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Abstract

We introduce a notion of extraction-contraction coproduct on twisted bialgebras, that is
to say bialgebras in the category of linear species. If P is a twisted bialgebra, a contraction-
extraction coproduct sends PrXs to PrX{ �sbPrXs for any �nite set X and any equivalence
relation � on X, with a coassociativity constraint and compatibilities with the product and
coproduct of P. We prove that if P is a twisted bialgebra with an extraction-contraction
coproduct, then P �Com is a bialgebra in the category of coalgebraic species, that is to say
species in the category of coalgebras.

We then introduce a coloured version of the bosonic Fock functor. This induces a bifunctor
which associates to any bialgebra pV, �, δV q and to any twisted bialgebra P with an extraction-
contraction coproduct a comodule-bialgebra FV rPs: this object inherits a product m and
two coproducts ∆ and δ, such that pFV rPs,m,∆q is a bialgebra in the category of right
pFV rPs,m, δq-comodules.

As an example, this is applied to the twisted bialgebra of graphs. The coloured Fock
functors then allow to extend the construction of the double bialgebra of graphs to double
bialgebras of graphs which vertices are decorated by elements of any bialgebra V . Other
examples (on mixed graphs, hypergraphs, noncrossing partitions. . .) will be given in a series
of forthcoming papers.
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Introduction

Bialgebras in cointeraction, or cointeracting bialgebras, or comodule-bialgebras, or double bial-
gebras, are bialgebras pA,m,∆q with a second coassociative and counitary coproduct δ, such
that pA,m,∆q is a bialgebra in the category of right pA,m, δq-comodules, where the coaction on
A is δ itself. In particular, we obtain the following compatibility between the two coproducts ∆
and δ:

p∆b Idq � δ � m1,3,24 � pδ b δq �∆,

meaning that ∆ : A ÝÑ A b A is a comodule morphism. The map m1,3,24 : Ab4 ÝÑ Ab3

sends a b b b c b d onto a b c b bd. Examples are given by quasi-shu�e algebras [16, 17, 6]
(which include the polynomial algebra KrXs and the algebra of quasisymmetric functions QSym
[1, 13, 15, 20, 23]), some combinatorial double bialgebras based on rooted trees [5], various families
of graphs [21, 10], posets or �nite topologies [8], noncrossing partitions [7]. . . These objects play
an important role in Bruned, Hairer and Zambotti's process of renormalisation of stochastic
PDEs [3, 4].

Twisted double bialgebras, that is to say double bialgebras in the category of species, have
been studied in [9]. A (linear) species is a functor from the category of �nite sets with bijections to
the category of vector spaces, and a species morphism between two species P and Q is a natural
transformation between these two functors (see Section 1 for more details). This category of
species is symmetric monoidal with the Cauchy tensor product, allowing to de�ne and consider
algebras, coalgebras and bialgebras in the category of species. Replacing the category of vector
spaces by the category of coalgebras, we can consider coalgebraic species, which also form a
symmetric monoidal category with the Cauchy tensor product, and consider algebras, coalgebras,
and bialgebras in this category. If pP,mq is an algebra in the category of coalgebraic species,
then for any disjoint �nite sets X1, . . . , Xk, PrX1sb . . .bPrXks is a PrX1\ . . .\Xks-comodule,
with the coaction

ρX1,...,Xk
� m1,3,...,2k�1,24...2k � pδX1 b . . .b δXk

q,

where δXi is the coproduct of the coalgebra PrXis and m1,3,...,2k�1,24...2k is de�ned by

m1,3,...,2k�1,24...2kpa1 b b1 b . . .b ak b bkq � a1 b . . .b ak b b1 . . . bk.

In this context, a twisted double bialgebra is a bialgebra pP,m,∆q in the category of coalge-
braic species, such that for any �nite sets X and Y , mX,Y : PrXs b PrY s ÝÑ PrX \ Y s and
∆X,Y : PrX \ Y s ÝÑ PrXs b PrY s are comodule morphisms. An alternative way to describe
these objects is to consider a second tensor products on species, namely the Hadamard tensor
product. If pP,m,∆, δq is a twisted double bialgebra, Aguiar and Mahajan's bosonic Fock func-
tor F [2] sends it to a double bialgebra, in the classical sense.

We introduce in this article a way to obtain twisted double bialgebras from extraction-
contraction coproducts (De�nition 2.2). These coproducts are de�ned on a twisted bialgebra
pP,m,∆q: for any �nite set X, for any equivalence relation � on X, PrXs has a coproduct

δ� : PrXs ÝÑ PrX{ �s b rPs,
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satisfying some coassociativity constraints and compatibilities with the product m and the co-
product ∆. If pP,m,∆, δq is such an object, we prove that P �Com is a double twisted bialge-
bra (Proposition 2.5): here, � is the composition of species and Com is the species de�ned by
ComrXs � K for any �nite set X. In other words, for any �nite set X,

P �ComrXs �
à

�PErXs

PrX{ �s,

where ErXs is the set of equivalence relations on X.
Consequently, if pP,m,∆, δq is a twisted bialgebra with an extraction-contraction coproduct,

FrP � Coms is a double bialgebra. We extend this result to a larger families of bosonic Fock
functors. For any vector space V , we introduce a species TV of tensors, such that for any n,

TV rt1, . . . , nus � V bn.

We prove that if pV, δV q is a coalgebra, then TV is a double twisted bialgebra (Proposition 1.8).
Consequently, if pV, δV q is a bialgebra and pP,m,∆, δq is a twisted bialgebra with a contraction-
extraction coproduct, then pP � Comq b TV is a twisted double bialgebra and, consequently,
FrpP�ComqbTV s is a double bialgebra. Moreover, if pV, �, δV q is a commutative, not necessarily
unitary bialgebra, then this double bialgebra admits a particular quotient identi�ed as a vector
space with

FV rPs �
8à

n�0

V bn bSn Prt1, . . . , nus,

where the symmetric group Sn acts on the left of Prt1, . . . , nus by the species structure of P
and on the right on V bn by permutations of the factors of tensors. This de�nes a bifunctor F�r�s,
which associates to any commutative bialgebra pV, �, δV q and any twisted bialgebra pP,m,∆q with
an extraction-contraction coproduct δ a double twisted bialgebra FV rPs (Corollary 3.8). This
bifunctor is called the V -coloured bosonic Fock functor. As an example, this bifunctor is applied
to the twisted bialgebra of graphs. Therefore, for any commutative bialgebra V , we obtain a
double bialgebra of graphs which vertices are decorated by elements of V , with linearity relations
on each vertex. The product is the disjoint union and the �rst coproduct ∆ is combinatorially
given by disjunction of the set of vertices into two parts. For example, if v1, v2, v3 P V ,

∆p q qq
_v1

v3v2 q � q qq
_v1

v3v2 b 1� qq
v1

v2 b qv3 � qq
v2

v3 b qv1 � qq
v1

v3 b qv2
� 1b q qq

_v1

v3v2 � qv3 b qq
v1

v2 � qv1 b qq
v2

v3 � qv2 b qq
v1

v3.

This coproduct is cocommutative. The second coproduct is given by contractions of edges (for
the left side) and elimination of edges (for the right side). For example, if v1, v2, v3 P V ,

δp q qq_v1 v3v2 q � q qq
_v11

v13v12 b qv21 qv22 qv23 � qv11 � v12 � v13b q qq
_v21

v23v22

� qq
v11 � v12

v13 b qq
v21

v22 qv23 � qq
v11 � v13

v12 b qq
v21

v23 qv22 � qq
v12 � v13

v11 b qq
v22

v23 qv21 ,
using Sweedler's notation for the coproduct of V . this coproduct δ is not cocommutative. Note
that, contrarily to ∆, the bialgebraic structure of V is needed to de�ne δ.

Other examples of twisted bialgebras (on mixed graphs, on hypergraphs, on partitions. . .)
with an extraction-contraction coproducts will be given in a series of forthcoming papers with
various combinatorial applications.

This paper is organised as follows. The �rst section gives reminders and notations on
species and twisted (bi-, co-)algebras. It also introduces the twisted bialgebra of tensors TV

and the twisted double bialgebra of set compositions Comp. In the second section, extraction-
contraction coproducts are introduced and studied. The last section deals with coloured Fock
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functors, seen as a bifunctor giving double bialgebras. The example of the species of graphs is
detailed all along the text.

Acknowledgements. The author acknowledges support from the grant ANR-20-CE40-0007
Combinatoire Algébrique, Résurgence, Probabilités Libres et Opérades. The author thanks Pierre
Catoire for his careful reading.

Notations 0.1. 1. We denote by K a commutative �eld. Any vector space in this �eld will be
taken over K.

2. For any n P N, we denote by rns the set t1, . . . , nu. In particular, r0s � H.

1 Twisted algebras, bialgebras and coalgebras

1.1 Reminders on species and twisted objects

Recall [18, 19] that a species is a functor P from the category of �nite sets with bijections to the
category of vector spaces. For any �nite set X, the vector space associated to X by P is denoted
by PrXs. If σ : X ÝÑ Y is a bijection between two �nite sets, the linear bijection associated to
σ is denoted by Prσs : PrXs ÝÑ PrY s.

If P and Q are two species, a species morphism from P to Q is a natural transformation
between these functors, that is to say, for any �nite set X, a linear map fX : PrXs ÝÑ QrXs
such that for any bijection σ : X ÝÑ Y between two �nite sets, the following square commutes:

PrXs
fX //

Prσs
��

QrXs

Qrσs
��

PrY s
fY
// QrY s

This de�nes a category of species.

If P and Q are two species, their Cauchy tensor product is de�ned as follows:

� For any �nite set X,

PbQrXs �
à

X�X1\X2

PrX1s bQrX2s.

� If σ : X ÝÑ Y is a bijection between two �nite sets, then PbQrσs is de�ned by

PbQrσs|PrX1sbQrX2s � Prσ|X1
s bQrσ|X2

s,

for any sets X1, X2 such that X � X1\X2. This takes its values in PrσpX1qsbQrσpX2qs �
PbQrY s.

