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Abstract

Using the formalism of species and twisted objects, we introduce two structures of coin-

teracting bialgebras on hypergraphs, induced by two notions of induced sub-hypergraphs.

We study the associated unique morphisms of cointeracting bialgebras from hypergraphs

to the polynomial algebra in one indeterminate: in the �rst case, this gives the chromatic

polynomial of a graph attached to the considered hypergraph. In the second case, we ob-

tained Helgason's notion of chromatic polynomial of a hypergraph. We obtain Hopf-algebraic

proves of results about the values of this chromatic polynomial in �1 or about its coe�cients,

with the help of the action of a monoid of characters. This allows to give multiplicity-free

formulas for the antipodes of these objects, using various notions of acyclic orientations of

hypergraphs.

Mixing the two notions of induced sub-hypergraphs, we obtain a third Hopf algebra,

�rstly described by Aguiar and Ardila. We obtain negative results on the existence of a

second coproduct making it a cointeracting bialgebra. Anyway, it is still possible to obtain

a polynomial invariant from this structure, which is the chomatic polynomial described by

Aval, Kharagbossian and Tanasa.

We �nally study Iovanov and Jaiung's Hopf algebra of multi-complexes, making it a

cointeracting bialgebra which has for quotient one of the preceding cointeracting bialgebras

of hypergraphs.
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4 Link with hypergraphs 30

Introduction

Hypergraphs (a name due to Claude Berge in the sixties) are generalisations of graphs, where
edges can contain an arbitrary number of vertices. A lot of classical notions on graphs can be
extended to hypergraphs: sub-hypergraphs, colourings, orientations, and so on, see for example
[5, 7, 8, 18, 25, 26]. We are here interested in Hopf-algebraic aspects of hypergraphs, with appli-
cations to colouring and orientations in the spirit of the results obtained in [13] for graphs.

We �rstly construct four graded and connected Hopf algebras of hypergraphs, all based on
the space FrHs generated by the isoclasses of hypergraphs. For convenience, we choose to work
in the framework of species [20, 21], instead of "classical" Hopf algebras, which are obtained by
application of the bosonic Fock functor de�ned by Aguiar and Mahajan [2]. Note that coloured
versions of these Hopf algebras can also be obtained by the application of coloured Fock functors
[16]. For all these Hopf algebras, the product is the disjoint union of hypergraphs. The coproducts
are based on two di�erent notions of induced sub-hypergraphs: if G is a hypergraph and I is a
subset of the set of vertices of G, the edges of the induced sub-hypergraph G|�I are the edges of
G included in I, whereas the edges of the induced sub-hypergraph G|XI are the intersections of
edges of G with I. This allows to de�ne four coproducts: for p$,%q P t�,Xu2, the coproduct
∆p$,%q is given on any hypergraph G by

∆p$,%qpGq �
¸

I�V pGq

G|$I bG|%V pGqzI ,

where V pGq is the set of vertices of G. For example, denoting by Tn the hypergraph with n
vertices and a unique edge containing all its vertices,

∆p�,�qpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



T k
1 b Tn�k

1 ,

∆pX,XqpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



Tk b Tn�k,

∆pX,�qpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



Tk b Tn�k

1 ,

∆p�,XqpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



T k
1 b Tn�k.

The two coproducts ∆p�,�q and ∆pX,Xq are cocommutative, whereas ∆pX,�q and ∆p�,Xq are
opposite one from the other. All these Hopf algebras contain the Hopf algebra of graphs of [13].
Up to a quotient, ∆p�,�q and ∆p�,Xq appear in the recent paper [10], under the notations ∆ and
∆1. The coproduct ∆p�,Xq is introduced in [1] and studied in [4].

We then de�ne two other coproducts δp�q and δpXq of contractions and extractions. This is
done with the formalism of contraction-extraction coproducts exposed in [16]. If G is a hyper-
graph and � is an equivalence on V pGq, we denote byG{ � the hypergraph which set of vertices is
V pGq{ � and which edges are the nontrivial π�peq for e edge of G, where π� : V pGq ÝÑ V pGq{ �
is the canonical surjection. For $ P t�,Xu, we denote by G |$� the disjoint union of induced
subgraphs G|$C with C P V pGq{ �. We �nally shall write that �P E$rGs if each G|$C is a
connected hypergraph. We then can de�ne

δp$qpGq �
¸

�PE$rGs
G{ � bG |$� .
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For example, if n ¥ 2,

δp�qpTnq � Tn b Tn
1 � T1 b Tn,

δpXqpTnq �
¸

n�1k1�...�nkn

n!

1!k1 . . . n!knk1! . . . kn!
Tk1�...�kn b T k1

1 . . . T kn
n .

We then obtain a double bialgebra pFrHs,m,∆p$,$q, δp$qq, that is to say:

� pFrHs,m, δp$qq is a bialgebra.

� pFrHs,m,∆p$,$qq is a bialgebra in the category of right comodules over the bialgebra
pFrHs,m, δp$qq, with the coaction δp$q.

In particular, this implies the compatibility

p∆p$,$q b Idq � δp$q � m1,3,24 � pδ
p$q b δp$qq �∆p$,$q,

where

m1,3,24 :

"
FrHsb4 ÝÑ FrHsb3

a1 b a2 b a3 b a4 ÞÝÑ a1 b a3 b a2a4.

The coproduct δp�q is di�erent from the coproduct δ of [10], the di�erence coming from a dif-
ferent gestion of the contractions, seen as equivalences on the set of vertices here, and seen as
contractions of edges in [10]. We did not �nd a convenient second coproduct for ∆p�,Xq, but we
have negative results about it (Proposition 2.7 and Corollary 2.8).

