct δ: if x1, . . . , xn P V ,

δpv1 . . . vnq �
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�
. . .

�
� �¹

ip�1¤i¤k

v1i

�
b pv21 . . . v

2
i1q ] . . .] pv2ip�1 . . . v

2
kq,

with Sweedler's notation for δV and where the symbols
�¹
mean that the products are taken in

pV, �q. The counit ϵδ is given as follows: for any word w of length n ¥ 1,

ϵδpwq �

#
ϵV pwq if n � 1,

0 otherwise.

Then pT pV q,], δq is a bialgebra, and pT pV q,],∆q is a bialgebra in the category of right
pT pV q,], δq-comodules, which in particular implies that

p∆b Idq � δ � ]1,3,24 � pδ b δq �∆,

where ]1,3,24 : T pV q
b4 ÝÑ T pV qb3 send w1bw2bw3bw4 to w1bw3bw2]w4. Two particular

cases will be considered all along this paper:

� V � K, with its usual bialgebraic structure. The quasishu�e algebra QShpKq is isomorphic
to the polynomial algebra KrXs, with its two coproducts de�ned by

∆pXq � X b 1� 1bX, δpXq � X bX.

� V is the algebra of the semigroup pN¡0,�q. We recover the double Hopf algebra of qua-
sisymmetric functions QSym [8, 9, 12, 14]. This Hopf algebra is studied in [2], where it
is proved to be the terminal object in a category of combinatorial Hopf algebras: If B is a
graded and connected Hopf algebra and λ is a character of B, then there exists a unique
homogeneous Hopf algebra morphism ϕλ : B ÝÑ QSym such that ϵδ �ϕλ � λ. We proved
in [4, 5] that when pB,m,∆, δq is a double bialgebra, such that:
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� pB,m,∆q is a graded and connected Hopf algebra,

� for any n P N, δpBnq � Bn bB,

then ϕεδ is the unique homogeneous double bialgebra morphism from B to QSym. A sim-
ilar result exists for KrXs, where the hypothesis "graded and connected" on B is replaced
by the weaker hypothesis "connected".

In this paper, we generalize these results to any quasishu�e QShpV q associated to a com-
mutative and cocommutative bialgebra pV, �, δV q, not necessarily unitary. We �rstly show that
pT pV q, �,∆q is a bialgebra in the category of right V -comodules, with the coaction ρ de�ned by

@v1, . . . , vn P V, ρpv1 . . . vnq � v11 . . . v
1
n b v21 � . . . � v

2
n.

Moreover, the second coproduct δ satis�es this compatibility with ρ:

pIdb cq � pρb Idq � δ � pδ b Idq � ρ,

where c : V bT pV q ÝÑ T pV qbV is the usual �ip. Equivalently, pT pV q,],∆q is a comodule over
the coalgebra pV, δopV q b pT pV q, δq. This observation leads us to study bialgebras over V , that is
to say bialgebras in the category of right pV, �, δV q-comodules (De�nition 1.1 when V is unitary).
Technical di�culties occur when V is not unitary, a case that cannot be neglected as it includes
QSym: this is the object of De�nition 1.3, where we use the unitary extension uV of V , which
is also a bialgebra. We de�ne double bialgebras over V in De�nition 1.4 in the unitary case and
De�nition 1.3 in the nonunitary case. When V � K, bialgebras over V are bialgebras B with
a decomposition B � B1 ` B1, where B1 is a subbialgebra and B1 is a biideal. This includes
any bialgebra B, taking B1 � K1B and B1 the kernel of the counit. When V � KpN¡0,�q,
bialgebras over V are N-graded and connected bialgebras, in other words N-graded bialgebras B
with B0 � K1B.

We prove that the antipode of a bialgebra pB,m,∆, ρq over V , such that pB,m,∆q is a Hopf
algebra, is automatically a comodule morphism (Proposition 1.2), that is to say

ρ � S � pS b IdV q � ρ.

In the case of N-graded bialgebras, this means that S is automatically homogeneous; more
generally, if Ω is a commutative semigroup and B is an Ω-graded bialgebra and a Hopf algebra,
then its antipode is automatically Ω-homogeneous.

Let us now consider the double quasishu�e algebra QShpV q � pT pV q,],m,∆, δq, which is
over V with the coaction ρ. We obtain a generalization of Aguiar, Bergeron and Sottile's result:
Theorem 2.3 states that for any connected bialgebra B over V and for any character λ of B,
there exists a unique morphism ϕλ from B to QShpV q of bialgebras over V such that ϵδ �ϕλ � λ,
given by an explicit formula implying the iterations of the reduced coproduct ∆̃ associated to
the coproduct ∆ of B.

When B is moreover a double bialgebra over V , we prove that the unique morphism of double
bialgebras over V from B to QShpV q is Φϵδ (Theorem 2.7). Moreover, for any bialgebra B1 over
V , the second coproduct δ induces an actionø of the monoid of characters CharpBq (with the
product induced by δ) onto the set of morphisms of bialgebras over V from B to B1 (Proposition
2.11. When B1 � QShpV q, we obtain that this action is simply transitive (Corollary 2.13), which
gives a bijection between the set of characters of B and the set of morphisms of double bialgebras
over V from B to QShpV q. This is �nally applied to the twisted bialgebra of graphs G: for any
V , we obtain a double bialgebra HV of V -decorated graphs, and the unique morphism of double
bialgebras over V from HV to QShpV q is a generalization of the chromatic polynomial and of
the chromatic (quasi)symmetric series. Taking V � K or KpN¡0,�q, we recover the terminal
property ok KrXs and QSym.
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Notations 0.1. 1. We denote by K a commutative �eld of characteristic zero. Any vector
space in this �eld will be taken over K.

2. For any n P N, we denote by rns the set t1, . . . , nu. In particular, r0s � H.

1 Bialgebras over another bialgebra

1.1 Dé�nitions and notations

Let pV, �, δV q be a commutative bialgebra, which we �rstly assume to be unitary and counitary.
Its counit is denoted by ϵV and its unit by 1V .

De�nition 1.1. A bialgebra over V is a bialgebra in the category of right V -comodules, that is
to say a family pB,m,∆, ρq where pB,m,∆q is a bialgebra and ρ : B ÝÑ B b V such that:

� ρ is a right coaction of V over B:

pρb IdV q � ρ � pIdB b δV q � ρ, pIdB b ϵV q � ρ � IdB.

� The unit of B is a V -comodule morphism:

ρp1Bq � 1B b 1V .

� The product m of B is a V -comodule morphism:

ρ �m � pmb �q � pIdb cb Idq � pρb ρq,

where c : B bB ÝÑ B bB is the usual �ip, sending ab b to bb a.

� The counit ε∆ of B is a V -comodule morphism:

@x P B, pε∆ b Idq � ρpxq � ε∆pxq1V .

� The coproduct ∆ of B is a V -comodule morphism:

p∆b Idq � ρ � m1,3,24 � pρb ρq �∆,

where

m1,3,24 :

"
B b V bB b V ÝÑ B bB b V
b1 b v2 b b3 b v4 ÝÑ b1 b b3 b v2 � v4.

Notice that the second and third items are equivalent to the fact that ρ is an algebra mor-
phism.

Example 1.1. � Let pΩ, �q be a monoid and let V � KΩ be the associated bialgebra. Let B
be a bialgebra over V . For any α P Ω, we put

Bα � tx P B | ρpxq � xb αu.

Then B �
à
αPΩ

Bα. Indeed, if x P B, we can write

ρpxq �
¸
αPΩ

xα b α.
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Then

pρb Idq � ρpxq �
¸
αPΩ

ρpxαq b α � pIdb δV q � ρpxq �
¸
αPΩ

xα b αb α.