If f : P ÝÑ P1 and g : Q ÝÑ Q1 are species morphism, then

pf b gqX �
à

X�X1\X2

fX1 b gX2 : PbQrXs ÝÑ P1 bQ1rXs.

The unit species 1 is given by

1rXs �

#
K if X � H,

p0q otherwise.
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Moreover, if P and Q are two species, then PbQ and QbP are naturally isomorphic, thanks
to the �ip cP,Q, which we will often denote simply by c:

cP,Q :

"
PbQ ÝÑ QbP

xb y P PrXs bQrY s � PbQrX \ Y s ÝÑ y b x P QrY s bPrXs � QbPrX \ Y s.

Hence, the category of species, with the Cauchy tensor product, is symmetric monoidal.

The category of species has a second tensor product, called the Hadamard tensor product
and here denoted by b.

� If P and Q are two species, for any �nite set X,

PbQrXs � PrXs bQrXs.

� If f : X ÝÑ Y is a bijection between two �nite sets, then

PbQrσs � Prσs bQrσs : PbPrXs ÝÑ PbQrY s.

If f : P ÝÑ P1 and g : Q ÝÑ Q1 are species morphisms, then

pf b gqX � fX b gX : PbQrXs ÝÑ P1
bQ1rXs.

The unit is the species Com, de�ned as follows. For any �nite set X, ComrXs � K and for
any bijection σ between two �nite sets, Comrσs � IdK. To make things more understandable,
we shall denote the element 1 P K � ComrXs by 1X for any �nite set X. Equipped with b, the
category of species is symmetric monoidal.

In the sequel, if P is a species, we shall write Prns instead of P
�
rns
�
, for any n P N.

Remark 1.1. We shall also use species taking their values in the category of sets (they will
be called set species) or taking their values in the category of coalgebras (they will be called
coalgebraic species).

De�nition 1.1. [2, 18, 19, 22] A twisted algebra is an associative and unitary algebra in the
category of species with the Cauchy tensor product. In other words, it is a pair pP,mq where
P is a species and m : P b P ÝÑ P is a morphism of species such that the following diagram
commutes:

Pb3mbIdP//

IdPbm
��

Pb2

m

��
Pb2

m
// P

Moreover, there exists a morphism of species ιP : 1 ÝÑ P such that the following diagram
commutes:

1bP
ιPbIdP//

Id
$$H

HH
HH

HH
HH

H Pb2

m
��

Pb 1
IdPbιPoo

Id
zzvvv

vv
vv
vv
v

P

The unit element of P is 1P � ιPp1q P PrHs. We shall say that pP,mq is commutative if
m � cP,P � m.

In other words, a twisted algebra P comes with maps mX,Y : PrXs b PrY s ÝÑ PrX \ Y s
for any �nite sets X and Y , such that:
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� For any bijections σ : X ÝÑ X 1 and τ : Y ÝÑ Y 1 between �nite sets, the following diagram
commutes:

PrXs bPrY s
mX,Y //

PrσsbPrτ s
��

PrX \ Y s

Prσ\τ s
��

PrX 1s bPrY 1s mX1,Y 1
// PrX 1 \ Y 1s

where

σ \ τ :

$&
%

X \ Y ÝÑ X 1 \ Y 1

x P X ÝÑ σpxq,
y P Y ÝÑ τpyq.

� For any �nite sets X,Y, Z, the following diagram commutes:

PrXs bPrY s bPrZs

IdPrXsbmY,Z

��

mX,Y bIdPrZs // PrX \ Y s bPrZs

mX\Y,Z

��
PrXs bPrY \ Zs mX,Y\Z

// PrX \ Y \ Zs

� There exists an element 1P P PrHs such that for any �nite set X, for any x P PrXs,

mH,Xp1P b xq � mX,Hpxb 1Pq � x.

Moreover, P is commutative if, and only if, for any �nite sets X,Y , in PrX \ Y s,

@x P PrXs, @y P PrY s, mX,Y pxb yq � mY,Xpy b xq.

Dually:

De�nition 1.2. A twisted coalgebra is a coassociative and counitary coalgebra in the category
of species. In other words, it is a pair pP,∆q where P is a species and ∆ : P ÝÑ P b P is a
morphism of species such that the following diagram commutes:

P
∆ //

∆
��

Pb2

IdPb∆
��

Pb2
∆bIdP

// Pb3

Moreover, there exists a morphism of species εP : P ÝÑ 1 such that the following diagram
commutes:

1bP
Id // P

∆
��

Pb 1
Idoo

Pb2
εPbIdP

ddHHHHHHHH IdPbεP

::vvvvvvvv

We shall say that pP,∆q is cocommutative if cP,P � ∆ � ∆. We shall say that the coalgebra
pP,∆q is connected if PrHs is one-dimensional.

In other words, a twisted coalgebra P comes with maps ∆X,Y : PrX \ Y s ÝÑ PrXs bPrY s
for any �nite sets X and Y , such that:

� For any bijections σ : X ÝÑ X 1 and τ : Y ÝÑ Y 1 between �nite sets, the following diagram
commutes:

PrX \ Y s
∆X,Y //

Prσ\τ s
��

PrXs bPrY s

PrσsbPrτ s
��

PrX 1 \ Y 1s
∆X1,Y 1

// PrX 1s bPrY 1s
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� For any �nite sets X,Y, Z, the following diagram commutes:

PrX \ Y \ Zs
∆X\Y,Z //

∆X\Y,Z

��

PrX \ Y s bPrZs

∆X,Y bIdPrZs

��
PrXs bPrY \ Zs

IdPrXsb∆Y,Z

// PrXs bPrY s bPrZs

� There exists a linear map εP : PrHs ÝÑ K such that for any �nite set X, the following
diagram commutes:

PrHs bPrXs

εPbIdPrXs ))SSS
SSS

SSS
SSS

SSS
PrXs

∆H,Xoo
∆X,H //

IdPrXs

��

PrXs bPrHs

IdPrXsbεPuukkkk
kkk

kkk
kkk

kk

PrXs

As in the "classical" case of bialgebras in the category of vector spaces:

De�nition 1.3. Let P be a species, both a twisted algebra pP,mPq and a twisted coalgebra
pP,∆Pq. The following conditions are equivalent:

1. εP : P ÝÑ 1 and ∆P : P ÝÑ PbP are algebra morphisms.

2. ιP : 1 ÝÑ P and m : PbP ÝÑ P are coalgebra morphisms.

If this holds, we shall say that pP,mP,∆Pq is a twisted bialgebra, that is to say a bialgebra in
the category of species [18, 19, 22].

The compatibility between the product and coproduct gives the commutativity of the follow-
ing diagram: if X is a �nite set and X � I \ J � I 1 \ J 1,

PrI 1s bPrJ 1s
mI1,J1 //

∆I1XI,I1XJb∆J1XI,J1XJ

��

PrI 1 \ J 1s � PrI \ Js

∆I,J

��

PrI 1 X Is bPrI 1 X Js bPrJ 1 X Is bPrJ 1 X Js

IdPrI1XIsbcPrI1XJs,PrJ1XIsbIdPrJ1XJs

��
PrI 1 X Is bPrJ 1 X Is bPrI 1 X Js bPrJ 1 X Js

mI1XI,J1XIbmI1XJ,J1XJ

// PrIs bPrJs

or equivalently

∆I,J �mI,1J 1 � pmI 1XI,J 1XI bmI 1XJ,J 1XJq � pIdPrIXIs b cPrI 1XJs,PrJ 1XIs b IdPrJ 1XJsq

� p∆I 1XI,I 1XJ b∆J 1XI,J 1XJq.

The compatibility between the coproduct and the unit is written as ∆Pp1Pq � 1P b 1P and the
compatibility between the counit and the product is equivalent to

@x, y P PrHs, εPpxyq � εPpxqεPpyq.
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1.2 The twisted algebra of tensor powers

Let us �x a vector space V and X a �nite set. We de�ne the vector space V bX (unordered tensor
product indexed by X) as the vector space generated by sequences puxqxPX P V X of elements of
V indexed by X, with the relations

pλxux � µxvxqxPX �
¸
I�X

¹
xPX

νpIqx

�
wpIq
x

	
xPX

,

for any pλxqxPX , pµxqxPX P KX and puxqxPX , pvxqxPX P V X , with the notations

νpIqx �

#
λx if x P I,

µx if x R I,
wpIq
x �

#
ux if x P I,

vx if x R I.

The class of pvxqxPX in this space is denoted by
â
xPX

vx. By convention, TV rHs � K.

We obtain a species TV :

� For any �nite set X, TV rXs � V bX .

� For any bijection σ : X ÝÑ Y between two �nite sets, TV rσs : V
bX ÝÑ V bY sends

â
xPX

vx

to
â
yPY

vσ�1pyq.

Note that when X � rns, we obtain the usual tensor product V bn, withâ
iPrns

vi � v1 b . . .b vn,

which we shall simply denote here by v1 . . . vn. The action of Sn on TV rns induced by the species
structure is the usual action on V bn by permutations of tensors:

@σ P Sn, @v1, . . . , vn P V, TV rσspv1 . . . vnq � vσ�1p1q . . . vσ�1pnq.

Proposition 1.4. The species TV is a commutative and cocommutative twisted bialgebra, with
the product and coproduct de�ned by

mX,Y

�â
xPX

vx b
â
yPY

vy

�
�

â
zPX\Y

vz, ∆X,Y

� â
zPX\Y

vz

�
�
â
xPX

vx b
â
yPY

vy.

The unit is the element 1 P K � TV rHs and the counit ε∆ : TV rHs � K ÝÑ 1rHs � K is the
identity of K.

Proof. Immediate veri�cations.

Example 1.1. If V � K, up to an isomorphism we obtain the twisted bialgebra Com. The
twisted products and coproducts are given by

mX,Y p1X b 1Y q � 1X\Y , ∆X,Y p1X\Y q � 1X b 1Y .