These results have interesting consequences. Let us �x $ P t�,Xu. A polynomial invariant
of FrHs is any Hopf algebra morphism from pFrHs,m,∆p$,$qq to pKrXs,m,∆q, where ∆ is the
coproduct de�ned by

∆pXq � X b 1� 1bX.

The following results have been proved in [13, 11, 14]:

1. There exists a unique polynomial invariant P$, that is to say a map from FrHs to KrXs,
which is also compatible with both bialgebraic structures, the second coproduct of KrXs
being de�ned by δpXq � X bX.

2. Moreover, any polynomial invariant can be obtained from P$ by an action ø of the
monoid CharpFrHsq of characters of the bialgebra pFrHs,m, δp$qq. Denoting by P$ the
set of polynomial invariants of pFrHs,m,∆p$,$qq, the following maps are two bijections,
inverse one from the other:"

CharpFrHsq ÝÑ P$
λ ÞÝÑ P$ø$ λ � pP$ b λq � δp$q,$&

%
P$ ÝÑ CharpFrHsq

ϕ ÞÝÑ

"
FrHs ÝÑ K

G ÞÝÑ ϕpGqp1q.

3. The antipode of pFrHs,m,∆p$,$qq, denoted by S$, is given by

S$ � pP$|X��1 b Idq � δp$q.

We prove in Proposition 2.1 that, if $ ��, for any hypergraph G, P�pGq is a polynomial
such that for any N ¥ 0, P�pGqpNq is the number of N -colourings of G, that is to say maps
f : V pGq ÝÑ t1, . . . , Nu, such that f is not constant on any non trivial edge of G; if $ � X, for
any hypergraph G, PXpGq is a polynomial such that for any N ¥ 0, PXpGqpNq is the number

3



of N -colourings of G such that f is injective on any edge of G. The polynomial PXpGq is in
fact the chromatic polynomial of the graph ΓpGq obtained by replacing any hyperdge of G by
a complete graph with the same set of vertices. The polynomial P�pGq is generally not the
chromatic polynomial of a graph. It seems that its �rst appearance can be found in [18], see also
[6, 9, 25, 27]. It is denoted by χE,V in [10]. This method cannot be applied to pFrHs,m,∆pX,�qq
by lack of the second coproduct. Anyway, it is still possible to de�ne a chromatic polynomial
invariant PX,�, which plays the role of the P$ in the sense that for any hypergraph G,

PX,�pGqp1q � P�pGqp1q � PXpGqp1q �

#
1 if G has no non trivial edge,

0 otherwise.

We prove in Proposition 2.1 that this invariant counts the number of colourings f such that on
any edge of G, the maximum of f is obtained exactly one time: this is the chromatic polynomial
of [3, 4].

In order to �nd the antipode, we need to consider values of P$ at �1. As for graphs (Stan-
ley's theorem), this is related to acyclic orientations. Here, an acyclic orientation is a partial
quasi-order on the vertices, satisfying certain conditions, see De�nition 2.9. We then obtain inter-
pretations of P�pGqp�1q and PXpGqp�1q in terms of these orientations (Theorem 2.11), and this
is used to give explicit formulas for the antipodes of pFrHs,m,∆pX,Xqq and pFrHs,m,∆p�,�qq,
see Corollary 2.14. A combinatorial interpretation of PX,�pGqp�1q is also given in Theorem
2.11 and the antipode of pFrHs,m,∆pX,�qq is described, with the help of Takeuchi's formula, in
proposition 2.16.

Using the inverse of a particular character, we give a new proof of a formula on the co-
e�cients of the chromatic polynomial P�pGq, which can be found in [25, 27], see Proposition
2.18. We also give some results on decorated versions of FrHs, where the space of decorations
is taken into a commutative and cocommutative bialgebra. This allows to replace KrXs by a
quasishu�e algebra, and the unique double bialgebra morphism replacing the chromatic poly-
nomials are described in Propositions 2.20 and 2.21. They are also based on colourings of graphs.

The last section of this text is devoted to multi-complexes. These objects, introduced in
[19], generalize graphs, multigraphs, hypergraphs, ∆-complexes, and simplicial complexes. We
prove that the bialgebraic structure of [19] can be extended to a double bialgebra structure, and
that pFrHs,m,∆p�,�q, δp�qq is a quotient of this structure. Consequently, the unique polynomial
invariant of multi-complexes compatible with both coproducts factorizes through the chromatic
polynomial P� of the underlying hypergraphs, which allows to give formulas for the antipode
and the eulerian projector for mutli-complexes.

Acknowledgements. The author acknowledges support from the grant ANR-20-CE40-0007
Combinatoire Algébrique, Résurgence, Probabilités Libres et Opérades.

Notations 0.1. 1. We denote by K a commutative �eld of characteristic zero. Any vector
space in this �eld will be taken over K.

2. For any N P N, we denote by rN s the set t1, . . . , Nu. In particular, r0s � H.

3. If pC,∆q is a (coassociative but not necessarily counitary) coalgebra, we denote by ∆pnq

the n-th iterated coproduct of C: ∆p1q � ∆ and if n ¥ 2,

∆pnq �
�
∆b Idbpn�1q

	
�∆pn�1q : C ÝÑ Cbpn�1q.

4. If pB,m,∆q is a bialgebra of unit 1B and of counit εB, let us denote by B� � KerpεBq its
augmentation ideal. We de�ne a coproduct on B� by

@x P B�, ∆̃pxq � ∆pxq � xb 1B � 1B b x.
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Then pB�, ∆̃q is a coassociative (not necessarily counitary) coalgebra.