Therefore, for any α P Ω, ρpxαq � xα b α, that is to say xα P Bα. Moreover,

x � pIdb ϵV q � ρpxq �
¸
αPΩ

xα.

The second item of De�nition 1.1 is equivalent to 1B P B1Ω . The third item is equivalent
to

@α, β P Ω, BαBβ � Bα�β.

The fourth item is equivalent to
à
α�1Ω

Bα � Kerpε∆q. The last item is equivalent to

@α P Ω, ∆pBαq �
à

α1�α2�α

Bα1 bBα2 .

In other words, a bialgebra over KΩ is an Ω-graded bialgebra.

� Let V � KpZ{2Z,�q. A bialgebra over V admits a decomposition B � B0 ` B1, with
1B P B0, ε∆pB1q � p0q, and

B0B1 �B1B0 �B1B1 � B1, B0B0 � B0,

∆pB1q � B1 bB0 �B0 bB1 �B1 bB1, ∆pB0q � B0 bB0.

In other words, a bialgebra over V is a bialgebra with a decomposition B � B0`B1, such
that B0 is a subbialgebra and B1 is a biideal. In particular, any bialgebra pB,m,∆q is
trivially a bialgebra over V , with B0 � K1B and B1 � Kerpε∆q, or equivalently, for any
x P B,

ρpxq � εpxq1B b 1� px� εpxq1Bq bX.

� Let Ω be a �nite monoid and let KrΩs be the bialgebra of functions over G, dual of the
bialgebra KΩ. A bialgebra over KrΩs is a family pB,m,∆,�q where pB,m,∆q is a bialgebra
and � is a right action of Ω on B such that:

@x, y P B, @ω P Ω, pxyq � ω � px� ωqpy � ωq,

@x P B, @ω P Ω, ∆px� ωq � ∆pxq � pω b ωq,

@ω P Ω, 1B � ω � 1B,

@x P B, @ω P Ω, ε∆px� ωq � ε∆pxq.

Notations 1.1. We shall use the Sweedler's notation ρpxq � x0bx1. The �ve items of De�nition
1.1 become

px0q0 b px0q1 b x1 � x0 b x11 b x21,

x0εpx1q � x,

p1Bq0 b p1Bq1 � 1B b 1V ,

pxyq0 b pxyq1 � x0y0 b x1y1,

ε∆px0qx1 � ε∆pxq1V ,

px0q
p1q b px0q

p2q b x1 � pxp1qq0 b pxp2qq0 b pxp1qq1px
p2qq1.
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1.2 Antipode

Proposition 1.2. Let pV,mV , δV q be a bialgebra and let pB,m,∆, ρq be a bialgebra over V . If

pB,m,∆q is a Hopf algebra of antipode S, then S is a comodule morphism:

ρ � S � pS b IdV q � ρ.

Proof. Let us give HompB,B b V q its convolution product �: for any linear maps f , g from B
to B b V ,

f � g � mBbV � pf b gq �∆.

In this convolution algebra,

ppS b IdV q � ρq � ρ � mBbV � pS b IdV b IdB b IdV q � pρb ρq �∆

� pm � pS b IdBq �∆b IdV q �m1,3,24 � pρb ρq �∆

� pm � pS b IdBq �∆b IdV q � p∆b Idq � ρ

� pm � pS b IdBq �∆b IdV q � ρ

� pιB � ε∆ b IdV q � ρ

� ιBbV � ε∆.

So pS b IdV q � ρ is a right inverse of ρ in (HompB,B b V q, �q.

ρ � pρ � Sq � mBbV � pρb ρq � pIdb Sq �∆

� ρ �m � pIdb Sq �∆

� ρ � ιB � ε∆

� ιBbV � ε∆.

So ρ�S is a left inverse of ρ in (HompB,BbV q, �q. As � is associative, pSb IdV q �ρ � ρ�S.

Example 1.2. 1. Let pΩ, �q be a semigroup. If V is the bialgebra of pΩ, �q, we recover that if
B is an Ω-graded bialgebra and a Hopf algebra, then, S is Ω-homogeneous, that is to say,
for any α P Ω,

SpBαq � Bα.

2. Let Ω be a �nite monoid. If pB,m,∆,�q is a bialgebra over KrΩs and a Hopf algebra, then
for any x P B, for any α P Ω,

Spx� αq � Spxq � α.

1.3 Nonunitary cases

We shall work with not necessarily unitary bialgebras pV, �, δV q. If so, we put uV � K` V and
we give it a product and a coproduct de�ned as follows:

@λ, µ P K, @v, w P V, pλ� vq � pµ� wq � λµ� λw � µv � v � w,

@λ P K, @v P V, δuV pλ� vq � λ1b 1� δV pvq.

Then puV, �, δuV q is a counitary and unitary bialgebra, and V is a nonunitary subbialgebra of
uV .

De�nition 1.3. Let pV, �, δV q be a not necessarily unitary bialgebra and puV, �, δuV q be its unitary
extension. A bialgebra over V is a bialgebra pB,m,∆, ρq over uV such that

ρpKerpε∆qq � B b V.
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Remark 1.1. If pB,m,∆, ρq is a bialgebra over the nonunitary bialgebra pV, �, δV q, then

tb P B | ρpbq � bb 1u � K1B.

Indeed, if ρpbq � bb 1, putting b1 � b� ε∆pbq1B, then b
1 P Kerpε∆q. Hence,

ρpb1q � ρpbq � ε∆pbq1B b 1 � pb� εpbq1Bq b 1 P B b V,

so b � ε∆pbq1B.

In the sequel, we will mention that we work with a nonunitary bialgebra pV, �, δV q if we want
to use De�nition 1.3 instead of De�nition 1.1, even if pV, �q has a unit � that will happen when
we will work with K.
Example 1.3. 1. If Ω is a semigroup, then a bialgebra pB,m,∆q over KΩ is a connected uΩ-

graded bialgebra, where uΩ � teu \ Ω with the extension of the product of Ω such that e
is a unit:

B �
à
αPuΩ

Bα,

@α, β P Ω, ∆pBαq �
¸

α1,α2PΩ,
α1�α2�α

Bα1 bBα2 �Bα bBe �Be bBα,

Be � K1B,

@α P Ω, ε∆pBαq � p0q.

2. If V � K1, as uK is isomorphic to KpZ{2Z,�q, any bialgebra pB,m,∆q is a bialgebra over
V with B0 � K1B and B1 � Kerpε∆q.

1.4 Double bialgebras over V

De�nition 1.4. Let pB,m,∆, δq be a double bialgebra, pV, �, δV q be a bialgebra and ρ : B ÝÑ
B b V be a right coaction of V over B. We shall say that pB,m,∆, δ, ρq is a double bialgebra

over V if pB,m,∆, ρq is a bialgebra over V and

pIdb cq � pρb Idq � δ � pδ b Idq � ρ : B ÝÑ B bB b V,

where c : V bB ÝÑ BbV is the usual �ip. In other words, with Sweedler's notation δpxq � x1bx2

for any x P B,
px1q0 b x2 b px1q1 � px0q

1 b px0q
2 b x1.

Remark 1.2. In other words, in a double bialgebra B over V , considering the left coaction ρop of
V cop � pV, δopV q on B,

pρop b Idq � δ � pIdb δq � ρop,

which means that B is a pV, δopV q�pB, δq-bicomodule.