1.3 The twisted bialgebra of graphs

We refer to [14] for classical notations and results on graphs. A graph is a pair G � pV pGq, EpGqq,
where V pGq is a �nite set and EpGq is a set made of pairs of elements of V pGq. For any �nite set
X, we denote by G rXs the set of graphs G such that V pGq � X and by GrXs the vector space
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generated by G rXs. If σ : X ÝÑ Y is a bijection between two �nite sets, it induces a bijection
Grσs : GrXs ÝÑ GrY s, sending any graph G � pX,EpGqq to the graph GrσspGq de�ned by

V pGrσspGqq � Y, EpGrσspGqq � tσpeq | e P EpGqu.

This de�nes a species G and a set species G . For example,

G rta, bus � t qqab , qa q b u,
G rta, b, cus � t qqq

a

b

c

, qqq
b

a

c

, qqq
a

c

b

, q qq
_a

cb
, qq

a

b qc , qq
a

c q b , qq
b

c qa , qa q b qc u.
If G and H are two graphs, their disjoint union is the graph

GH � pV pGq \ V pHq, EpGq \ EpHqq.

This is extended as a product on G, making it a twisted algebra. The unit is the empty graph
1 � pH,Hq P GrHs.

If G � pX,EpGqq is a graph and A � X, we de�ne the induced graph G|A by

V pG|Aq � A, EpG|Aq � ttx, yu P EpGq | x, y P Au.

We then de�ne a coproduct on G by putting for any graph G P G rA\ Y s,

∆A,Y pGq � G|A bG|Y .

It is coassociative, and the counit ε∆ send the empty graph 1 to 1.

Example 1.2. in Grta, b, cus,

∆tau,tb,cup qqqabc q � qa b qq bc , ∆tb,cu,taup qqqabc q � qq bc b qa ,
∆tbu,ta,cup qqqabc q � q b b qa qc , ∆ta,cu,tbup qqqabc q � qa qc b q b ,
∆tcu,ta,bup qqqabc q � qc b qq

a

b
, ∆ta,bu,tcup qqqabc q � qq

a

b
b qc ,

∆tau,tb,cup q qq_a
cb
q � qa b qq

b

c
, ∆tb,cu,taup q qq

_a
cb
q � qq

b

c
b qa ,

∆tbu,ta,cup q qq
_a

cb
q � q b b qq

a

c
, ∆ta,cu,tbup q qq

_a
cb
q � qq

a

c
b q b ,

∆tcu,ta,bup q qq
_a

cb
q � qc b qq

a

b
, ∆ta,bu,tcup q qq

_a
cb
q � qq

a

b
b qc .

Proposition 1.5. [9] pG,m,∆q is a commutative and cocommutative twisted bialgebra.

1.4 Double twisted bialgebras

De�nition 1.6. A twisted bialgebra of the second kind is a twisted algebra in the symmetric
monoidal (with the Cauchy tensor product) category of coalgebraic species, that is to say a triple
pP,m, δq such that:

� pP,mq is a twisted algebra, of unit denoted by 1P.

� For any �nite set X, δX : PrXs ÝÑ PrXsbPrXs is a coassociative and counitary coproduct
making PrXs a coalgebra, which counit is denoted by ϵX . Moreover, for any bijection
σ : X ÝÑ Y between two �nite sets, the following diagrams commute:

PrXs
δX //

Prσs
��

PrXs bP|Xs

PrσsbPrσs
��

PrY s
δY
// PrY s bP|Y s

PrXs
ϵX //

Prσs
��

K

IdK
��

PrY s ϵY
// K

9



� For any �nite sets X and Y , the following diagram commutes:

PrXs bPrY s
mX,Y //

δXbδY
��

PrX \ Y s

δX\Y

��

PrXs bPrXs bPrY s bPrY s

IdPrXsbcP,PbIdPrY s

��
PrXs bPrY s bPrXs bPrY s

mX,Y bmX,Y

// PrX \ Y s bPrX \ Y s

� δHp1Pq � 1P b 1P.

These objects can also be interpreted as bialgebras in the symmetric monoidal category of
species, with the Hadamard tensor product.

Notations 1.1. Let pP,m, δq be a twisted bialgebra of the second kind. For any �nite sets
X1, . . . , Xk, putting X � X1 \ . . .\Xk, then PrX1s b . . .bPrXks becomes a right pPrXs, δXq-
comodule with the coaction ρX1,...,Xk

de�ned by

m1,3,...,2k�1,24...2k � pδX1 b . . .b δXk
q : PrX1s b . . .bPrXks ÝÑ pPrX1s b . . .bPrXksq bPrXs

where

m1,3,...,24...2k :

"
PrX1s

b2 b . . .bPrXks
b2 ÝÑ PrX1s b . . .bPrXks bPrXs

a1 b b1 b . . .b ak b bk ÝÑ a1 b . . .b ak bmX1,...,Xk
pb1 b . . .b bkq.

In particular, for any �nite set X, ρX � δX .

Remark 1.2. For any �nite sets X and Y , the product mX,Y : PrXs bPrY s ÝÑ PrX \ Y s and
the unit ιP : K ÝÑ PrHs are comodule morphisms if and only if

δX\Y �mX,Y � pmX,Y b IdPrX\Y sq � ρX,Y , δHp1Pq � 1P b 1P,

or, equivalently,

δX\Y �mX,Y � pmX,Y bmX,Y q � δX\Y , δHp1Pq � 1P b 1P,

that is to say if, and only if, δ : P ÝÑ PbP is a twisted algebra morphism.

De�nition 1.7. A double twisted bialgebra is a family pP,m,∆, δq such that:

� pP,m,∆q is a twisted bialgebra, of unit and counit respectively denoted by 1P and ε∆.

� pP,m, δq is a twisted bialgebra of the second kind, of counit ϵδ.

� The coproduct ∆ and the counit ε∆ are comodule morphisms, that is to say:

� For any �nite sets X and Y , the coproduct ∆X,Y : PrX \ Y s ÝÑ PrXs bPrY s is a
PrX \ Y s-comodule morphism, that is to say

ρX,Y �∆X,Y � p∆X,Y b Idq � δX\Y .

� The counit ε∆ : PrHs ÝÑ K is a PrHs-comodule morphism, that is to say, for any
x P PrHs,

ε∆pxq1P � pε∆ b Idq � δH.

10



Example 1.3. The species Com is given a double twisted bialgebra structure: for any �nite
disjoint sets X and Y ,

mX,Y p1X b 1Y q � 1X\Y , ∆X,Y p1X\Y q � 1X b 1Y , δXp1Xq � 1X b 1X .

Example 1.4. [9] For any �nite set X, let us denote by ComprXs the set of set compositions
of X, that is to say �nite ordered sequences pX1, . . . , Xkq of nonempty subsets of X such that
X1 \ . . . \ Xk � X. This de�nes a set species. The vector space generated by ComprXs is
denoted by ComprXs, and this de�nes a species Comp. It is a double twisted bialgebra:

� For any pC1, C2q P ComprXs � ComprY s,

C1 ] C2 �
¸

CPComprX\Y s,
C|X�C1, C|Y �C2

C,

where, if C � pX1, . . . , Xnq P ComprY 1s and X 1 � Y 1, C|X 1 is obtained from the sequence
pX1 X X 1, . . . , Xk X X 1q by deletion of the empty sets. This is an element of ComprX 1s.
For example, if X,Y, Z, T are �nite sets:

pXq ] pY q � pX,Y q � pY,Xq � pX \ Y q,

pX,Y q ] pZq � pX,Y, Zq � pX,Z, Y q � pZ,X, Y q � pX \ Y, Zq � pX,Y \ Zq,

pX,Y q ] pZ, T q � pX,Y, Z, T q � pX,Z, Y, T q � pZ,X, Y, T q

� pX,Z, T, Y q � pZ,X, T, Y q � pZ, T,X, Y q

� pX,Y \ Z, T q � pX \ Z, Y, T q � pX \ Z, T, Y q

� pX,Z, Y \ T q � pZ,X, Y \ T q � pZ,X \ T, Y q � pX \ Z, Y \ T q,

� If pX1, . . . , Xkq P ComprX \ Y s,

∆X,Y ppX1, . . . , Xkqq �

$''''&
''''%

pX1, . . . , Xiq b pXi�1, . . . , Xkq

if there exists a (necessarily unique) i

such that X � X1 \ . . . Xi,

0 otherwise.

� If pX1, . . . , Xkq P ComprXs,

δXppX1, . . . , Xkqq

�
¸

1¤i1 ... ip k

�
� i1§

i�1

Xi, . . . ,
k§

i�ip�1

Xi

�
b pX1, . . . , Xi1q ] . . .] pXip�1, . . . , Xkq.

For example, if X, Y and Z are �nite sets:

δpXq � pXq b pXq,

δpX,Y q � pX,Y q b pXq ] pY q � pX \ Y q b pX,Y q,

δpX,Y, Zq � pX,Y, Zq b pXq ] pY q ] pZq � pX,Y \ Zq b pXq ] pY,Zq

� pX \ Y, Zq b pX,Y q ] pZq � pX \ Y \ Zq b pX,Y, Zq.

The counit is given by ϵδpX1, . . . , Xkq � δk,1 if k ¥ 1.

11



1.5 Double twisted algebras of tensor products

Notations 1.2. Let pV, δV q be a coalgebra. We shall use Sweedler's notation δV pvq � v1 b v2 for
this coalgebra.

Proposition 1.8. Let pV, δV q be a coalgebra. Its counit is denoted by ϵV . The twisted bialgebra
pTV ,m,∆q is given a structure of double twisted bialgebra with the coproduct de�ned by

δX

�â
xPX

vx

�
�

�â
xPX

v1x

�
b

�â
xPX

v1x

�
.

The counit ϵδ sends
â
xPX

vx to
¹
xPX

ϵV pvxq.

Proof. For any �nite set X, it is immediate that TV rXs is a coalgebra, isomorphic to the usual
tensor product of |X| copies of V . Let X and Y be two �nite sets. Let us prove that mX,Y is a
comodule morphism.