5. Let P be a species. For any �nite set X, the vector space associated to X by P is denoted
by PrXs. For any bijection σ : X ÝÑ Y between two �nite sets, the linear map associated
to σ by P is denoted by Prσs : PrXs ÝÑ PrY s. The Cauchy tensor product of species is
denoted by b: if P and Q are two species, for any �nite set X,

PbQrXs �
à

X�Y\Z

PrY s bQrZs.

If σ : X ÝÑ Y is a bijection between two �nite sets, then

PbQrσs �
à

X�Y\Z

Prσ|Y s bQrσ|Zs.

A twisted algebra (resp. coalgebra, bialgebra) is an algebra (resp. coalgebra, bialgebra) in
the symmetric monoidal category of species with the Cauchy tensor product. We refer to
[12, 16] for details and notations on algebras, coalgebras and bialgebras in the category of
species.

6. Let V be a vector space. The V -coloured Fock functor FV , de�ned in [16, De�nition 3.2],
sends any species P to

FV rPs �
8à

n�0

coInvpV bn bPrnsq

�
8à

n�0

V bn bPrns

Vectpv1 . . . vn bPrσsppq � vσp1q . . . vσpnq b p | σ P Sn, p P Prns, v1, . . . , vn P V q

� V bn bSn Prns.

When V � K, we obtain the bosonic Fock functor of [2]:

FrPs �
8à

n�0

coInvpPrnsq �
8à

n�0

Prns

VectpPrσsppq � p | σ P Sn, p P Prnsq
.

1 Twisted bialgebras of hypergraphs

1.1 De�nitions

De�nition 1.1. A hypergraph is a family G � pV pGq, EpGqq, where V pGq is a �nite set, called
the set of vertices of G, and EpGq is a subset of PpV pGqq, called the set of edges of G. For the
sake of simplicity, for any hypergraph G we shall consider in this article, we shall assume that:

� H P EpGq.

� For any x P V pGq, txu P EpGq.

If G is a hypergraph, we shall denote the set of its nontrivial edges by

E�pGq � te P EpGq | |e| ¥ 2u.

Under our assumption,

EpGq � E�pGq \ tHu \ ttxu, x P V pGqu.

If I is a �nite set, we shall denote by HrIs the set of hypergraphs G such that V pGq � I. This
de�nes a set species H. The linearization of this set species is denoted by H: for any �nite set
I,

HrIs � VectpHrIsq.
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Remark 1.1. 1. A (simple) graph is a hypergraph G such that for any e P E�pGq, |e| � 2.
This de�nes a set subspecies of H denoted by Gs and a subspecies of H denoted by Gs.
This species of graphs and its bialgebraic structures are studied in [14, 16, 17].

2. If I is a �nite set of cardinality n, then

|HrIs| � 2

ņ

k�2

�
n

k



� 22

n�n�1.

This is the de Bruijn's sequence, entry A016031 in the OEIS [22].

|I| 1 2 3 4 5 6

|HrIs| 1 2 16 2048 67108864 144115188075855872

The following is the number hn of isoclasses of hypergraphs according to the number of
vertices n:

n 1 2 3 4 5 6

hn 1 2 8 180 612032 200253854316544

This is sequence A317794 of the OEIS [22].

1.2 Twisted bialgebras of hypergraphs

Let us now de�ne four twisted bialgebra structures on H, with the help of two di�erent notions
of induced sub-hypergraphs.

Notations 1.1. 1. Let G P HrXs and I � X.

(a) G|�I is the hypergraph such that

V pG|�Iq � I, EpG|�Iq � te P EpGq | e � Iu.

(b) G|XI is the hypergraph such that

V pG|XIq � I, EpG|XIq � teX I | e P EpGqu.

Thanks to the conditions we imposed on hypergraphs, both G|�I and G|XI belong to HrIs.

2. Let X and Y be two disjoint sets, G P HrXs and G1 P HrY s. Then GG1 is the hypergraph
such that

V pGG1q � X \ Y, EpGG1q � EpGq \ EpG1q.

This de�nes an element of HrX \ Y s.

Lemma 1.2. Let $,% P tX,�u.

1. Let G be a hypergraph and X � Y � G. Then

pG|$Y q|$X � G|$X .

2. Let G be a hypergraph and I, J,K � V pGq such that V pGq � I \ J \K. Then

pG|$J\Kq|%J � pG|%I\Jq|$J .
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Proof. 1. We �rst consider the case $ � X. Then

EppG|XY q|XXq � teXX | e P EpG|XY qu

� teX Y XX | e P EpGqu

� teXX | e P EpGqu

� EpG|XXq.

So pG|XY q|XX � G|XX . Let us the consider the case $ ��.

EppG|�Y q|�Xq � te P EpG|�Y q | e � Xu

� te P EpGq | e � X, e � Y u

� te P EpGq | e � Xu

� EpG|�Xq.

So pG|�Y q|�X � G|�X .

2. If $ � %, both pG|$J\Kq|%J and pG|%I\Jq|$J are equal to G|$J by the �rst point. Let us
now consider the case $ � X and % ��.

EppG|XJ\Kq|�Jq � te P EpG|XJ\Kq | e � Ju

� teX pJ \Kq | e P EpGq, eX pJ \Kq � Ju

� teX J | e P EpGq, eXK � Hu.

EppG|�I\Jq|XJq � teX J | e P EpG|�I\Jqu

� teX J | e P EpGq, e � I \ Ju

� teX J | e P EpGq, eXK � Hu.

Therefore, pG|XJ\Kq|�J � pG|�I\Jq|XJ . By symmetry of I and K, this also gives the proof for
$ �� and % � X.

Proposition 1.3. Let $,% P tX,�u. We de�ne a twisted bialgebra structure pH,m,∆p$,%qq on
H by the following:

� For any G P HrXs, for any G1 P HrY s, mX,Y pGbG1q � GG1.