Example 1.4. Let Ω be a �nite monoid. A double bialgebra pB,m,∆,�q over KrΩs is a bialgebra
over KrΩs and a double bialgebra such that for any x P B, for any α P Ω,

δpx� αq � δpxq � pαb eΩq,

where eΩ is the unit of Ω.

In the nonunitary case:

De�nition 1.5. Let pV, �, δV q be a not necessarily unitary bialgebra. A double bialgebra over V
is a double bialgebra pB,m,∆, δ, ρq over uV such that pB,m,∆, ρq is a bialgebra over V .

1which is of course unitary, but which we treat as a nonunitary bialgebra, as mentioned before.
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Example 1.5. 1. Let Ω be a semigroup. A double bialgebra pB,m,∆, δq over KΩ is a bialgebra
over KΩ such that for any α P Ω,

δpBαq � Bα bB.

2. If V � K, as uK is isomorphic to KpZ{2Z,�q, any double bialgebra pB,m,∆, δq is a double
bialgebra over V with B0 � K1B and B1 � Kerpε∆q.

2 Quasishu�e bialgebras

2.1 De�nition

[3, 6, 10, 11] Let pV, �q be a nonunitary bialgebra. The tensor algebra T pV q is given the quasishu�e
product associated to V : For any v1, . . . , vk�l P V ,

v1 . . . vk ] vk�1 . . . vk�l �
¸

σPQShpk,lq

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pmaxpσqq

vi

�
,

where QShpk, lq is the set of pk, l)-quasishu�es, that is to say surjections σ : rk� ls ÝÑ rmaxpσqs

such that σp1q   . . .   σpkq and σpk � 1q   . . .   σpk � lq. The symbol
�¹

means that the

corresponding products are taken in pV, �q. The coproduct ∆ is given by deconcatenation: for
any v1, . . . , vn P V ,

∆pv1 . . . vnq �
ņ

k�0

v1 . . . vk b vk�1 . . . vn.

A special case is given when � is the zero product of V . In this case, we obtain the shu�e product
� of T pV q. The bialgebra pT pV q,�,∆q is denoted by ShpV q.

If pV, �, δV q is a not necessarily unitary commutative bialgebra, then QShpV q inherits a second
coproduct δ making it a double bialgebra. For any v1, . . . , vk P V , with Sweeder's notation
δV pvq � v1 b v2,

δpv1 . . . vnq �
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�
. . .

�
� �¹

ip�1¤i¤k

v1i

�
b pv21 . . . v

2
i1q ] . . .] pv2ip�1 . . . v

2
kq.

Proposition 2.1. Let pV, �, δV q be a nonunitary bialgebra. We de�ne a coaction of V on QShpV q
by

@v1, . . . , vn P V, ρpv1 . . . vnq � v11 . . . v
1
n b v21 � . . . � v

2
n.

1. The quasishu�e bialgebra QShpV q � pT pV q,],∆, ρq is a bialgebra over V if and only if

pV, �q is commutative.

2. The quasishu�e double bialgebra QShpV q � pT pV q,],∆, δ, ρq is a bialgebra over V if and

only if pV, �q is commutative and cocommutative.

Proof. 1. Let us assume that QShpV q is a double bialgebra over V with this coaction ρ. For any
v, w P V ,

ρpv ] wq � ρpvw � wv � v � wq

� v1w1 b v2 � w2 � w1v1 b w2 � v2 � v1 � w1 b v2 � w2,

p] bmq � pρb ρqpv b wq � v1 ] w1 b v2 � w2

� pv1w1 � w1v1 � v1 b w1q b v2 � w2.
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As ] is comodule morphism, we obtain that for any v, w P V ,

w1 b v1 b w2 � v2 � w1 b v1 b v2 � w2.

Applying ϵV b ϵV b IdV , this gives v � w � w � v, so V is commutative.

Let us now assume that V is commutative. The compatibilities of the unit and of the counit
with the coaction ρ are obvious. Let v1, . . . , vk�l P V and let σ P QShpk, lq.

ρ

�
�
�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pmaxpσqq

vi

�

�


�

�
� �¹

iPσ�1p1q

vi

�

1

. . .

�
� �¹

iPσ�1pmaxpσqq

vi

�

1

b

�
� �¹

iPσ�1p1q

vi

�

2

� . . . �

�
� �¹

iPσ�1pmaxpσqq

vi

�

2

�

�
� �¹

iPσ�1p1q

v1i

�
. . .

�
� �¹

iPσ�1pmaxpσqq

v1i

�
b

�
� �¹

iPσ�1p1q

v2i

�
� . . . �

�
� �¹

iPσ�1pmaxpσqq

v2i

�


�

�
� �¹

iPσ�1p1q

v1i

�
. . .

�
� �¹

iPσ�1pmaxpσqq

v1i

�
b v21 � . . . � v

2
n,

as pV, �q is commutative. Summing over all possible σ, we obtain

ρpv1 . . . vk ] vk�1 . . . vk�lq �

�
� ¸

σPQShpk,lq

�
� �¹

iPσ�1p1q

v1i

�
. . .

�
� �¹

iPσ�1pmaxpσqq

v1i

�

�
b v21 � . . . � v

2
n

� pv11 . . . v
1
k ] v1k�1 . . . v

1
k�lq b pv21 � . . . � v

2
kq � pv

2
k�1 � . . . � v

2
k�lq

� ρpv1 . . . vkqρpvk�1 . . . vk�lq.

Let v1, . . . , vk P V . If 0 ¤ i ¤ k,

m1,3,24 � pρb ρqpv1 . . . vi b vi�1 . . . vkq � v11 . . . v
1
i b v1i�1 . . . v

1
n b v21 � . . . � v

2
k.

Summing over all possible i, we obtain

m1,3,24 � pρb ρq �∆pv1 . . . vkq �

�
ķ

i�0

v11 . . . v
1
i b v1i�1 . . . v

1
k

�
b v21 � . . . � v

2
k

� p∆b Idq � ρpv1 . . . vkq.

2. Let us assume that QShpV q is a double bialgebra over V . By the �rst part of this proof,
V is commutative. For any v P V ,

pIdb δV q � δV pvq � pδV b Idq � δV pvq

� pδ b Idq � ρpvq

� pIdb cq � pρb Idq � δpvq

� pIdb cq � pδ b Idq � δpvq

� pIdb δopV q � δV pvq.

Applying ϵV b Idb Id, we obtain that δopV � δV , so V is cocommutative.
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Let us assume that V is commutative and cocommutative. It is proved in [6] that QShpV q is
a double bialgebra. By the �rst item, QShpV q is a bialgebra over V . For any v1, . . . , vn P V ,

pδ b Idq � ρpv1 . . . vkq

�
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�
. . .

�
� �¹

ip�1¤i¤k

v1i

�
b pv21 . . . v

2
i1q ] . . .] pv2ip�1 . . . v

2
kq b v31 � . . . � v

3
k ,

whereas

pIdb cq � pρb Idq � δpv1 . . . vkq

�
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�1
. . .

�
� �¹

ip�1¤i¤k

v1i

�

1

b pv21 . . . v
2
i1q ] . . .] pv2ip�1 . . . v

2
kq

b

�
�¹

1¤i¤i1

v1i

�2
� . . . �

�
� �¹

ip�1¤i¤k

v1i

�

2

�
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�
. . .

�
� �¹

ip�1¤i¤k

v1i

�
b pv21 . . . v

2
i1q ] . . .] pv3ip�1 . . . v

3
k q

b

�
�¹

1¤i¤i1

v2i

�
� . . . �

�
� �¹

ip�1¤i¤k

v2i

�


�
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�
. . .