δX\Y �mX,Y

��â
xPX

vx

�
b

�â
yPY

vy

��

� δX\Y

� â
zPX\Y

vz

�

�

� â
zPX\Y

v1z

�
b

� â
zPX\Y

v2z

�

� mX,Y

��â
xPX

v1x

�
b

�â
yPY

v1y

��
bmX 1,Y 1

��â
xPX

v2x

�
b

�â
yPY

v2y

��

� mX,Y � ρX,Y

��â
xPX

vx

�
b

�â
yPY

vy

��
.

Let us prove that ∆X,Y is a comodule morphism.

ρX,Y �∆X,Y

�� â
zPX\Y

vz

��
� ρX,Y

��â
xPX

vx

�
b

�â
yPY

vy

��

�

�â
xPX

v1x

�
b

�â
yPY

v1y

�
b

� â
zPX\Y

v2z

�

� p∆X,Y b Idq

�� â
zPX\Y

v1z

�
b

� â
zPX\Y

v2z

��

� p∆X,Y b Idq � δX\Y

� â
zPX\Y

vz

�
.

�nally, as TV rHs � K and ε∆p1q1TV
� 1 � pε∆ b Idq � δHp1q, we obtain that ε∆ is a comodule

morphism.

Example 1.5. For V � K, we obtain again the double twisted bialgebra Com of Example 1.3,
with 1X �

â
xPX

1.
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2 Double twisted bialgebras from species with contraction

2.1 Composition of species

Notations 2.1. 1. Let X be a �nite set. We denote by ErXs the set of equivalences on X.
if �P ErXs and x P X, the equivalence class of x for � is denoted by cl�pxq. For any
bijection σ : X ÝÑ Y between two �nite sets, we de�ne a bijection Erσs : ErXs ÝÑ ErY s
as follows: if �P ErXs, then Erσsp�q ��σ is the equivalence on Y given by

@y, y1 P Y, y �σ y1 ðñ σ�1pyq � σ�1py1q.

This de�nes a set species E . Moreover, σ induces a bijection between X{ � and Y { �σ:

σ{ �:

"
X{ � ÝÑ Y { �σ

cl�pxq ÝÑ cl�σpσpxqq.

2. The set ErXs is partially ordered by the re�nement order:

@ �,�1P ErXs, �¤�1 ðñ p@x, y P X, x �1 y ùñ x � yq,

or equivalently, �¤�1 if the classes of � are unions of classes of �1.

3. If �1P ErXs, there is a bijection"
ErX{ �1s ÝÑ t�P ErXs, �¤�1u

� ÝÑ �,

where for any x, y P X, x � y if and only if cl�1pxq�cl�1pyq. Moreover, the following map
is a bijection: "

pX{ �1q{� ÝÑ X{ �
cl�pcl�1pxqq ÝÑ cl�pxq.

From now, we identify ErX{ �1s and t�P ErXs, �¤�1u, as well as pX{ �1q{� and X{ �
through these bijections.

If P and Q are two species, their composition [18, 19] is the species P �Q de�ned as follows:

� If X is a �nite set,

P �QrXs �
à

�PErXs

PrX{ �s b

� â
Y PX{�

QrY s

�
.

� If σ : X ÝÑ X 1 is a bijection between two �nite sets,

P �Qrσs �
à

σPErXs

Prσ{ �s b

� â
Y PX{�

Qrσ|Y s

�
,

noticing that

Prσ{ �sb

� â
Y PX{�

Qrσ|Y s

�
: PrX{ �sb

â
Y PX{�

QrY s ÝÑ PrX 1{ �σsb

� â
Y 1PX 1{�σ

QrY 1s

�
.

The unit species for � is the species I de�ned by

IrXs �

#
K if |X| � 1,

0 otherwise.
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Let P, Q and R be three species. For any �nite set X,

pPbQq �RrXs �
à

�PErXs,

X{��X 1\X2

PrX 1s bQrX2s b

� â
Y PX 1\X2

RrY s

�

�
à

X�X 1\X2,
�1PErX 1s,
�2PErX2s

PrX 1{ �1s bQrX2{ �2s b

� â
Y 1PX 1{�1

RrY 1s

�
b

� â
Y 2PX2{�1

RrY 2s

�

�
à

X�X 1\X2,
�1PErX 1s,
�2PErX2s

PrX 1{ �1s b

� â
Y 2PX2{�1

RrY 2s

�
bQrX2{ �2s b

� â
Y 1PX 1{�1

RrY 1s

�

�
à

X�X 1\X2

�
P �RrX 1s

�
b
�
Q �RrX2s

�
� pP �Rq b pQ �RqrXs.

We now identify the vector spaces pP bQq �RrXs and pP �Rq b pQ �RqrXs. We can prove
similarly that for any bijection σ : X ÝÑ Y between two �nite sets,

pPbQq �Rrσs � pP �Rq b pQ �Rqrσs.

Hence, the species pP bQq �R and pP �Rq b pQ �Rq are naturally isomorphic, and we now
identify them. For any species Q, we obtain an endofunctor F�Q of the symmetric monoidal (for
the Cauchy tensor product1) of species, such that for any �nite species P, F�QrPs � P �Q.

2.2 An endofunctor on twisted bialgebras

Let us consider the endofunctor F�Com. By de�nition of the composition of species, if P is a
species,

F�ComrPsrXs �
à

�PErXs

PrX{ �s b

� â
Y PX{�

K

�
�

à
�PErXs

PrX{ �s.

If σ : X ÝÑ Y is a bijection between two �nite sets, then

F�ComrPsrσs :
à

�PErXs

PrX{ �s ÝÑ
à

�PErY s
QrY { �s

is de�ned by F�ComrPsrσs|PrX{�s � Prσ{ �s, which takes its values inQrY { �σs. If f : P ÝÑ Q
is a morphism of species, then F�Comrf s : P �Com ÝÑ Q �Com is de�ned as follows: for any
�nite set X, for any �P ErXs,

F�Comrf s|PrX{�s � f rX{ �s : PrX{ �s � P �ComrXs ÝÑ QrX{ �s � Q �ComrXs.

As the endofunctor F�Com is compatible with the Cauchy tensor product b:

Proposition 2.1. Let P be a species and P1 � P �Com.

1. If pP,mq is a twisted algebra, then P1 is also a twisted bialgebra, with the product de�ned
as follows: for any �nite sets X, Y , for any �XP ErXs and �Y P ErY s,

pm1
X,Y q|PrX{�X sbPrY {�Y s � mX{�X ,Y {�Y

,

which takes its values in

PrX{ �X \Y { �Y s � PrpX \ Y q{p�X \ �Y qs � P1rX \ Y s.

The unit is 11P � 1P P PrHs � P1rHs.

1In fact, also for the Hadamard product.
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2. If pP,∆q is a twisted coalgebra, then P1 is also a twisted coalgebra, with the product de�ned
as follows: for any �nite sets X and Y , for any �P ErX \ Y s, putting �X�� XX2 and
�Y�� XY 2,

p∆1
X,Y q|PrpX\Y q{�s �

#
∆X{�X ,Y {�Y

if ���X \ �Y ,

0 otherwise,

which takes its values in PrX{ �Xs bPrY { �Y s � P1rXs bP1rY s. The counit of pP1,∆1q
is the counit of pP,∆q.

3. If P is a twisted bialgebra, these product and coproduct make P1 a twisted bialgebra.

Proof. 1. By construction, m1 � F�Comrms and ι1P � F�ComrιPs. As F�Com is an endo-
functor compatible with the Cauchy tensor product, pP1,m1q is a twisted algebra, of unit
ι1P.

2. By construction, ∆1 � F�Comr∆s and ε∆ � F�Comrε∆s. As F�Com is an endofunctor
compatible with the Cauchy tensor product, pP1,∆1q is a twisted algebra, of counit ε∆.

3. Same arguments.

Remark 2.1. If P is a twisted algebra (resp. coalgebra, bialgebra) then P is a twisted subalgebra
(resp. subcoalgebra, subbialgebra) of P �Com.

2.3 Species with contractions and extractions

De�nition 2.2. Let P be a species. A contraction-extraction coproduct on P is a family δ of
maps such that:

� For any �nite set X, for any �P ErXs, δ� : PrXs ÝÑ PrX{ �s bPrXs.

� For any bijection σ : X ÝÑ Y between two �nite sets, for any �P ErXs, the following
diagram commutes:

PrXs
δ� //

Prσs
��

PrX{ �s bPrXs

Prσ{�sbPrσs
��

PrY s
δ�σ

// PrY { �σs bPrY s

� If X is a �nite set and �¤�1P ErXs, the following diagram commutes, with Notation 2.1:

PrXs
δ�1 //

δ�
��

PrX{ �1s bPrXs

δ�bId
��

PrX{ �s bPrXs
Idbδ�1

// PrX{ �s bPrX{ �1s bPrXs

If �,�1P ErXs, such that we do not have �¤�1, then pIdb δ�1q � δ� � 0.

� There exists a species morphism ϵδ : P ÝÑ Com such that for any �nite set X, for any
�P ErXs,

pIdb ϵδrXsq � δ� �

#
IdPrXs if � is the equality of X,

0 otherwise,

and ¸
�PErXs

pϵδrX{ �s b Idq � δ� � IdPrXs.
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Proposition 2.3. Let P be a species with a contraction-extraction coproduct δ. We put P1 �
P �Com. For any �nite set X, we de�ne a coproduct

δ1rXs : P1rXs �
à

�PErXs

PrX{ �s ÝÑ P1rXs bP1rXs

by

δ1rXs|PrX{�1s �
à
�¤�1

δ� : PrX{ �1s ÝÑ
à
�¤�1

PrX{ �s bPrX{ �1s � P1rXs bP1rXs.

Then P1 is a coalgebra in the category of coalgebraic species.

Proof. Let us �rst prove that δ1 : P1 ÝÑ P1 b P1 is a species morphism. Let σ : X ÝÑ Y be a
bijection between two �nite sets. For any �1P ErXs,

δ1rY s �P1rσs|PrX{�1s �
à
�¤�1

δ�σ �Prσ{ �
1s

�
à
�¤�1

pPrσ{ �s bPrσ{ �1sq � δσ

� pP1rσs bP1rσsq � δ1rXs|PrX{�1s.