� For any G P HrI \ Js, ∆
p$,%q
I,J pGq � G|$I bG|%J .

The coopposite coproduct of ∆p$,%q is ∆p%,$q. Consequently, ∆p�,�q and ∆pX,Xq are cocommuta-
tive.

Proof. The product m is obviously associative and its unit is the empty hypergraph.

Let I, J, I 1, J 1 be �nite sets such that I 1 \ J 1 � I \ J , and let G P HrI 1s and G1 P HrJ 1s. As
the edges of GG1 are included in I or in J ,

∆
p$,%q
I,J �mI 1,J 1pGbG1q � pGG1q|$I b pGG1q|TJ

� G|$IXI 1G
1
|$IXJ 1 bG|%JXI 1G

1
|%JXJ 1

� pmIXI 1,I 1XJ 1 bmJXI 1,JXJ 1q � pIdHrIXI 1s b cHrJXI 1s,HrIXJ 1s b IdHrJXJ 1sq

� p∆
p$,%q
IXI 1,JXI 1 b∆

p$,%q
IXJ 1,JXJ 1qpGbG1q,

so ∆p$,%q is an algebra morphism.
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Let us now prove the coassociativity of ∆p$,%q. If G P HrI \ J \Ks, by Lemma 1.2, �rst
item,

p∆
p$,%q
I,J b Idq �∆

p$,%q
I\J,KpGq � pG|$I\Jq|$I b pG|$I\Jq|%J bG|%K

� G|$I b pG|$I\Jq|%J bG|%K ,

pIdb∆
p$,%q
J,K q �∆

p$,%q
I,J\KpGq � G|$I b pG|%J\Kq|$J b pG|%J\Kq|%K

� G|$I b pG|%J\Kq|$J bG|%K .

By Lemma 1.2, second item, pG|$I\Jq|%J � pG|%J\Kq|$J , so ∆p$,%q is coassociative. These four
coproducts share the same counit, de�ned by εpHq � 1.

Example 1.1. For any �nite set X with at least two elements, let us denote by TX the hypergraph
which vertices set is X, with X as a unique nontrivial edge. For any �nite nonempty disjoint
sets I and J ,

∆
p�,�q
I,J pTI\Jq �

¹
xPI

Ttxu b
¹
yPJ

Ttyu, ∆
pX,Xq
I,J pTI\Jq � TI b TJ ,

∆
pX,�q
I,J pTI\Jq � TI b

¹
yPJ

Ttyu, ∆
p�,Xq
I,J pTI\Jq �

¹
xPI

Ttxu b TJ .

Remark 1.2. 1. As seen in Remark 1.1, graphs are hypergraphs, so H contains a subspecies
of graphs, which is a twisted subbialgebra. Moreover, if G is a graph,

∆p�,�qpGq � ∆pX,�qpGq � ∆p�,XqpGq � ∆pX,XqpGq.

We recover the twisted bialgebra of graphs of [14, 16, 17].

2. Let I1, . . . , In be disjoint sets. For any hypergraph G P HrI1 \ . . .\ Ins,

∆
p$,$q
I1,...,In

pGq � G|$I1 b . . .bG|$In ,

whereas

∆
p�,Xq
I1,...,In

pGq � G|p1qI1
b . . .bG|pnqIn ,

where for any p P rns,

V pG|ppqIpq � Ip, EpG|ppqIpq �teX Ip | e P EpGq, e � I1 \ . . .\ Ipu.

In other words, the nonempty edges of G|ppqIp are the sets eX Ip, where e runs among the
edges of G such that

maxti P rns | eX Ii � Hu � p.

Notations 1.2. In the following, we shall simply write ∆p$q for ∆p$,$q for $ P t�,Xu.

1.3 Contraction-extraction coproducts

In order to de�ne double bialgebras of graphs, we shall use here the formalism of contraction-
extraction coproducts of [16]. We introduce for this contractions of hypergraphs, with connect-
edness constraints.

De�nition 1.4. Let G be a hypergraph. A path in G is a sequence px0, . . . , xkq of vertices of
G such that for any i P rks, there exists an edge e P EpGq containing both xi�1 and xi. We
shall say that G is connected if for any x, y P V pGq, there exists a path in G from X to Y .
Any hypergraph G can be uniquely written as the product of connected hypergraphs, called the
connected components of G.
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Notations 1.3. We use the notations of [16, Notations 2.1] for the equivalence relations. For
any �nite set X, ErXs is the set of equivalence relations on X. It is partially ordered by the
re�nement order: if �,�1P ErXs, then

�¤�1ðñ p@x, y P X, x �1 y ùñ x � yq.

If �1P ErXs, then t�P ErXs |�¤�1u and ErX{ �1s are in bijection, via the map sending � to �
de�ned by

x�y ðñ x � y.

We identify in this way t�P ErXs |�¤�1u and ErX{ �1s.

De�nition 1.5. Let G P HrXs, �P ErXs and let $ P t�,Xu.

� We de�ne the hypergraph G{ �P HrX{ �s by

V pG{ �q � X{ �, EpG{ �q � tπ�peq | e P EpGqu,

where π� : X ÝÑ X{ � is the canonical surjection. By the conditions we imposed in
De�nition 1.1 on hypergraphs, this is indeed a hypergraph.

� We de�ne the hypergraph G |$�P HrXs by

G |$��
¹

CPX{�

G|$C .

� We shall say that �P E$rGs if for any class C of �, G|$C is connected.

Remark 1.3. For any hypergraph G and �P ErV pGqs, V pG |X�q � V pG |��q � V pGq, and

EpG |X�q � teX C | e P EpGq, C P V pGq{ �u,

EpG |��q � te P EpGq | |π�peq| ¤ 1u.