�
� �¹

ip�1¤i¤k

v1i

�
b pv31 . . . v

3
i1q ] . . .] pv3ip�1 . . . v

3
k q b v21 � . . . � v

2
k,

as V is commutative. By the cocommutativity of δV ,

pδ b Idq � ρpv1 . . . vkq � pIdb cq � pρb Idq � δpv1 . . . vkq,

so pT pV q,],∆, δ, ρq is a double bialgebra over V .

2.2 Universal property of quasishu�e bialgebras

Let us recall the de�nition of connectivity for bialgebras:

Notations 2.1. 1. Let pB,m,∆q be a bialgebra, of unit 1B and of counit ε∆. For any x P
Kerpε∆q, we put

∆̃pxq � ∆pxq � xb 1� 1b x.

Then ∆̃ is a coassociative coproduct on Kerpε∆q. Its iterations will be denoted by ∆̃pnq :
Kerpε∆q ÝÑ Kerpε∆q

bpn�1q, inductively de�ned by

∆̃pnq �

#
IdKerpε∆q if n � 0,

p∆̃pn�1q b Idq � ∆̃ otherwise.

2. The bialgebra pB,m,∆q is connected if

Kerpε∆q �
8¤

n�0

Ker
�
∆̃pnq

	
.
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3. If pB,m,∆q is a connected bialgebra, we put, for n ¥ 0,

B¤n � K1B `Ker
�
∆̃pnq

	
.

As B is a connected, this is a �ltration of B, known as the coradical �ltration [1, 15].
Moreover, for any n ¥ 1, because of the coassociativity of ∆̃,

∆̃pB¤nq � Bb2
¤n�1.

In the case of bialgebras over a bialgebra pV, �, δV q, the connectedness is sometimes automatic:

Proposition 2.2. Let pV, �,∆q be a nonunitary bialgebra. For any n ¥ 1, we put

V �n � Vectpv1 � . . . � vn, v1, . . . , vn P V q.

If
£
n¥1

V �n � p0q, then any bialgebra over V is a connected bialgebra.

Proof. Let pB,m,∆, ρq be a bialgebra over V and let x P Kerpε∆q. We put

ρpxq �

p̧

i�1

xi b vi.

Let us denote by W the vector space generated by the elements vi. By de�nition, this is a
�nite-dimensional vector space and ρpxq P B bW . As W is �nite-dimensional, the decreasing
sequence of vector spaces pW X V �nqn¥1 is stationary, so there exists N ¥ 1 such that if n ¥ N ,
W X V �n �W X V �N . Therefore

W X V �N �W X
£
n¥1

V �n � p0q.

Moreover,

m1,3,...,2N�1,24...2N � ρbN � ∆̃pN�1qpxqloooooooooooooooooooooooomoooooooooooooooooooooooon
PBbNbV �N

� p∆̃pN�1q b Idq � ρpxqloooooooooooomoooooooooooon
PBbNbW

.

As V �N XW � p0q, p∆̃pN�1q b Idq � ρpxq � 0. Then

pIdbN b ϵV q � p∆̃
pN�1q b Idq � ρpxq � ∆̃pN�1qpxq � 0.

So pB,m,∆q is connected.

Example 2.1. 1. If pV, �, δV q is the bialgebra of the semigroup pN¡0,�q, then
£
n¥1

V �n � p0q.

We recover the classical result that any N-graded bialgebra B such that B0 � K1B is
connected. This also works for algebras of semigroups Nnzt0u, for example.

2. This does not hold if V is unitary, as then V �n � V for any n P N.

Theorem 2.3. Let V be a nonunitary, commutative bialgebra and let pB,m,∆, ρq be a connected
bialgebra over V . For any character λ of B, there exists a unique morphism ϕ from pB,m,∆, ρq
to pT pV q,],∆, ρq of bialgebras over V such that ϵδ � ϕ � λ. Moreover, for any x P Kerpε∆q,

ϕpxq �
8̧

n�1

ppλb Idq � ρqbn � ∆̃pn�1qpxqlooooooooooooooooomooooooooooooooooon
PV bn

. (1)
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Proof. Let us �rst prove that for any λ P V � such that λp1Bq � 1, there exists a unique coalgebra
morphism ϕ : pB,∆, ρq ÝÑ pT pV q,∆, ρq of coalgebras over V such that ϵδ � ϕ � λ.

Existence. Let ϕ : B ÝÑ QShpV q de�ned by (1) and by ϕp1Bq � 1. By connectivity of B, (1)
makes perfectly sense. Let us prove that ϕ is a coalgebra morphism. As ϕp1Bq � 1, it is enough
to prove that for any x P Kerpε∆q, ∆̃ � ϕpxq � pϕb ϕq � ∆̃pxq. We shall use Sweedler's notation
∆̃pn�1qpxq � xp1q b . . .b xpnq.

∆̃ � ϕpxq

�
8̧

n�1

λ
�
x
p1q
0

	
. . . λ

�
x
pnq
0

	
∆̃
�
x
p1q
1 . . . x

pnq
1

	

�
8̧

n�1

n�1̧

i�1

λ
�
x
p1q
0

	
. . . λ

�
x
pnq
0

	
x
p1q
1 . . . x

piq
1 b x

pi�1q
1 . . . x

pnq
1

�
¸
i,j¥1

λ
�
x
p1qp1q
0

	
. . . λ

�
x
p1qpiq
0

	
λ
�
x
p2qp1q
0

	
. . . λ

�
x
p2qpjq
0

	
x
p1qp1q
1 . . . x

p1qpiq
1 b x

p2qp1q
1 . . . x

p2qpjq
1

� pϕb ϕq
�
xp1q b xp2q

	
� pϕb ϕq � ∆̃pxq.

Let us prove that ϵδ � ϕ � λ. If x � 1B, then ϵδ � ϕp1Bq � ϵδp1q � 1 � λp1Bq. If x P Kerpε∆q, as
ϵδpV

bnq � p0q for any n ¥ 2,

ϵδ � ϕpxq � ϵδ � pλb Idq � ρ � ∆̃p0qpxq � 0 � λ ppIdb ϵδq � ρpxqq � λpxq.

Let us prove that ϕ is a comodule morphism. If x � 1B, then

ρ � ϕp1Bq � 1b 1 � pϕb Idqp1B b 1q � pϕb Idq � ρp1Bq.

Let us assume that x P Kerpε∆q.

pϕb Idq � ρpxq � ϕpx0q b x1

�
8̧

n�1

λ
�
px0q

p1q
0

	
. . . λ

�
px0q

pnq
0

	
px0q

p1q
1 . . . px0q

pnq
1 b x1

�
8̧

n�1

λ
�
x
p1q
00

	
. . . λ

�
x
pnq
00

	
x
p1q
01 . . . x

pnq
01 b x

p1q
1 � . . . x

pnq
1

�
8̧

n�1

λ
�
x
p1q
0

	
. . . λ

�
x
pnq
0

	
x
p1q
1 . . . x

pnq
1 b x

p1q
2 � . . . � x

pnq
2

�
8̧

n�1

λ
�
x
p1q
0

	
. . . λ

�
x
pnq
0

	
ρ
�
x
p1q
1 . . . x

pnq
1

	
� ρ � ϕpxq.