Let us now prove that δ1rXs is coassociative. Let X be a �nite set and �2P ErXs.

pδ1rXs b Idq � δ1rXs|PrX{�2s �
à

�1¤�2

pδrXs b Idq � δ�1

�
à

�¤�1¤�2

pδ� b Idq � δ�1

�
à

�¤�1¤�2

pIdb δ�1q � δ�

�
à

�,�1¤�2

pIdb δ�1q � δ�

�
à

�1¤�2

pIdb δ�1q � δrXs|PrX{�2s

� pIdb δ1rXsq � δ1rXs|PrX{�2s.

For the fourth equality, recall that pIdb δ�1q � δ� � 0 if we do not have �¤�1.

Let us �nally prove that ϵδ is a counit. Let X be a �nite set and �1P ErXs.

pϵδrXs b Idq � δ1rXs|PrX{�1s �
¸
�¤�1

pϵδrXs b Idq � δ�

�
¸

�PErX{�1s

pϵδrXs b Idq � δ�

� IdPrX{�1s,

pIdb εδrXsq � δ
1rXs|PrX{�1s �

¸
�PErX{�1s

pIdb ϵδrXsq � δ�

� pIdb ϵδrXsq � δ�PrX{�1s
� 0

� IdPrX{�1s.

If σ : X ÝÑ Y is a bijection between two �nite sets, the compatibility of δ with Prσs implies
that Prσs is a coalgebra isomorphism from pPrXs, δXq to pPrY s, δY q. So P is a coalgebraic
species.
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Proposition 2.4. Let pP,mq be a twisted algebra with a contraction-extraction coproduct δ. We
assume that for any �nite set X, for any �P ErXs, putting �X�� XX2 and �Y�� XY 2,

δ� �mX,Y �

#
pmX{�X ,Y {�Y

bmX,Y q � pIdb cb Idq � pδ�X b δ�Y q if ���X \ �Y ,

0 otherwise,

and that δ�H
p1Pq � 1P b 1P, where �H is the unique equivalence on H. We put P1 � P �

Com and we give it its structure of twisted algebra pP1,m1q and its coproduct δ1 associated to
the contraction-extraction coproduct. Then pP1,m1q is an algebra in the category of coalgebraic
species.

Proof. Let us �rstly prove that the unit of P1 is a coalgebra morphism.

δ1rHsp11Pq � δ1rHsp1Pq � 1P b 1P � 11P b 11P.

Let us now prove that the productm1
X,Y is a coalgebra morphism fromP1rXsbP1rY s toP1rX\Y s

for any �nite sets X and Y . Let �1
XP ErXs and �1

Y P ErY s. We put �1��1
X \ �1

Y P ErX \ Y s.
then

pδ1rX \ Y s �m1
X,Y q|PrX{�1

X sbPrY {�1
Y s
� δ1rX \ Y s �mX{�1

X ,Y {�1
Y

�
¸

�¤�1
X\�

1
Y

δ� �mX{�1
X ,Y {�1

Y
.

If �¤�1
X \ �1

Y , let us put �X�� XX2 and �Y�� XY 2. If ���X \ �Y , then δ� �
mX{�1

X ,Y {�1
Y
� 0. Moreover, �X¤�

1
X and �Y¤�

1
Y ; conversely, if �X¤�

1
X and �Y¤�

1
Y , then

�X \ �Y¤�. We obtain

pδ1rX \ Y s �m1
X,Y q|PrX{�1

X sbPrY {�1
Y s

�
¸

�X¤�
1
X ,

�Y ¤�
1
Y

δ�X\�Y �mX{�1
X ,Y {�1

Y

�
¸

�X¤�
1
X ,

�Y ¤�
1
Y

pmX{�X ,Y {�Y
bmX{�1

X ,Y {�1
Y
q � pIdb cb Idq � pδ�X b δ�Y q

� pm1
X,Y bm1

X,Y q � pIdb cb Idq � pδ1rXs b δ1rY sq|PrX{�1
X sbPrY {�1

Y s
.

Proposition 2.5. Let pP,m,∆q be a twisted bialgebra of unit 1P and of counit ε∆, with a
contraction-extraction coproduct δ. We assume that for any �nite set X\Y , for any �P ErX\Y s,
putting �X�� XX2 and �Y�� XY 2,

δ� �mX,Y �

$'&
'%
pmX{�X ,Y {�Y

bmX,Y q � pIdb cb Idq � pδ�X b δ�Y q

if ���X \ �Y ,

0 otherwise,

p∆X{�X ,Y {�Y
b Idq � δ� � m1,3,24 � pδ�X b δ�Y q �∆X,Y if ���X \ �Y ,

δ�H
p1Pq � 1P b 1P,

pε∆ b Idq � δ�H
� ηP � ε∆pxq.

Let P1 � P �Com, with its structure of twisted bialgebra pP1,m1,∆1q and its coproduct δ1 asso-
ciated to the contraction-extraction coproduct. Then pP1,m,∆, δq is a double twisted bialgebra.

Remark 2.2. Note that if ���X \ �Y , then X{ �X and Y { �Y are not disjoints subsets of
pX \ Y q{ � and then p∆X{�X ,Y {�Y

b Idq � δ� has no meaning.
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Proof. We already obtained in Proposition 2.4 that pP1,m1,∆1q is an algebra in the category of
coalgebraic species. The condition on ε∆ proves that ε∆ : P1rHs � PrHs ÝÑ K is a comodule
morphism. Let us prove that for any �nite sets X and Y , ∆1

X,Y is a comodule morphism. Let

�1P ErX \ Y s. We put �1
X��

1 XX2 and �1
Y��

1 XY 2.

p∆1
X,Y b Idq � δ1rX \ Y s|PrX\Y {�1s �

¸
�¤�1

p∆1
X,Y b Idq � δ�

�
¸

�XPErXs,
�Y PErY s,

�X\�Y ¤�
1

p∆X{�X ,Y {�Y
b Idq � δ�X\�Y

�
¸

�XPErXs,
�Y PErY s,

�X\�Y ¤�
1

m1,3,24 � pδ�X b δ�Y q �∆X{�X ,Y {�Y
.

If �1��1
X \ �1

Y , then p∆
1
X,Y q|PrX\Y {�1s � 0. At least one class of �1 contains elements of X

and elements of Y ; if �¤�1, the classes of � are union of classes of �1, so at least one of them
contains elements of X and elements of Y . So ���X \ �Y . We obtain

p∆1
X,Y b Idq � δ1rX \ Y s|PrX\Y {�1s � 0 � pρX,Y �∆

1
X,Y q|PrX\Y {�1s.

If �1��1
X \ �1

Y , then

p∆1
X,Y b Idq � δ1rX \ Y s|PrX\Y {�1s �

¸
�XPErXs,
�Y PErY s,

�X\�Y ¤�
1

m1,3,24 � pδ�X b δ�Y q �∆X{�X ,Y {�Y

�
¸

�X¤�
1
X ,

�Y ¤�
1
Y

m1,3,24 � pδ�X b δ�Y q �∆X{�X ,Y {�Y

� pm1,3,24 � pδrXs b δrY sq �∆1
X,Y q|PrX\Y {�1s

� pρX,Y �∆
1
X,Y q|PrX\Y {�1s.

2.4 Links with cooperads

In the species setting, a cooperad is a couple pP, δq where P is a species and δ : P ÝÑ P �P is
a counitary and coassociative coproduct, that is to say:

� The following diagram commutes:

P
δ //

δ
��

P �P

Id�δ
��

P �P
δ�Id
// P �P �P

� There exists a species morphism ε : P ÝÑ I such that the following diagram commutes:

P �P

ε�Id ##F
FF

FF
FF

FF
P

δoo δ //

Id
��

P �P

Id�ε{{xx
xx
xx
xx
x

P

Let pP, δq is a cooperad, such that PrHs � p0q. We consider the twisted algebra SpPq. We
then consider the map pId bmq � δ : P ÝÑ pP � Comq b SpPq and extend it multiplicatively
to SpPq. The coassociativity of δ and the existence of its counit implies that the result is a
contraction-extraction coproduct on SpPq.
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2.5 Contraction-extraction on graphs

De�nition 2.6. Let G P G rXs and �P ErXs.

1. We de�ne a graph G |�P G rXs by

V pG |�q � V pGq,

EpG |�q � ttx, yu P EpGq | x � yu.

In other words, G |� is obtained from G by deleting all the edges which extremities are
not equivalent; or equivalently, G |� is the disjoint union of the restrictions of G to the
equivalence classes of �.

2. We de�ne a graph G{ �P G rX{ �s by

V pG{ �q � X{ �,

EpG{ �q � ttcl�pxq, cl�pyqu | tx, yu P EpGq cl�pxq � cl�pyqu.

In other words, G{ � is obtained from G by identifying the vertices according to �, then
deleting the loops created in the process and the redundant edges.

3. We shall say that �P EcrGs if for any class C of �, G|C is connected.

Proposition 2.7. We de�ne a contraction-extraction coproduct δ on G as follows: for any �nite
set X, for any �P ErXs, for any G P G rXs,

δ�pGq �

#
G{ � bG |� if �P EcrGs,
0 otherwise.

It is compatible with the product and the coproduct in the sense of Proposition 2.5.

Proof. The compatibility of δ with the species structure is clear. Let us prove the coassociativity
of δ. Let X be a �nite set, �,�1P ErXs and G P G rXs.

If �¤�1, let us prove that �P EcrG{ �1s and �1P EcrGs if, and only if, �1P EcrG |�s and
�P EcrGs.

ùñ. Let C 1 be a class of �1. As �1P EcrGs, it is a connected subgraph of G. Moreover,
as �¤�1, all its elements are in the same class of �, so G|C1 � pG| �q|C1 : as a consequence,
pG| �q|C1 is connected, so �1P EcrG |�s. Let C be a class of �, and x, y P C. As �P EcrG{ �1s,
it is connected in G{ �1: there exists a path in G{ �1 from cl�1pxq to cl�1pyq. Moreover, as
�1P EcrGs, each cl�1pzq is a connected subgraph of G, so there is a path from x to y in G:
�P EcrGs.