By de�nition, if �P E$rGs, the connected components of G|$C are the classes of �.

Theorem 1.6. Let $ P tX,�u. For any hypergraph G P HrXs and for any �P ErXs, we put

δp$q� pGq �

#
G{ � bG |$� if �P E$rGs,
0 otherwise.

This de�nes a contraction-extraction coproduct on H in the sense of [16], compatible with m and
∆p$q.

Let us start the proof of this theorem with a combinatorial lemma.

Lemma 1.7. Let G P rXs and $ P t�,Xu.

1. If �¤�1P ErXs, then the hypergraphs pG{ �1q{� and G{ � are equal.

2. Let �P ErXs. Then

�P E$rGs ðñ the connected components of G |$� are the classes of �.

3. Let �P E$rGs. The connected components of G{ � are the images by π� of the connected
components of G.

4. Let �¤�1P ErXs. Then

�1P E$rGs and � P E$rG{ �1s ðñ�P E$rGs and �1P E$rG |$�s.

If this holds, pG{ �1q |$ � � pG |$�q{ �
1.
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Proof. 1. Firstly, V ppG{ �1q{�q � V pGq{ �� V pG{ �q and secondly,

EppG{ �1q{�q � tπ� � π�1peq | e P EpGqu � tπ�peq | e P EpGqu � EpG{ �q.

Hence, pG{ �1q{� � G{ �.

2. Immediate consequence of the de�nition of E$rGs, as π� � π� � π�1 .

3. By de�nition of the connectivity, if H is a connected hypergraph and �P ErV pHqs, then
H{ � is connected. Consequently, if H is a connected component of G, π�pHq is connected, so
is included in a connected component of G{ �: we proved that the connected components of
G{ � are union of images by π� of connected components of G.

Let us consider the equivalence �G de�ned on V pGq by

x �G y if there exists a path in G from x to y.

By de�nition, the classes ofG are the connected components ofG, and �GP E$rGs. As �P E$rGs,
its classes are connected, so are included in a single connected component of G: �G¤�. There-
fore, if x and y are in two di�erent connected components of G, then π�pxq � π�pyq and there
is no edge containing these two elements in G{ �: any connected component of G{ � is included
in a single π�pHq, where H is a connected component of G.

4. ùñ. Let C be a class of �1. As �¤�1, pG |$�q|$C � G|$C , so is connected as �1P E$rGs.
Therefore, �1P E$rG |$�s.

Let C be a class of � and let x, y P C. As � P E$rG{ �1s, there exists a path from π�1pxq
to π�1pyq in pG{ �1q |$ �. We denote this path by pπ�1px0q, . . . , π�1pxkqq. Note that all the
elements π�1pxpq are �-equivalent, so all the elements xp are �-equivalent. By de�nition of
G{ �1, we can assume that for any p, there exists yp such that xp �

1 yp, and with an edge in G
containing both yp and xp�1. As �

1P E$rGs, for any p there exists a path from xp to yp, with all
the vertices being �1-equivalent, so also �-equivalent as �¤�1. Hence, there exists in G a path
from x to y with all vertices being �-equivalent: C is connected, which proves that �P E$rGs.

ðù. Let G P rXs and �¤�1P ErXs. Let us prove that if �P E$rGs and �1P E$rG |$�s, then
�1P E$rGs and � P E$rG{ �1s.

Let C be a class of �1. Then it is connected in G |$�, so also in G: we proved that �1P E$rGs.
Let π�1pCq be a class of �: as �¤�1, we can assume that C is a class of �. As �P E$rGs, C is
connected. By the third item of Lemma 1.7, π�1pCq is connected in G{ �1, so � P E$rG{ �1s.

Let us now prove the equality pG{ �1q |� � � pG |��q{ �
1. As �¤�1,

EppG{ �1q |� �q � tπ�1peq | e P EpGq, all the elements of π�1peq are �-equivalentu

� tπ�1peq | e P EpGq, all the elements of e are �-equivalentu

� EppG |��q{ �
1q.

Let us �nally prove the equality pG{ �1q |X � � pG |X�q{ �
1.

EppG{ �1q |X �q � tπ�1peq X C | e P EpGq, C P V pG{ �1q{�u

� tπ�1peq X π�1pCq | e P EpGq, C P V pGq{ �u,

EppG |X�q{ �
1q � tπ�1peX Cq | e P EpGq, C P V pGq{ �u.

Let e P EpGq and C P V pGq{ �. Obviously, π�1pe X Cq � π�1peq X π�1pCq. Let y P π�1peq X
π�1pCq. There exists y1 P e and y2 P C such that y �1 y1 �1 y2. As �¤�1, y � y1 � y2, so y1 P C
and y � y1 P π�1pe X Cq. We proved that π�1pe X Cq � π�1peq X π�1pCq, which implies that
pG{ �1q |X � � pG |X�q{ �

1.
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Proof. (Theorem 1.6). Let us �rst prove the coassociativity of δp$q, see [16, De�nition 2.2, third
item]. Let G P rXs and �¤�1P ErXs. Then, by Lemma 1.7, �rst item,

pδp$q� b Idq � δ
p$q
�1 pGq �

#
pG{ �1q{� b pG{ �1q |$ �bG |$�

1 if �1P E$rGs and � P E$rG{ �1s

0 otherwise

�

#
G{ � bpG{ �1q |$ �bG |$�

1 if �1P E$rGs and � P E$rG{ �1s

0 otherwise

pIdb δ
p$q
�1 q � δ

p$q
� pGq �

#
G{ � bpG |$�q{ �

1 bpG |$�q |$�
1 if �P E$rGs and �1P E$rG |$�s,

0 otherwise

�

#
G{ � bpG |$�q{ �

1 bG |$�
1 if �P E$rGs and �1P E$rG |$�s,

0 otherwise.