Uniqueness. Let ψ : pB,∆, ρq ÝÑ pT pV q,∆, ρq such that ϵδ � ψ � λ. As 1 is the unique
group-like element of QShpV q, necessarily ψp1Bq � 1 � ϕp1Bq. It is now enough to prove that
ψpxq � ϕpxq for any x P Kerpε∆q. We assume that x P B¤n and we proceed by induction on
n. If n � 0, there is nothing to prove. Let us assume that n ¥ 1. As ∆̃pxq P Bb2

¤n�1, by the
induction hypothesis,

∆̃ � ψpxq � pψ b ψq � ∆̃pxq � pϕb ϕq � ∆̃pxq � ∆̃ � ϕpxq,
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so ψpxq � ϕpxq P Kerp∆̃q � V . We put ψpxq � ϕpxq � v P V . Then

v � pϵV b Idq � δV pvq

� pϵδ b Idq � ρpvq

� pϵδ b Idq � ρ � ϕpxq � pϵδ b Idq � ρ � ψpxq

� pϵδ b Idq � pϕb Idqpxq � pϵδ b Idq � pψ b Idqpxq

� pλb Idqpxq � pλb Idqpxq

� 0.

So ψpxq � ϕpxq.

Let us now consider a character λ. As λp1Bq � 1, we already proved that there exists a
unique coalgebra morphism ϕ : pB,∆, ρq ÝÑ pT pV q,∆, ρq such that ϵδ � ϕ � λ. Let us prove
that it is an algebra morphism. We consider the two morphisms ϕ1 � ]� pϕbϕq and ϕ2 : ϕ �m,
both from B b B to QShpV q. As ϕ, ] and m are both comodule and coalgebra morphisms, ϕ1
and ϕ2 are comodule and coalgebra morphisms. Moreover, B b B is connected and, as ϵδ is a
character of pT pV q,]q and λ is a character of pB,mq,

ϵδ � ] � pϕb ϕq � pϵδ b ϵδq � pϕb ϕq � λb λ � λbm � ϵδ � ϕ �m.

So ϵδ � ϕ1 � ϵδ � ϕ2. By the uniqueness part, ϕ1 � ϕ2.

Lemma 2.4. 1. The double bialgebras QShpKq � pT pKq,],∆, δq and pKrXs,m,∆, δq are

isomorphic, through the map

Υ :

"
QShpKq ÝÑ KrXs
λ1 . . . λn ÝÑ λ1 . . . λnHnpXq,

where Hn is the n-th Hilbert polynomial

HnpXq �
XpX � 1q . . . pX � n� 1q

n!
.

2. Let V be a nonunitary, commutative and cocommutative bialgebra. The following map is a

morphism of double bialgebras:

ΥV :

"
QShpV q ÝÑ KrXs
v1 . . . vn ÝÑ ϵV pv1q . . . ϵpvnqHnpXq.

Proof. 1. In order to simplify the reading of the proof, the element 1 P K � QShpKq is denoted
by x. We apply Theorem 2.3 with B � KrXs, with its usual product m and coproducts ∆ and
δ. with the character ϵδ of KrXs, which sends any polynomial P on P p1q. Let us denote by ϕ
the following morphism. Then ϕpXq � ϵδpXqx � x. By multiplicativity, for any n ¥ 1,

ϕpXnq � x]n � n!xn � a linear span of xk with k   n.

By triangularity, ϕ is an isomorphism. Let us denote by Υ the inverse isomorphism, and let us
prove that Υpxnq � HnpXq for any n by induction on n. This obvious if n � 0 or 1. Let us
assume that n ¥ 2. Let us prove that for any 0 ¤ k ¤ n � 1, Υpxnqpkq � 0 by induction on k.
As ε∆ �Υ � ε∆,

Υpxnqp0q � ε∆ �Υpxnq � ε∆px
nq � 0.
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If k ¥ 1, as Υ is a coalgebra morphism,

Υpxnqpkq � Υpxnqpk � 1� 1q

� ∆ �Υpxnqpk � 1, 1q

� pΥbΥq �∆pxnqpk � 1, kq

�
ņ

l�0

Υpxlqpk � 1qΥpxn�lqp1q

� Υpxnqpk � 1q �
n�1̧

l�1

Υlpk � 1qΥn�lp1q �Υpxnqp1q

� Υpxnqp1q,

by the induction hypotheses on k and n. As ϵδ � ϕ � ϵδ, we obtain that ϵδ �Υ � ϵδ,

Υpxnqp1q � ϵδ �Υpx
nq � ϵδpx

nq � 0.

Therefore, Υpxnq is a multiple of XpX�1q . . . pX�n�1q. By triangularity of ϕ, we obtain that

Υpxnq �
Xn

n!
� terms of degree   n.

Consequently, Υpxnq � HnpXq.

2. The counit ϵV : V ÝÑ K is a bialgebra morphism. By functoriality, we obtain a double
bialgebra morphism from QShpV q to QShpKq, which sends v1 . . . vn P V bn to ϵV pv1q . . . ϵV pvnqx

n.
Composing with the isomorphism of the preceding item, we obtain ΥV .

As any bialgebra is trivially a bialgebra over K, we immediately obtain:

Corollary 2.5. Let pB,m,∆q be a connected bialgebra and let λ be a character of B. There

exists a unique bialgebra morphism ϕ : pB,m,∆q ÝÑ pKrXs,m,∆q such that for any x P B,
ϕpxqp1q � λpxq. For any x P Kerpε∆q,

ϕpxq �
8̧

n�1

λbn � ∆̃pn�1qpxqHnpXq.

When V is the bialgebra of the semigroup pN¡0,�q, we recover Aguiar, Bergeron and Sottile's
result [2], with Proposition 2.2:

Corollary 2.6. Let pB,m,∆q be a graded bialgebra with B0 � K1B and let λ be a character

of B. There exists a unique bialgebra morphism ϕ : pB,m,∆q ÝÑ pQSym,],∆q such that

ϵδ � ϕ � λ.

2.3 Double bialgebra morphisms

Theorem 2.7. Let V be a nonunitary, commutative and cocommutative bialgebra, and let

pB,m,∆, δ, ρq be a connected double bialgebra over V . There exists a unique morphism ϕ from

pB,m,∆, δ, ρq to pT pV q,],∆, δ, ρq of double bialgebras over V . For any x P Kerpε∆q,

ϕpxq �
8̧

n�1

ppϵδ b Idq � ρqbn � ∆̃pn�1qpxqloooooooooooooooooomoooooooooooooooooon
PV bn

.
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Proof. Uniqueness: such a morphism is a morphism ϕ from pB,m,∆, ρq to pB,m,∆, ρq with
ϵδ � ϕ � ϵδ. By Theorem 2.3, it is unique.

Existence: let ϕ : pB,m,∆, ρq ÝÑ pB,m,∆, ρq be the (unique) morphism such that ϵδ � ϕ �
ϵδ. Let us prove that for any x P B¤n, δ � ϕpxq � pϕb ϕq � δpxq by induction on n. If n � 0, we
can assume that x � 1B. Then

δ � ϕp1Bq � pϕb ϕq � δp1Bq � 1b 1.

Let us assume the result at all ranks   n, with n ¥ 2. Let x P Kerpε∆q. As pε∆ b Idq � δpxq �
ε∆pxq1, δpxq P Kerpε∆q bB.

p∆̃b Idq � δ � ϕpxq � m1,3,24 � pδ b δq � ∆̃ � ϕpxq

� m1,3,24 � pδ b δq � pϕb ϕq � ∆̃pxq

� m1,3,24 � pϕb ϕb ϕb ϕq � pδ b δq � ∆̃pxq

� pϕb ϕb ϕq �m1,3,24 � pδ b δq � ∆̃pxq

� pϕb ϕb ϕq � p∆̃b Idq � δpxq

� p∆̃b Idq � pϕb ϕq � ∆̃pxq.