ðù. Let C be a class of �. As �P EcrGs, any of its class is a connected subgraph of G, so
by contraction is a connected subgraph of G{ �1: �P EcrG{ �1s. Let C 1 be a class of �1. As
�1P EcrG |�s, it is a connected subgraph of G |�, so also of G: �P EcrG{ �1s.

As a conclusion,

pδ� b Idq � δ�1pGq �

#
pG{ �1q{ � bpG{ �1q |� bG |�1 if �P EcrG{ �1s and �1P EcrGs,
0 otherwise

�

#
G{ � bpG |�q{ �1 bpG |�q |�1 if �1P EcrG |�s and �P EcrGs,
0 otherwise

� pIdb δ�1q � δ�pGq.
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If we do not have �¤�1, then at least one class C of � intersects two classes of �1, so in-
tersects two connected components of |�1: we obtain that �R EcrG |�1s. So δ�pG |�1q � 0 and
�nally pIdb δ�q � δ�1pGq � 0.

Let us now study the counity. We de�ne a species morphism ϵδ : G ÝÑ Com by

@G P G rXs, ϵδrXspGq �

#
1 if EpGq � H,

0 otherwise.

Let G P G rXs and �P ErXs. If � is the equality of X, then �P EcrGs, G{ �� G and G |� as
no edge, so pId b ϵδrXsq � δ�pGq � G. Otherwise, either G R EcrGs or at least one class of �
contains an edge, so ϵδrXspG |�q � 0. In both cases, pIdb ϵδrXsq � δ�pGq � 0.

Let �P EcrGs, such that EpG{ �q � H. If two vertices of G are related by an edge, there are
necessarily equivalent, so any connected component of G is included in a single class of �. As
the classes of � are connected, � is the relation �c which classes are the connected components
of G. Moreover, G{ �c has no edge and G |�c� G. Therefore,¸

�PErXs

pϵδrX{ �s b Idq � δ�pGq �
¸

�PEcrGs
pϵδrX{ �s b Idq � δ�pGq

� pϵδrX{ �s b Idq � δ�cpGq

� G |�c

� G.

Let us prove the compatibility of δ with the product. Let X and Y be two �nite sets,
�P ErX \ Y s, G P G rXs and H P G rY s. If ���X \ �Y , at least one class C of � intersects
both X and Y , so is not connected in GH � mX,Y pGbHq. Therefore, �R EcrGHs and

δ� �mX,Y pGbHq � 0.

Let us assume that ���X \ �Y . Then �P EcrGHs if, and only if, �XP EcrGs and �Y P EcrHs,
as the connected components of GH are the connected components of G and of H. If so,
pGHq{ �� pG{ �XqpH{ �Y q and pGHq |�� pG |�XqpH |�Y q. Therefore,

δ� �mX,Y pGbHq �

#
pGHq{ � bpGHq |� if �P EcrGHs,

0 otherwise

�

#
pG{ �XqpH{ �Y q b pG |�XqpH |�Y q if �XP EcrGs and �Y P EcrHs,
0 otherwise

� pmX{�X ,Y {�Y
bmX,Y q � pIdb cb Idq � pδ�X b δ�Y qpGbHq.

Let us �nally prove the compatibility of δ with the coproduct ∆. Let X and Y be two �nite
sets, �XP ErXs, �Y P ErY s and G P G rXs. We put ���X \ �Y . Then

p∆X{�X ,Y {�Y
b Idq � δ�pGq �

#
pG{ �q|X{�X

b pG{ �q|Y {�Y
bG |� if �P EcrGs,

0 otherwise;

m1,3,24 � pδ�X b δ�Y q �∆X,Y pGq �

$'&
'%
pG|Xq{ �X bpG|Y q{ �Y bpG|Xq |�X pG|Y q |�Y

if �XP EcrG|Xs and �Y P EcrG|Y s,

0 otherwise.

As ���X \ �Y , �P EcrGs if and only if �XP EcrG|Xs and �Y P EcrG|Y s. Moreover,

pG{ �q|X{�X
� pG|Xq{ �X , pG{ �q|Y {�Y

� pG|Y q{ �Y , G |� � pG|Xq |�X pG|Y q |�Y ,

which �nally proves the compatibility between δ and ∆.
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Example 2.1. Let us apply our machinery to the species of graphs G. For any �nite set X, G1rXs
is generated by the set G 1rXs of graphs G such that V pGq is a partition of X. For example,

G 1rta, bus � t qqab , qa q b , qa, b u,
G 1rta, b, cus �

# qqq
a

b

c

, qqq
b

a

c

, qqq
a

c

b

, q qq
_a

cb
, qq

a

b qc , qq
a

c q b , qq
b

c qa , qa q b qc ,qq
a, b

c
, qq

a, c

b
, qq

b, c

a
, qa, b qc , qa, c q b , q b, c qa , qa, b, c

+
.

The product is given by the disjoint union of these graphs. If G P G 1rA\Bs, then

∆A,BpGq �

#
G|A bG|B if A and B are union of vertices of G,

0 otherwise.

For example, in G1rta, b, cus,

∆ta,bu,tcup qqa, bc
q � q ta, bub qc , ∆tcu,ta,bup qqa, bc

q � qc b q ta, bu, ∆ta,cu,tbup qqa, bc
q � 0.

For any graph G P G 1rXs,

δpGq �
¸

�PEcrGs
G{ � bG |�,

noticing that the vertices of G{ � are here disjoint unions of vertices of G, so form a partition
of X. For example, in G1rta, b, cus,

δp qqa, bc
q � qq

a, b

c
b qa, b qc � qa, b, c b qq

a, b

c
,

δp qqqabc q � qqq
a

b

c

b qa q b qc � qa, b, c b qqq
a

b

c

� qq
a, b

c
b qq

a

b qc � qq
a

b, c
b qq

b

c qa ,
δp q qq_a

cb
q � q qq

_a
cb
b qa q b qc � qa, b, c b q qq

_a
cb
� qq

a, b

c
b qq

a

b qc � qq
a, c

b
b qq

b

c q b � qq
b, c

a
b qq

b

c qa .
3 Bosonic Fock functors

3.1 The classical bosonic Fock functor

Let us recall the de�nition of the bosonic Fock functor F [2].

� If P is a species, then FrPs is the graded vector space

FrPs �
8à

n�0

coInvpPrnsq �
8à

n�0

Prns

VectpPrσsppq � p | σ P Sn, p P Prnsq
.

� If f : P ÝÑ Q is a species morphism, then

Frf s �
8à

n�0

f rns,

where f rns : coInvpPrnsq ÝÑ coInvpQrnsq is the linear map induced by f rns (which is
compatible with the action of Sn, as a species morphism).

It is proved in [2] that if P is a twisted algebra (resp. coalgebra, bialgebra), then FrPs is a
graded algebra (resp. coalgebra, bialgebra), with the product and coproduct given by

@p P Prks, @q P Prls, mppb qq � Prσk,ls �mrks,rlsppb qq,

@p P Prk � ls, ∆ppq �
¸

A\B�rns

pPrσAs bPrσBsq �∆A,Bppq,
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where for any I � rns, σI : I ÝÑ r|I|s is the unique increasing bijection and for any k, l ¥ 0,

σk,l :

$&
%

rks \ rls ÝÑ rk � ls
i P rks ÝÑ i,
j P rls ÝÑ k � j.

The following theorem is proved in [9, Theorem 61]:

Theorem 3.1. Let pP,m,∆, δq be a double twisted bialgebra. Then FrPs is a double bialgebra,
with the coproduct δ given on any p P Prns by

δppq � pπn b πnq � δrnsppq,

where πn : Prns ÝÑ coInvpPrnsq is the canonical surjection.

3.2 Coloured Fock functors

If P and Q are twisted algebras (resp. coalgebras, bialgebras, double bialgebras), then their
Hadamard tensor product P b Q is also a twisted algebra (resp. coalgebra, bialgebra, double
bialgebra). We here shall take P � TV :

De�nition 3.2. Let V be a vector space. The V -coloured Fock functor FV associates to any
species P the graded vector space FV rPs � FrTV b Ps. If f : P ÝÑ Q is a species morphism,
then FV rf s � FrIdTV

b f s.

In other words, for any species V ,

FV rPs �
8à

n�0

coInvpV bn bPrnsq

�
8à

n�0

V bn bPrns

Vectpv1 . . . vn bPrσsppq � vσp1q . . . vσpnq b p | σ P Sn, p P Prns, v1, . . . , vn P V q

� V bn bSn Prns,

where Sn acts on the left on Prns by the action given by the species structure, and acts on the
right of V bn by permutation of the tensors:

@σ P Sn, @v1, . . . , vn P V, v1 . . . vn � σ � vσp1q . . . vσpnq.

If f : P ÝÑ Q is a species morphism, then for any p P Prns, for any v1, . . . , vn P V ,

FV rf spv1 . . . vn b pq � v1 . . . vn b fppq.

As TV is a twisted bialgebra, and even a double twisted bialgebra if V is a coalgebra:

Proposition 3.3. 1. Let V be a vector space. If P is a twisted algebra (resp. coalgebra,
bialgebra), then FV rPs is a graded algebra (resp. coalgebra, bialgebra).

2. Let pV, δV q be a coalgebra. If P is a double twisted bialgebra, then FV rPs is a double
bialgebra.

Example 3.1. Let us apply this to the double twisted bialgebra Com. By construction,

FV rComs � SpV q,

with its usual product m and coproduct ∆, de�ned on any v P V by ∆pvq � v b 1 � 1 b v. If
moreover pV, δV q is a coalgebra, then SpV q is a double bialgebra, with the coproduct δ obtained
by multiplicative extension of δV . In particular, if V � K with its usual coalgebra structure, we
obtain the double bialgebra KrXs, with its coproducts de�ned by

∆pXq � X b 1� 1bX, δpXq � X bX.
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3.3 The example of Comp

Let us apply this to the double twisted bialgebra Comp. For any vector space V ,

FV rComps � T pS�pV qq.