By Lemma 1.7, fourth item,

pδp$q� b Idq � δ
p$q
�1 pGq � pIdb δ

p$q
�1 q � δ

p$q
� pGq.

Let us now prove the multiplicativity of δp$q, see [16, Proposition 2.4]. LetG P HrXs andG1 P
HrY s, and �P ErX \ Y s. If ���X \ �Y , because of the connectivity condition, �R E$rGG1s,
so δp$q� pGG1q � 0. Otherwise, �P E$rGG1s if, and only if, �XP E$rGs and �Y P E$rG1s, and, if
this holds:

pGG1q{ � � pG{ �XqpG
1{ �Y q, pGG1q |$� � pG |$�XqpG

1 |$�Y q.

This implies that δp$q� pGG1q � δp$q�X
pGqδp$q�Y

pG1q.

Let us prove the compatibility of δp$q with ∆p$q, see [16, Proposition 2.5]. Let G P HrX\Y s,
�XP ErXs and �Y P ErY s. We put ���X \ �Y P ErX \ Y s.

p∆
p$q
X{�X ,Y {�Y

b Idq � δp$q� pGq

�

#
pG{ �q|$X{�X

b pG{ �q|$Y {�Y
bG |$� if �P E$rGs,

0 otherwise

�

#
pG|$Xq{ �X bpG|$Y q{ �Y bpG |$�q|$XpG |$�q|$Y if �XP E$rG|$Xs and �Y P E$rG|$Y s

0 otherwise

� m1,3,24 � pδ
p$q
�X

b δp$q�Y
q �∆

p$q
X,Y pGq.

Let us �nally prove that δp$q has a counit, see [16, De�nition 2.2, fourth item]. For any
hypergraph G P HrXs, we put

ϵδrXspGq �

#
1 if E�pGq � H,

0 otherwise.

If G P HrXs, let us denote by �0 the equivalence on X which classes are the connected compo-
nents of G. By de�nition, �0P E$rGs, G |�0� G and G{ �0 is a hypergraph with no nontrivial
edge. Moreover, if �P E$rGs is di�erent from �0, by the second item of Lemma 1.7, at least
one of the connected component of G{ � is not reduced to a vertex, so has a nontrivial edge:
ϵδrX{ �spG{ �q � 0. Hence,

pϵδ b Idq � δp$qpGq � G |�0 �0 � G.
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Let �1 be the equality of X. Then �1P E$rGs, G |�1 is a hypergraph with no nontrivial edge
and G{ �1� G. Moreover, if �P E$rGs is di�erent from �1, at least one of its class is not
reduced to a vertex, so, as it is connected, has a non trivial edge: ϵδrXspG |�q � 0. Hence,

pIdb ϵδq � δ
p$qpGq � G{ �1 �0 � G.

So ϵδ is the counit of δ.

Example 1.2. With the notations of Example 1.1,

δp�qpTtxuq � Ttxu b Ttxu,

δpXqpTtxuq � Ttxu b Ttxu,

δp�qpTtx,yuq � Ttx,yu b TtxuTtyu � Tttx,yuu b Ttx,yu,

δpXqpTtx,yuq � Ttx,yu b TtxuTtyu � Tttx,yuu b Ttx,yu,

δp�qpTtx,y,zuq � Ttx,y,zu b TtxuTtyuTtzu � Tttx,y,zuu b Ttx,y,zu,

δpXqpTtx,y,zuq � Ttx,y,zu b TtxuTtyuTtzu � Tttx,y,zuu b Ttx,y,zu

� Tttx,yu,tzuu b Ttx,yuTtzu � Tttx,yu,tzuu b Ttx,zuTtyu � Tttx,yu,tzuu b Tty,zuTtxu.

Consequently, if V is a vector space, we obtain four bialgebra structures on FV rHs. As a
vector space, they are generated by isomorphism classes of linearly V -decorated hypergraphs,
that is to say pairs pH, dHq, where H is a hypergraph and dH : V pGq ÝÑ V is a map, with
relations such that these decorations are linear in any vertex. The product is given by disjoint
union. The coproducts are given on any V -decorated hypergraph G by

∆p$,%qpGq �
¸

I�V pGq

G|$I bG|%V pGqzI ,

where p$,%q P t�,Xu2. Moreover, if pV, �, δV q is a not necessarily unitary, commutative and
cocommutative bialgebra, we obtain two double bialgebras pFV rHs,m,∆p$q, δp$qq, with $ P t�
,Xu. The coproduct δp$q is de�ned on any V -decorated hypergraph G by

δp$qpGq �
¸

�PE$rGs
G{ � bG |$�,

where the vertices of G{ � bG |$� are decorated in the following way: denoting by dGpxq the
decoration of the vertex x P V pGq, any vertex cl�pxq of G{ � is decorated by the products of
elements dGpyq

1, where y P cl�pxq, whereas the vertex x P V pG |�q � V pGq is decorated by
dGpxq

2, and everything being extended by multilinearity of each decoration. The counit ϵδ is
given on any mixed graph G by

ϵδpGq �

$'&
'%
¹

xPV pGq

ϵV � dGpxq if E
�pGq � H,

0 otherwise.

This construction is functorial in V .