We used the induction hypothesis on the both sides of the tensors appearing in ∆̃pxq for the
third equality. We deduce that pδ � ϕ� ϕb ϕq � δpxq P Kerp∆̃b Idq � V b T pV q. Moreover,

pIdb cq � pρb Idq � δ � ϕpxq � pδ b Idq � ρ � ϕpxq

� pδ b Idq � pϕb Idq � ρpxq,

pIdb cq � pρb Idq � pϕb ϕq � δpxq � pIdb cq � pϕb Idb ϕq � pρb Idq � δpxq

� pϕb ϕb Idq � pIdb cq � pρb Idq � δpxq

� pϕb ϕb Idq � pδ b Idq � ρpxq.

Putting y � pδ � ϕ� ϕb ϕq � δpxq P V b T pV q, we proved that

pIdb cq � pρb Idqpyq � ppδ � ϕ� pϕb ϕq � δq b Idq � ρpxq.

As y P V b T pV q,

ρb Idpyq � δV b Idpyq.

Consequently,

pϵδ b Idb Idq � pρb Idqpyq � pϵV b Idb Idq � pδV b Idqpyq � y.

Moreover,

pϵδ b Idb Idq � pρb Idqpyq � pϵδ b Idb Idq � pδ � ϕb Idq � ρpxq

� pϵδ b Idb Idq � pppϕb ϕq � δq b Idq � ρpxq

� pϕb Idq � ρpxq � ppppϵδ � ϕq b ϕq � δq b Idq � ρpxq

� pϕb Idq � ρpxq � pppϵδ b ϕq � δq b Idq � ρpxq

� pϕb Idq � ρpxq � pϕb Idq � ρpxq

� 0.

Hence, y � 0, so δ � ϕpxq � pϕb ϕq � δpxq.

Applying to V � K or V � Kp¡ 0,�q:
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Corollary 2.8. 1. Let pB,m,∆q be a connected double bialgebra. There exists a unique double
bialgebra morphism ϕ from pB,m,∆, δq to pKrXs,m,∆, δq. For any x P Kerpε∆q,

ϕpxq �
8̧

n�1

ϵbn
δ � ∆̃pn�1qpxqHnpXq.

2. Let pB,m,∆q be a graded, connected double bialgebra, such that for any n P N,

δpBnq � Bn bB.

There exists a unique homogeneous double bialgebra morphism ϕ from pB,m,∆, δq to

pQSym,],∆, δq. For any x P Kerpε∆q,

ϕpxq �
8̧

n�1

¸
k1,...,kn¥1

ϵbn
δ � pπk1 b . . .b πknq � ∆̃

pn�1qpxqpk1, . . . , knq.

3. Let Ω be a commutative monoid and let pB,m,∆q be a connected Ω-graded double bialgebra,
connected as a coalgebra, such that for any α P Ω,

δpBαq � Bα bB.

There exists a unique homogeneous double bialgebra morphism ϕ from pB,m,∆, δq to

QShpKΩq. For any x P Kerpε∆q,

ϕpxq �
8̧

n�1

¸
α1,...,αnPΩ

ϵbn
δ � pπα1 b . . .b παnq � ∆̃

pn�1qpxqpα1, . . . , αnq.

As an application, let us give a generalization of Ho�man's isomorphism between shu�e and
quasishu�e algebras [10, 11]:

Theorem 2.9. Let pV, �q be a nonunitary, commutative algebra. The following map is a Hopf

algebra isomorphism:

ΘV :

$'&
'%

ShpV q � pT pV q,�,∆q ÝÑ QShpV q � pT pV q,],∆q

w ÝÑ
¸

w�w1...wk,
w1,...,wk�H

1

ℓpw1q! . . . ℓpwkq!
|w1| . . . |wk|,

where for any word w, |w| is the product in V of its letters, and ℓpwq its length.

Proof. We �rst prove this result when pV, �, δV q is a commutative, cocommutative, counitary
bialgebra, of counit ϵV . First, observe that pT pV q,�,∆, ρq is a bialgebra over pV, �, δV q and that
the following map is a character of pT pV q,�q: for any word w � x1 . . . xk,

λpwq �
1

k!
ϵV px1q . . . ϵV pxkq.

By the universal property of the quasishu�e algebra, there exists a unique Hopf algebra morphism
ΘV : pT pV q,�,∆q ÝÑ pT pV q,],∆q such that ϵ �ΘV � λ. For any word w � v1 . . . vk,

pλb Idq � ρpwq � λpv11 . . . v
1
kq v

2
1 � . . . � v

2
k

�
1

k!
ϵV pv

1
1q . . . ϵV pv

1
kq v

2
1 � . . . � v

2
k

�
1

k!
v1 � . . . � vk

�
1

ℓpwq!
|w|.
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Hence,

ΘV pwq �
8̧

k�1

ppλb Idq � ρqbk � ∆̃pk�1qpwq

�
¸

w�w1...wk,
w1,...,wk�H

ppλb Idq � ρqbkpw1 b . . .b wkq

�
¸

w�w1...wk,
w1,...,wk�H

1

ℓpw1q! . . . ℓpwkq!
|w1| . . . |wk|.

Let us now consider an commutative algebra pV, �q. Let pSpV q,m,∆q be the symmetric alge-
bra generated by V , with its usual product and coproduct. Applying the �rst item to SpV q, we
obtain a Hopf algebra morphism ΘSpV q : pT pSpV qq,�,∆q ÝÑ pT pSpV qq,],∆q. By restriction,
we obtain a Hopf algebra morphism ΘS�pV q : pT pS�pV qq,�,∆q ÝÑ pT pS�pV qq,],∆q. The
canonical algebra morphism π : S�pV q ÝÑ V , sending v1 . . . vk to v1 � . . . � vk (which exists as V
is commutative), induces a surjective morphism ϖ : T pS�pV qq ÝÑ T pV q, which is obviously a
Hopf algebra morphism from pT pS�pV qq,�,∆q to pT pV q,�,∆q and from pT pS�pV qq,],∆q to
pT pV q,],∆q. Moreover, the following diagram is commutative:

pT pS�pV qq,�,∆q
ΘS�pV q//

ϖ

��

pT pS�pV qq,],∆q

ϖ

��
pT pV q,�,∆q

ΘV

// pT pV q,],∆q

As the vertical arrows are surjective Hopf algebra morphisms and the top horizontal arrow is also
a Hopf algebra morphism, the bottom horizontal arrow is also a Hopf algebra morphism. For
any word w, ΘV pwq�w is a linear span of words of length   ℓpwq. By a triangularity argument,
ΘV is bijective.

Remark 2.1. Using the same argument as in [10], it is not di�cult to prove that for any nonempty
word w P T pV q,

Θ�1
V pwq �

¸
w�w1...wk,
w1,...,wk�H

p�1qℓpwq�k

ℓpw1q . . . ℓpwkq
|w1| . . . |wk|.

It is immediate to show that Θ is a natural transformation from the functor Sh to the functor
QSh, that is to say, if α : V ÝÑW is a morphism between two commutative non unitary algebras,
then T pαq �ΘV � ΘW �T pβq, as Hopf algebra morphisms from ShpV q to QShpW q. Let us prove
a unicity result:

Proposition 2.10. Let Υ be a natural transformation from the functor Sh to the functor QSh
(functors from the category of commutative nonunitary algebras to the category of Hopf algebras).

There exists µ P K such that Υ � Θ � Φpµq, where Φpµq is the natural transformation from Sh to

Sh de�ned for any commutative nonunitary algebra V by

@v1, . . . , vn P V, Φ
pµq
V pv1 . . . vnq � µnv1 . . . vn.