In order to distinguish the di�erent products, we denote the concatenation product of T pS�pV qq
by |. Let us describe the quasishu�e product ] of FV rComps. For any p1, . . . , pk�l P S�pV q,

pp1 | . . . | pkq ] ppk�1 | . . . | pk�lq �
¸

σPQShpk,lq

�
� ¹

iPσ�1p1q

pi

�
| . . . |

�
� ¹

iPσ�1pmaxpσqq

pi

�
,

where QShpk, lq is the set of pk, l)-quasishu�es, that is to say surjections σ : rk� ls ÝÑ rmaxpσqs
such that σp1q   . . .   σpkq and σpk � 1q   . . .   σpk � lq. The coproduct is given by
deconcatenation: for any p1, . . . , pn P S�pV q,

∆pp1 | . . . | pnq �
ņ

k�0

p1 | . . . | pk b pk�1 | . . . | pn.

If pV, δV q is a coalgebra, then T pS�pV qq inherits a second coproduct δ making it a double bialge-
bra. Firstly, the coproduct of V is extended in a coproduct δS�pV q on S�pV q by multiplicativity.
Then, for any p1, . . . , pk P S�pV q, with Sweeder's notation δS�pV qppq � p1 b p2,

δpp1 | . . . | pnq �
¸

1¤i1 ... ip k

�
i1¹
i�1

p1i

�
| . . . |

�
� k¹

i�ip�1

p1i

�
bpp21 | . . . | p2i1q] . . .]pp2ip�1 | . . . | p

2
kq.

When pV, �, δV q is a commutative, non necessarily unitary bialgebra, using the canonical
algebra epimorphism from S�pV q to V :

Proposition 3.4. 1. Let pV, �q be a commutative, non necessarily unitary algebra. Then T pV q
is a bialgebra, with the following product ] and coproduct ∆:

� For any v1, . . . , vk�l P V ,

v1 . . . vk ] vk�1 . . . vk�l �
¸

σPQShpk,lq

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pmaxpσqq

vi

�
,

where the symbol
�¹

means that the product which is used is the product � of V .

� For any v1, . . . , vn P V ,

∆pv1 . . . vnq �
ņ

k�0

v1 . . . vk b vk�1 . . . vn,

ε∆pv1 . . . vnq � 0 if n ¥ 1.

2. Let pV, �, δV q be a commutative, non necessarily unitary bialgebra. Then T pV q inherits a
second coproduct, making it a double bialgebra: for any v1, . . . , vk P V ,

δpv1 . . . vkq

�
¸

1¤i1 ... ip k

�
�¹

1¤i¤i1

v1i

�
. . .

�
� �¹

ip�1¤i¤k

v1i

�
b pv21 . . . v

2
i1q ] . . .] pv2ip�1 . . . v

2
kq.

The counit ϵδ is given by

ϵδpv1 . . . vkq �

#
0 if k ¥ 2,

ϵV pv1q if k � 1.
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Proof. As V is commutative, there exists an algebra morphism π : S�pV q ÝÑ V , sending any
v P V to itself. It is extended as an algebra morphism from T pS�pV qq to T pV q, which we also
denote by π. It is immediate that

m � pπ b πq � π �m, ∆ � π � pπ b πq �∆,

and, if V is a bialgebra,
δ � π � pπ b πq � δ.

As π is surjective, we obtain that pT pV q,],∆q is a bialgebra and, if V is a commutative bialgebra,
that pT pV q,],∆, δq is a double bialgebra.

Remark 3.1. 1. Another proof of this result can be found in [11] and [6].

2. This is a generalization of the construction of quasishu�e algebras of [16, 17], which we
recover when V is the algebra of a monoid.

Example 3.2. 1. Let V be the bialgebra associated to the monoid pN¡0,�q. A basis of T pV q
is given by compositions, that is to say �nite sequences of positive integers, and we recover
the double bialgebra QSym of quasi-symmetric functions [1, 13, 15, 20, 23].

2. Let V � K, with its usual product and coproduct. In order to avoid confusions, we denote
by x the unit 1 of K, seen as an element of T pKq. Then

∆pxq � xb 1� 1b x, δpxq � xb x.

Moreover, for any k, l P N,

xk ] xl �
¸

maxpk,lq¤n¤k�l

n!

pn� kq!pn� lq!pk � l � nq!
xn.

An easy induction proves that for any n ¥ 1,

x]n � n!xn � terms akx
k with k   n.

We deduce that when the characteristic of K is zero, x generates pT pKq,]q. In this case,
pT pKq,]q is isomorphic to KrXs, with its usual product and its coproducts de�ned by

∆pXq � X b 1� 1bX, δpXq � X bX.

In other words, identifying KrXsb2 and KrX,Y s with the algebra map"
KrXs bKrXs ÝÑ KrX,Y s
P pXq bQpXq ÝÑ P pXqQpY q,

for any P P KrXs,

∆pP qpX,Y q � P pX � Y q, δpP qpX,Y q � P pXY q,

ε∆pP q � P p0q, ϵδpP q � P p1q.

3.4 Coloured Fock functor and contractions

Let pP, δq be a species with a contraction-extraction coproduct δ. We put P1 � P�Com. Let us
�x a commutative, non necessarily unitary algebra pV, �q. We de�ne a map π : FV rP

1s ÝÑ FV rPs
as follows: if v1, . . . , vn P V and p P Prrns{ �s, where �P Erns, let us choose a bijection
σ : rns{ �ÝÑ rks. We put

πpv1 . . . vn b pq �

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pkq

vi

�
bPrσsppq P coInvpV bk bPrksq,

where again the symbols
�¹
mean that these products are taken in pV, �q.
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Lemma 3.5. The map π is well-de�ned.

Proof. Let us �rst prove that this does not depend on the choice of the bijection σ. Let σ1 :
rns{ �ÝÑ rks be another bijection. We put τ � σ1 � σ�1 P Sk, so that σ1 � τ � σ.

�
� �¹

iPσ1�1p1q

vi

�
. . .

�
� �¹

iPσ1�1pkq

vi

�
bPrσ1sppq

�

�
� �¹

iPσ�1pτ�1p1qq

vi

�
. . .

�
� �¹

iPσ�1pτ�1pkqq

vi

�
bPrτ s �Prσsppq

�

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pkq

vi

�
bPrσsppq,

by de�nition of V bk bSk
Prks. Let us now take v1, . . . , vn P V , �P Erns and τ P Sn. Let us

choose a bijection σ : X{ �τÝÑ rks. Then σ1 � σ � τ{ �: X{ �ÝÑ rks is a bijection.

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pkq

vi

�
bPrσs �P1rτ sppq

�

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pkq

vi

�
bPrσ � τ{ �sppq

�

�
� �¹

iPσ�1p1q

vi

�
. . .

�
� �¹

iPσ�1pkq

vi

�
bPrσ1sppq

�

�
� �¹

τ�1piqPσ1�1p1q

vi

�
. . .

�
� �¹

τ�1piqPσ1�1pkq

vi

�
bPrσ1sppq

�

�
� �¹

iPσ1�1p1q

vτpiq

�
. . .

�
� �¹

iPσ1�1pkq

vτpiq

�
bPrσ1sppq.

Note that the last equality holds because of the commutativity of �, the factors in these products
being permuted according to τ .

Proposition 3.6. Let pV, �q be a commutative, non necessarily unitary algebra.

1. Let us assume that pP,mq is a twisted algebra. Then π : pFV rP
1s,m1q ÝÑ pFV rPs,mq is

an algebra morphism.

2. Let us assume that pP,∆q is a twisted coalgebra. Then π : pFV rP
1s,∆1q ÝÑ pFV rPs,∆q is

a coalgebra morphism.

Proof. 1. Let k, l ¥ 0, �XP Erks, �Y P Erls, p P Prrks{ �Xs, q P Prrls{ �Y s and v1, . . . , vk�l P V .
We choose bijections σX : rks{ �XÝÑ rk1s and σY : rls{ �YÝÑ rl1s. Putting ���X \ �Y , then

25



σ � σk1,l1 � pσX b σY q : rks \ rls{ �ÝÑ rk1 � l1s is a bijection.

πpv1 . . . vk b p.vk�1 . . . vk�l b qq

� πpv1 . . . vk�l bPrσs �mrks{�X ,rls{�Y
ppb qqq

�

�
� �¹

iPσ�1
X p1q

vi

�
. . .

�
� �¹

iPσ�1
X pk1q

vi

�

�
� �¹

iPσ�1
Y p1q

vi

�
. . .

�
� �¹

iPσ�1
Y pl1q

vi

�


bPrσk1,l1s �mrk1s,rl1spPrσXsppq bPrσY spqqq

�

�
� �¹

iPσ�1
X p1q

vi

�
. . .

�
� �¹

iPσ�1
X pk1q

vi

�
bPrσXsppq.

�
� �¹

iPσ�1
Y p1q

vi

�
. . .

�
� �¹

iPσ�1
Y pl1q

vi

�
bPrσY spqq

� πpv1 . . . vk b pq � πpvk�1 . . . vk�l b qq.

2. Let n ¥ 0, �P Erns, v1, . . . , vn P V and p P Prrns{ �s. Let σ : rns{ �ÝÑ rks be a bijection.
For any I � rks, σI � σ|σ�1pIq is a bijection denoted by σ1I from σ�1pIq to r|I|s. Then

pπ b πq �∆pv1 . . . vn b pq

�
¸

I\J�rks

pπ b πq

�
� ¹

σpiqPI

vi bPrσI � σσ�1pIqspp
p1qσ�1pIqq b

¹
σpjqPJ

vj bPrσJ � σσ�1pJqspp
p2qσ�1pJqq

�


�
¸

I\J�rks

�
� �¹

iPσ1�1
I p1q

vi

�
. . .

�
� �¹

iPσ1�1
I p|I|q

vi

�
PrσIs

�
Prσsppqp1qI

�
�
� �¹

jPσ1�1
J p1q

vj

�
. . .