In the particular case where V � K, we obtain the bosonic Fock functor FrHs. As a
vector space, a basis is given by isomorphisms classes of hypergraphs. It is given four bialgebra
structures pFrHs,m,∆p$,%qq and two double bialgebra structures pFrHs,m,∆p$q, δp$qq, with
$,% P t�,Xu.
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Example 1.3. For example, if Tn is the hypergraph with n vertices and a unique nontrivial edge
e containing all vertices, we obtain, for n ¥ 2,

∆p�,�qpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



T k
1 b Tn�k

1 ,

∆pX,XqpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



Tk b Tn�k,

∆pX,�qpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



Tk b Tn�k

1 ,

∆p�,XqpTnq � Tn b 1� 1b Tn �
n�1̧

k�1

�
n

k



T k
1 b Tn�k;

δp�qpTnq � Tn b Tn
1 � T1 b Tn,

δpXqpTnq �
¸

n�1k1�...�nkn

n!

1!k1 . . . n!knk1! . . . kn!
Tk1�...�kn b T k1

1 . . . T kn
n .

Remark 1.4. In [10], twelve coproducts on hypergraphs are introduced. The hypergraphs consid-
ered there are more general than ours, as the conditions we impose on edges of cardinality ¤ 1 is
not required. Let us denote by H1 the set of hypergraphs of [10] and by H1 the space generated
by the isoclasses. We de�ne a map θ from H1 to FrHs by sending any G P H1 to:

� 0 if G has an empty edge or an edge of cardinality 1.

� The unique hypergraph θpGq P H such that E�pθpGqq � E�pGq (that is to say we add the
empty set and all the singletons as edges).

It is then not di�cult to prove that θ is a bialgebra morphism from pH1,m,∆q to pFrHs,m,∆p�,�qq,
and from pH1,m,∆1q to pFrHs,m,∆p�,Xqq. The other coproducts ∆d, ∆c dans ∆cd of [10], using
duality and complementation, do not �t well with our context, because of the restrictions we
impose on hypergraphs. The coproduct δ of [10] is not δp�q, as shown by [10, Example 4.3].

Remark 1.5. We assume that for any hypergraph G, H and the singletons tvu, with v P V pGq,
belong to EpGq. We can relax this hypothesis by only assuming that H P EpGq. The objects
we obtain in this way will be called general hypergraphs. General hypergraphs are identi�ed
with hypergraphs decorated by the set t0, 1u: for any general hypergraph G, decorate its vertex
v P V pGq by 1 if tvu P EpGq and by 0 otherwise. Therefore, choosing any two-dimensional
commutative and cocommutative bialgebra with a basis pe0, e1q gives rise to two double bialgebra
structures on generalized hypergraph. For example, choosing the product and coproducts de�ned
by

e0 � e0 � e0, e0 � e1 � e1, δV pe0q � e0 b e0,

e1 � e0 � e1 e1 � e1 � e1, δV pe1q � e1 b e1,

we obtain coproducts ∆p�q and ∆pXq given by induction of sub-hypergraphs, cointeracting with
coproducts δp�q and ∆pXq of contractions and extractions. For the contraction part, the vertex
obtained by the identi�cation of a subset X of V pGq is part of an edge of cardinality 1 if, and
only if, at least one of the element of X is part of an edge of G of cardinality 1.

Proposition 1.8. Let V be a (non necessarily unitary) commutative and cocommutative bialge-
bra. For any linearly V -decorated hypergraph pG, dGq. The following map is a double bialgebra
morphism:

ΘV :

$''&
''%

FV rHs ÝÑ FrHs

pG, dGq ÞÝÑ

�
� ¹

xPV pGq

ϵV � dGpxq

�
G.
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Proof. The counit ϵV : V ÝÑ K is a bialgebra morphism. By functoriality, ΘV is a double
bialgebra morphism.

2 Polynomial invariants

2.1 Chromatic polynomials

From [14, Theorem 3.9], if $ P tX,�u, there exists a unique morphism P$ of double bialgebras
from pFV rHs,m,∆p$q, δp$qq to the double bialgebra pKrXs,m,∆, δq, with

∆pXq � X b 1� 1bX, δpXq � X bX.

Let us determine P$. Let G P HrXs be a nonempty hypergraph. Then, still from [14, Theorem
3.9],

P$pGq �
8̧

k�0

�
ϵ
bpk�1q
δ �

�
∆̃p$q

	pk�1q
pGq



HkpXq,

where Hk is the k-th Hilbert polynomial:

HkpXq �
XpX � 1q . . . pX � k � 1q

k!
.

Proposition 2.1. Let $ P tX,�u. The unique double bialgebra morphism P$ from pFrHs,m,
∆p$q, δp$qq to pKrXs,m,∆, δq sends any hypergraph G to a polynomial P$pGq such that, for any
N P N¡0:

� PXpGqpNq is the number of maps f : V pGq ÝÑ rN s such that if x and y are two distinct
elements of an edge e P EpGq, then fpxq � fpyq.

� P�pGqpNq is the number of maps f : V pGq ÝÑ rN s such that for any nontrivial edge
e P EpGq, f takes at least two di�erent values on e.

Proof. We obtain that

P$pGq �
8̧

k�1

¸
V pGq�I1\...\Ik

I1,...,Ik�H

ϵ1δpG|$I1q . . . ϵ
1
δpG|$IkqHkpXq

�
8̧

k�1

¸
f :V pGqÝÑrks
f surjective

@iPrks, E�pG|$f�1piqq�H

HkpXq.

Hence, for any N P N¡0, P$pGqpNq is the number of maps f : V pGq ÝÑ rN s such that for any
i P rN s, E�pG|$f�1piqq � H.

If S � X, this is equivalent to the fact that f�1piq contains at most one vertex of any
e P E�pGq, which gives the interpretation of the proposition. If S ��, this is equivalent to
the fact that any f�1piq does not contain any e P E�pGq, which gives the interpretation of the
proposition.