Proof. Let Υ be a natural transformation from Sh to QSh. For any commutative nonunitary
algebra V , let us denote by πV : T pV q ÝÑ V the canonical projection on V and let us put
ϖV � πV �ΥV . As ΥV is an endomorphism of the cofree coalgebra pT pV q,∆q, for any nonempty
word w P T pV q,

ΥV pwq �
¸

w�w1...wk,
w1,...,wk�H

ϖV pw1q . . . ϖV pwkq. (2)
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Let V be the augmentation ideal of KrX1, . . . , Xns. We consider pλ1, . . . , λnq P Kn and the
endomorphism α of V de�ned by αpxiq � λiXi. By naturality of Υ,

λ1 . . . λnΥV pX1 . . . Xnq � ΥV � T pαqpX1 . . . Xnq � T pαq �ΥV pX1 . . . Xnq.

Applying πV , we obtain

λ1 . . . λnϖV pX1 . . . Xnq � α �ϖV pX1 . . . Xnq.

Therefore, there exists µn P K such that

ϖV pX1 . . . Xnq � µnX1 � . . . �Xn.

Let W be any nonunitary commutative algebra, v1, . . . , vn P V and let β : V ÝÑ W be the
morphism de�ned by ϕpXiq � vi. By naturality of Υ,

T pβq �ΥV pX1 . . . Xnq � ΥW � T pβqpX1 . . . Xnq.

Applying πW , we obtain

β �ϖV pX1 . . . Xnq � βpµnX1 � . . . �Xnq � µnv1 � . . . � vn � ϖW pv1 . . . vnq.

We proved the existence of a family of scalars pµnqn¥0 such that for any commutative nonunitary
algebra V , for any v1, . . . , vn P V , ϖV pv1 . . . vnq � µnv1 � . . . � vn.

Let us study this sequence pµnqn¥0. Let V be the augmentation ideal of KrXs. For any
k, l ¥ 1, as ΥV is an algebra morphism from ShpV q to QShpV q,

ϖV pX
bk
�Xblq �

pk � lq!

k!l!
ϖ
�
Xbpk�lq

	
�
pk � lq!

k!l!
µk�lX

k�l,

� πV

�
ΥV

�
Xbk

�Xbl
		

� πV

�
ΥV

�
Xbk

	
]ΥV

�
Xbk

		
� ϖV

�
Xbk

	
�ϖV

�
Xbl

	
� µkµlX

k�l.

Hence, pk�lq!µk�l � k!µkl!µl. This implies that for any k P N, µk �
µk

k!
, with µ � µ1. Therefore,

by (2), for any nonunitary commutative algebra, for any nonempty word w P T pV q,

ΥV pwq �
¸

w�w1...wk,
w1,...,wk�H

µℓpw1q�...�ℓpwkq

ℓpw1q! . . . ℓpwkq!
|w1| . . . |wk|

� µℓpwq
¸

w�w1...wk,
w1,...,wk�H

1

ℓpw1q! . . . ℓpwkq!
|w1| . . . |wk|

� ΘV � Φ
pµq
V pwq.

In other words, Υ � Θ � Φpµq.

Remark 2.2. For any µ P K, for any commutative nonunitary algebra V Φ
pµq
V is indeed a Hopf

algebra endomorphism of ShpV q, as ShpV q is graded by the length of words.
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2.4 Action on bialgebra morphisms

We here �x a bialgebra pV, �, δV q, nonunitary, commutative and cocommutative.

Notations 2.2. 1. Let pB,m,∆q and pB1,m1,∆1q be bialgebras. We denote by MBÑB1 the set
of bialgebra morphisms from pB,m,∆q to pB1,m1,∆1q.

2. Let pB,m,∆, ρq and pB1,m1,∆1, ρ1q be bialgebras over V . We denote by Mρ
BÑB1 the set of

morphisms of bialgebra over V from B to B1, that is to say morphisms both of bialgebras
and of comodules over V .

Proposition 2.11. Let pB,m,∆, δ, ρq be a double bialgebra over V and pB1,m1,∆1, ρ1q be a

bialgebra over V . The following map is a right action of the monoid of characters pCharpBq, �q
attached to pB,m, δq on Mρ

BÑB1 ,

ø :

"
Mρ

BÑB1 � CharpBq ÝÑ Mρ
BÑB1

pϕ, λq ÝÑ ϕø λ � pϕb λq � δ.

Proof. Let pϕ, λq PMρ
BÑB1�CharpBq. Let us prove that ψ � pϕbλq�δ is a bialgebra morphism.

As ϕ, λ and δ are algebra morphisms, by composition ψ is an algebra morphism.

∆1 � ψ � ∆1 � pϕb λq � δ

� pϕb ϕq �∆ � pIdb λq � δ

� pϕb ϕb λq � p∆b Idq � δ

� pϕb ϕb λq �m1,3,24 � pδ b δq �∆

� pϕb λb ϕb λq � pδ b δq �∆

� pψ b ψq �∆.

We used that λ is a character for the �fth equality. Moreover,

ε1∆ �Ψ � pε1∆ b λq � δ � λ � η � ε∆ � ε∆,

as λp1Bq � 1 so λ � η � IdK. So ψ PMBÑB1 . Let us now prove that ψ is a comodule morphism.
As ρ1 � ϕ � pϕb Idq � ρ,

ρ1 � ψ � ρ1 � pϕb λq � δ

� pϕb Idb λq � pρb Idq � δ

� pϕb Idb λq � pIdb cq � pδ b Idq � ρ

� pϕb λb Idq � pδ b Idq � ρ

� pψ b Idq � ρ.

So ψ PMρ
BÑB1 .

Let ϕ PMρ
BÑB1 , λ, µ P CharpBq.

pϕø λqø µ � pϕb λb µq � pδ b Idq � δ

� pϕb λb µq � pIdb δq � δ

� pϕb λ � µq � δ

� ϕø pλ � µq.

Moreover,
ϕø ϵδ � pϕb ϵδq � δ � ϕ.

Therefore,ø is an action.
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Moreover, any bialgebra morphism is compatible with these actions:

Proposition 2.12. Let pB,m,∆, δ, ρq be a double bialgebra over V and B1 and B2 be bialgebras

over V . For any morphisms ϕ : B ÝÑ B1 and ψ : B1 ÝÑ B2 of bialgebras over V , for any

character λ of B,
pψ � ϕqø λ � ψ � pϕø λq.

Proof. Indeed,

pψ � ϕqø λ � ppψ � ϕq b λq � δ � ψ � pϕb λq � δ � ψ � pϕø λq.

Corollary 2.13. Let pB,m,∆, δ, ρq be a connected double bialgebra over V . Let us denote by

ϕ1 : B ÝÑ QShpV q the unique morphism of double bialgebras of Theorem 2.7. The following

maps are bijections, inverse one from the other:

θ :

"
CharpBq ÝÑ Mρ

BÑQShpV q

λ ÝÑ ϕ1ø λ,
θ1 :

"
Mρ

BÑQShpV q ÝÑ CharpBq

ϕ ÝÑ ϵδ � ϕ.

Proof. Let ϕ PMρ
BÑQShpV q. We put ϕ1 � θ � θ1 and λ � ϵδ � ϕ. Then

ϵδ � ϕ
1 � ϵδ � pϕ1ø λq � pϵδ � ϕ1q � λ � ϵδ � λ � λ � ϵδ � ϕ.

By the uniqueness in Theorem 2.3, ϕ � ϕ1.