�
� �¹

jPσ1�1
J p|J |q

vj

�
PrσJ s

�
Prσsppqp2qJ

�
� ∆ � πpv1 . . . vn b pq.

Therefore, if pP,m,∆q is a twisted bialgebra, π : pFV rP
1s,m1,∆1q ÝÑ pFV rPs,m,∆q is a

bialgebra morphism.

Proposition 3.7. Let pV, �, δV q be a commutative, non necessarily unitary bialgebra. Let pP,m,∆q
be a twisted bialgebra, with a contraction-extraction coproduct δ1 as in Proposition 2.5. There ex-
ists a unique coproduct δ on FV rPs, making it a double bialgebra, such that π : FV rP

1s ÝÑ FV rPs
is a morphism of double bialgebras.

Proof. The uniqueness of δ comes from the surjectivity of π. We de�ne δ : FV rPs ÝÑ FV rPs as
follows: for any v1, . . . , vn P V , for any p P Prns,

δpv1 . . . vn b pq � pπ b Idq � δ1pv1 . . . vn b pq,

seeing P as a subspecies of P1. Let us prove that δ � π � pπ b πq � δ1. Let v1 . . . vn P V and
p P Prrns{ �1s. Let us choose a bijection σ1 : rns{ �1ÝÑ rk1s. If �¤�1, let us choose a bijection
σ� : rns{ �ÝÑ rk�s, of the form σ� � τ� � σ

1{ �, with τ a bijection from rk1s{ �σ1 to rk�s.
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Then

δ � πpv1 . . . vn b pq � δ

�
��
�
� �¹

iPσ1�1p1q

vi

�
. . .

�
� �¹

iPσ1�1pk1q

vi

�
bP1rσ1sppq

�
�

�
¸
�¤�1

π

�
��
�
� �¹

iPσ1�1p1q

vi

�

1

. . .

�
� �¹

iPσ1�1pk1q

vi

�

1

bP1rσ1sppp1q�q

�
�

b

�
� �¹

iPσ1�1p1q

vi

�

2

. . .

�
� �¹

iPσ1�1pk1q

vi

�

2

bP1rσ1sppp2q�q

�
¸
�¤�1

π

�
��
�
� �¹

iPσ1�1p1q

v1i

�
. . .

�
� �¹

iPσ1�1pk1q

v1i

�
bPrσ1{ �sppp1q�q

�
�

b

�
� �¹

iPσ1�1p1q

v2i

�
. . .

�
� �¹

iPσ1�1pk1q

v2i

�
bPrσ1sppp2q�q

�
¸
�¤�1

�
� �¹

iPσ�1
� p1q

v1i

�
. . .

�
� �¹

iPσ�1
� pk�q

v1i

�
bPrσ�sppp1q�q

b

�
� �¹

iPσ1�1p1q

v2i

�
. . .

�
� �¹

iPσ1�1pk1q

v2i

�
bPrσ1sppp2q�q

�
¸
�¤�1

π
�
v11 . . . v

1
n b pp1q�

	
b π

�
v21 . . . v

2
n b pp2q�

	
� pπ b πq � δ1pv1 . . . vn b pq,

with Sweedler's notation δV pvq � v1bv2 for any v P V and δ�ppq � pp1q�bpp2q� for p P Prrns{ �s.
So, indeed, pπ b πq � δ1 � δ � π. As pP1,m1,∆1, δ1q is a double twisted bialgebra, its quotient
pP,m,∆, δq is a double twisted bialgebra.

Corollary 3.8. For any twisted bialgebra P with a compatible contraction-extraction coproduct,
FrPs is a functor from the category of commutative, non necessarily unitary bialgebras to the
category of double bialgebras.

3.5 Double bialgebras over V from coloured Fock functors

We introduced in [12] the notion of double bialgebra over V . Let us now prove that coloured
Fock functors give such objects.

Proposition 3.9. Let pV, �, δV q be a (not necessarily unitary) commutative and cocommutative
bialgebra and let pP,m,∆q be a twisted bialgebra, with a contraction-extraction coproduct as in
Proposition 2.5. The double bialgebra pFV rPs,m,∆, δq is a double bialgebra over V in the sense
of [12], with the coaction de�ned by

@v1, . . . , vk P V, @p P Prks, ρpv1 . . . vk b pq � v11 . . . v
1
k b pb

�¹
iPrks

v2i ,

with Sweedler's notation δV pvq � v1 b v2 for any v P V and where the symbol
�¹

means that the
corresponding product is taken in V .
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Proof. As V is commutative, ρ is well-de�ned. The map ρ is clearly a coaction of V on FV rPs.
Let us prove that the product is a V -comodule morphism. Let v1, . . . , vk�l P V , p P Prks and
q P Prls.

ρ �mpv1 . . . vk b pb vk�1 . . . vk�l b qq

� v11 . . . v
1
k�l bPrσk,ls �mrks,rlsppb qq b v21 � . . . � v

2
k�l

� mpv11 . . . v
1
k b pb v1k�1 . . . v

1
k�l b qq b pv21 � . . . � v

2
kq � pv

2
k�1 � . . . � v

2
k�lq

� m13,24 � pρb ρqpv1 . . . vk b pb vk�1 . . . vk�l b qq.

Let us now prove that the coproduct ∆ is a V -comodule morphism. Let v1, . . . , vk P V and
p P Prks.

p∆b Idq � ρpv1 . . . vk b pq �
¸

I\J�rks

�
�¹

iPI

v1i b pp1qI

�
b

�
�¹

iPJ

v1i b pp1qI

�
b v21 � . . . � v

2
n

�
¸

I\J�rks

�
�¹

iPI

v1i b pp1qI

�
b

�
�¹

iPJ

v1i b pp1qI

�
b

�
�¹

iPI

v2i

�
�

�
�¹

iPJ

v2i

�

� m1,3,24 � pρb ρq �∆pv1 . . . vk b pq.

We used the commutativity of V for the second equality.
Let us �nally prove the compatibility between ρ and δ. Let v1, . . . , vk P V and p P Prks.

pδ b Idq � ρpv1 . . . vk b pq �
¸

�PErks

¹
CPrks{�

�
�¹

iPC

v1i

�
b pp1q� b v21 . . . v

2
k b pp2q� b v31 � . . . � v

3
k

�
¸

�PErks

¹
CPrks{�

�
�¹

iPC

v1i

�
b pp1q� b v31 . . . v3k b pp2q� b

�¹
CPrks{�

�¹
iPC

v2i

� pIdb cq � pρb Idq � δpv1 . . . vk b pq.

We used the commutativity and cocommutativity of V for the second equality.

3.6 Double bialgebras of graphs

Let pV, �, δV q be a non necessarily unitary, commutative bialgebra. The double bialgebra FV rGs
is generated by graphs G which any vertex v is decorated by an element dGpvq, with condititions
of linearity in each vertex. For example, if v1, v2, v3, v4 P V and λ2, λ4 P K, if w1 � v1 � λ2v2
and w2 � v3 � λ4v4, qqw1

w2 � qqv1v3 � λ4 qqv1v4 � λ2 qqv2v3 � λ2λ4 qqv2v4 .
The product is given by the disjoint union of graphs, the decorations being untouched. For

any graph G,
∆pGq �

¸
V pGq�A\B

G|A bG|B,

the decorations being untouched. Moreover,

δpGq �
¸

�PEcrGs
G{ � bG |� .

Any vertex w P V pG{ �q � V pGq{ � is decorated by

�¹
vPw

dGpvq
1,
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where the symbol
�¹
means that the product is taken in V (recall that any vertex of V pG{ �q is

a subset of V pGq). Any vertex v P V pG |�q � V pGq is decorated by dGpvq
2. We use Sweedler's

notation δV pvq � v1bv2, and it is implicit that in the expression of δpGq, everything is developed
by multilinearity in the vertices. For example, if v1, v2, v3 P V ,

∆p qqv1v2 q � qqv1v2 b 1� 1b qqv1v2 � qv1 b qv2 � qv2 b qv1,
∆p qqqv1v2v3 q � qqq

v1

v2

v3

b 1� 1b qqq
v1

v2

v3

� qq
v1

v2 b qv3 � qq
v2

v3 b qv1 � qv1 qv3 b qv2
� qv3 b qq

v1

v2 � qv1 b qq
v2

v3 � qv2 b qv1 qv3,
∆p q qq_v1 v3v2 q � q qq_v1 v3v2 b 1� 1b q qq

_v1

v3v2 � qqv1v2 b qv3 � qqv2v3 b qv1 � qqv1v3 b qv2
� qv3 b qqv1v2 � qv1 b qqv2v3 � qv2 b qqv1v3 ,

δp qqv1v2 q � qqv11v12 b qv21 qv22 � qv11 � v12
b qqv21v22 ,

δp qqqv1v2v3 q � qqq
v11

v12

v13

b qv21 qv22 qv23 � qv11 � v12 � v13
b qqq

v21

v22

v23

� qq
v11 � v12

v13 b qq
v21

v22 qv23 � qq
v11

v12 � v13 b qq
v22

v23 qv21 ,
δp q qq_v1 v3v2 q � q qq_v11 v13v12 b qv21 qv22 qv23 � qv11 � v12 � v13

b q qq
_v21

v23v22

� qq
v11 � v12

v13 b qq
v21

v22 qv23 � qq
v11 � v13

v12 b qq
v21

v23 qv22 � qq
v12 � v13

v11 b qq
v22

v23 qv21 .
For any V -decorated graph,

ϵδpGq �

$'&
'%
¹

vPV pGq

ϵV pdGpvqq if EpGq � H,

0 otherwise.

When one takes V � K, with its usual bialgebraic structure, the multilinearity condition on
the decorations implies that a basis of FKrGs is given by graphs which all vertices are decorated
by 1, which we identifty with the set of graphs. We recover in this way the double bialgebra of
graphs described in [10]. If V is the bialgebra of the semigroup pN¡0,�q, we recover the double
bialgebra of weighted graphs also described in [10].
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