Let λ P CharpBq and let λ1 � θ1 � θpλq. Then

λ1 � ϵδ � pϕ1ø λq � pϵδ � ϕ1 b λq � δ � pϵδ b λq � δ � ϵδ � λ � λ.

So θ and θ1 are bijections, inverse one from the other.

Corollary 2.14. 1. Let pB,m,∆, δq be a connected double bialgebra. Let us denote by ϕ1 the
unique morphism of double bialgebras from B to KrXs of Theorem 2.7. The following maps

are bijections, inverse one from the other:

θ :

"
CharpBq ÝÑ MBÑKrXs

λ ÝÑ ϕ1ø λ,
θ1 :

"
MBÑKrXs ÝÑ CharpBq

ϕ ÝÑ ϵδ � ϕ.

2. Let pB,m,∆, δq be a connected, graded double bialgebra such that for any n P N,

δpBnq � Bn bB.

Let us denote by ϕ1 the unique homogeneous morphism of double bialgebras from B to

QSym of Theorem 2.7. We denote by M0
BÑQSym the set of bialgebra morphisms from

pB,m,∆q to pQSym,],∆q which are homogeneous of degree 0. The following maps are

bijections, inverse one from the other:

θ :

"
CharpBq ÝÑ M0

BÑQSym

λ ÝÑ ϕ1ø λ,
θ1 :

"
M0

BÑQSym ÝÑ CharpBq

ϕ ÝÑ ϵδ � ϕ.

3. Let Ω be a commutative monoid and let pB,m,∆, δq be a connected, Ω-graded double bial-

gebra, connected as a coalgebra, such that for any α P Ω,

δpBαq � Bα bB.

Let us denote by ϕ1 the unique homogeneous morphism of double bialgebras from B to

QShpKΩq of Theorem 2.7. We denote by M0
BÑQShpKΩq the set of bialgebra morphisms from

pB,m,∆q to QShpKΩq which are homogeneous of degree the unit of Ω. The following maps
are bijections, inverse one from the other:

θ :

"
CharpBq ÝÑ M0

BÑQShpKΩq

λ ÝÑ ϕ1ø λ,
θ1 :

"
M0

BÑQShpKΩq ÝÑ CharpBq

ϕ ÝÑ ϵδ � ϕ.
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2.5 Applications to graphs

We postpone the detailed construction of the double bialgebras of V -decorated graphs to a
forthcoming paper [7]. For any nonunitary commutative bialgebra pV, �, δV q, we obtain a double
bialgebra over V of V -decorated graphs HV rGs, generated by graphs G which any vertex v
is decorated by an element dGpvq, with conditions of linearity in each vertex. For example, if
v1, v2, v3, v4 P V and λ2, λ4 P K, if w1 � v1 � λ2v2 and w2 � v3 � λ4v4,qqw1

w2 � qqv1v3 � λ4 qqv1v4 � λ2 qqv2v3 � λ2λ4 qqv2v4 .
The product is given by the disjoint union of graphs, the decorations being untouched. For any
graph G, for any X � V pGq, we denote by G|X the graph de�ned by

G|X � X, EpG|Xq � ttx, yu P EpGq | x, y P Xu.

Then
∆pGq �

¸
V pGq�A\B

G|A bG|B,

the decorations being untouched. For any equivalence relation � on V pGq:

� G{ � is the graph de�ned by

V pG{ �q � V pGq{ �, EpG{ �q � ttx, yu | tx, yu P EpGq, x � yu,

where for any z P V pGq, z is its class in V pGq{ �.

� G |� is the graph de�ned by

V pG |�q � V pGq, EpG |�q � ttx, yu P EpGq | x � yu.

� We shall say that �P EcrGs if for any equivalence class X of �, G|X is connected.

With these notations, the second coproduct δ is given by

δpGq �
¸

�PEcrGs
G{ � bG |� .

Any vertex w P V pG{ �q � V pGq{ � is decorated by

�¹
vPw

dGpvq
1,

where the symbol
�¹
means that the product is taken in V (recall that any vertex of V pG{ �q is

a subset of V pGq). Any vertex v P V pG |�q � V pGq is decorated by dGpvq
2. We use Sweedler's

notation δV pvq � v1bv2, and it is implicit that in the expression of δpGq, everything is developed
by multilinearity in the vertices. For example, if v1, v2, v3 P V ,

∆p qqq
v1

v2

v3

q � qqq
v1

v2

v3

b 1� 1b qqq
v1

v2

v3

� qq
v1

v2 b qv3 � qq
v2

v3 b qv1 � qv1 qv3 b qv2
� qv3 b qq

v1

v2 � qv1 b qq
v2

v3 � qv2 b qv1 qv3,
δp qqq

v1

v2

v3

q � qqq
v11

v12

v13

b qv21 qv22 qv23 � qv11 � v12 � v13
b qqq

v21

v22

v23

� qq
v11 � v12

v13 b qq
v21

v22 qv23 � qq
v11

v12 � v13 b qq
v22

v23 qv21 .
For any V -decorated graph,

ϵδpGq �

$'&
'%
¹

vPV pGq

ϵV pdGpvqq if EpGq � H,

0 otherwise.
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Proposition 2.15. For any graph G, we denote by CpGq the set of packed valid colourations

of G, that is to say surjective maps c : V rGs ÝÑ rmaxpfqs such that for any tx, yu P Epgq,
cpxq � cpyq. We denote by Φ1 the unique morphism of double bialgebras over V from HV rGs to
QShpV q. For any V -decorated graph G,

Φ1pGq �
¸

cPCpGq

�
� �¹

cpxq�1q

dV pxq, . . . ,
�¹

cpxq�maxpcqq

dV pxq

�
,

where for any vertex x P V pGq, dV pxq P V is its decoration.

Proof. Let G be a V -decorated graph. For any vertex i of G, we denote by vi P V the decoration
of i. The number of vertices of G is denoted by n.

Φ1pGq �
ņ

k�1

¸
V pGq�I1\...\Ik,

I1,...,Ik�H

ϵδpG|I1q . . . ϵδpG|Ikq

�
�¹

iPI1

vi, . . . ,
�¹

iPIk

vi

�

�
ņ

k�1

¸
c:V rGsÝÑrks, surjective

ϵδpG|c�1p1qq . . . ϵδpG|c�1pkqq

�
� �¹

cpxq�1

dV pxq, . . . ,
�¹

cpxq�k

dV pxq

�


�
¸

cPCpGq

�
� �¹

cpxq�1q

dV pxq, . . . ,
�¹

cpxq�maxpcqq

dV pxq

�
,

as for any surjective map c : V rGs ÝÑ rmaxpfqs,

ϵδpG|c�1p1qq . . . ϵδpG|c�1pkqq �

#
1 if c P CpGq,
0 otherwise.

Example 2.2. For any v1, v2, v3 P V ,

Φ1p qqv1v2 q � v1v2 � v2v1,

Φ1p qqqv1v2v3 q � v1v2v3 � v1v3v2 � v2v1v3 � v2v3v1 � v3v1v2 � v3v2v1 � pv1 � v3qv2 � v2pv1 � v3q,

Φ1p q qq_v1 v3v2 q � v1v2v3 � v1v3v2 � v2v1v3 � v2v3v1 � v3v1v2 � v3v2v1.

If V � K, we obtain the double bialgebra morphism ϕchr : HrGs ÝÑ KrXs, sending any
graph on its chromatic polynomial. If V is the algebra of the semigroup p¡ 0,�q, we obtain
the morphism Φchr : HV rGs ÝÑ QSym, sending any graphs which vertices are decorated by
positive integers to its chromatic (quasi)symmetric function [13].
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