Remark 2.1. If G is a graph, both PXpGq and P�pGq are equal to the chromatic polynomial of
G.

Even without a coproduct δ making pFV rHs,m,∆p�,Xqq a double bialgebra (see Proposition
2.7), we can de�ne a Hopf algebra morphism, recovering the chromatic polynomial of [3, 4]:

14



Proposition 2.2. For any hypergraph G, there exists a polynomial P�,XpGq such that for any
N P N¡0, P�,XpGqpNq is the number of maps f : V pGq ÝÑ rN s such that for any e P E�pGq,
maxtfpxq | x P eu is obtained in exactly one element of e. Then P�,X : pFrHs,m,∆p�,Xqq ÝÑ
pKrXs,m,∆q is a Hopf algebra morphism.

Proof. The map ϵδ is a character of FV rHs. Hence, we obtain a bialgebra map

P�,XpGq �
8̧

k�1

¸
V pGq�I1\...\Ik

I1,...,Ik�H

ϵδpG|p1qI1
q . . . ϵδpG|pkqIk

qHkpXq.

In other words,

P�,XpGq �
8̧

k�1

¸
f :V pGqÝÑrks
f surjective

@iPrks, E�pG
|piqf�1piq

q�H

HkpXq.

By construction, for any N P N¡0, P�,XpGqpNq is the number of maps f : V pGq ÝÑ rN s such
that for any i P rN s, E�pG|piqf�1piqq � H. this is equivalent to the fact that for any edge e,

f�1pmaxpf|eqq X e does not contain any nontrivial edge of G, which means that it is reduced to
a single vertex. This gives the interpretation of the proposition.

Example 2.1. Let us use the notations of Example 1.3. If n ¥ 2,

PXpTnq � XpX � 1q . . . pX � n� 1q, P�pTnq � Xn �X.

Here are examples of P�,XpTnq:

P�,XpT1q � X

� H1pXq,

P�,XpT2q � XpX � 1q

� 2H2pXq,

P�,XpT3q �
XpX � 1qp2X � 1q

2
� 3H2pXq � 6H3pXq,

P�,XpT4q � X2pX � 1q2

� 4H2pXq � 24H3pXq � 24H4pXq,

P�,XpT5q �
XpX � 1qp2X � 1qp3X2 � 3X � 1q

6
� 5H2pXq � 70H3pXq � 180H4pXq � 120H5pXq,

P�,XpT6q �
X2pX � 1q2p2X2 � 2X � 1q

2
� 6H2pXq � 180H3pXq � 900H4pXq � 1440H5pXq � 720H6pXq,

P�,XpT7q �
XpX � 1qp2X � 1qp3X4 � 6X3 � 3X � 1q

6
� 7H2pXq � 434H3pXq � 3780H4pXq � 10920H5pXq � 12600H6pXq � 5040H7pXq.

The coe�cients of HkpXq in P�,XpTnq are given by Entry A282507 of the OEIS [22].
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2.2 Homogeneous polynomial invariants

In all this paragraph, we �x $ P t�,Xu.

Proposition 2.3. The following map is a bialgebra map from pFrHs,m,∆p$qq to pKrXs,m,∆q:

P0 :

"
FrHs ÝÑ KrXs

G ÞÝÑ X |V pGq|.

Proof. With the help of [14, Propositions 3.10 and 5.2], let us de�ne a homogeneous morphism
P0 : FrHs ÝÑ KrXs with the help of the element µ P FrHs�1 de�ned by

µp q � 1,

where is the unique hypergraph with one vertex. For any nonempty hypergraph G with n
vertices,

P0pGq �
8̧

k�1

µk �
�
∆p$q

	pk�1q
pGq

Xk

k!

�
8̧

k�1

¸
V pGq�I1\...\Ik

µpG|$I1q . . . µpG|$Ikq
Xk

k!

�
8̧

k�1

¸
V pGq�I1\...\Ik
|I1|�...�|Ik|�1

Xk

k!

� n!
Xn

n!
� 0

� Xn.

Remark 2.2. The map P0 is also a Hopf algebra morphism from pFrHs,m,∆p�,Xqq and from
pFrHs,m,∆pX,�qq to pKrXs,m,∆q.

We denote by ø$ the action of the monoid CharpFrHsq of characters of pFrHs,m, δp$qq
on the set of Hopf algebra morphisms from pFrHs,m∆p$qq to pKrXs,m,∆q induced by δp$q, as
de�ned in [14]: for any λ P CharpFrHsq, for any Hopf algebra morphism ϕ : pFrHs,m,∆p$qq ÝÑ
pKrXs,m,∆q,

ϕø$ λ � pϕb λq � δp$q.

Let λ0 be the character ϵδ � P0 of FrHs: for any hypergraph H,

λ0pHq � P0pHqp1q � 1.

By [14, Corollary 3.11],

P0 � P$ø$ λ0.

In order to "reverse" this formula, let us study the inverses of characters of FrHs.

Proposition 2.4. We denote by �$ the convolution induced by δp$q on the set of characters of
FrHs. Let ζ be a character of FrHs.

1. Then ζ is invertible for � if, and only if, ζp q � 0.

2. If ζp q � �1 and for any hypergraph G, ζpGq P Z, then for any hypergraph G, ζ�$�1pGq P
Z.
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Proof. 1. For any hypergraph G, let us denote by ccpGq the number of its connected components.
We put degpGq � |V pGq| � ccpGq. For any hypergraph G, for any �P EcrGs,

ccpG{ �q � ccpGq, |V pG{ �q| � clp�q,

ccpG |�q � clp�q, |V pG |�q| � |V pGq|,

where clp�q is the number of equivalence classes of �. Therefore, deg induces a graduation of
the bialgebra pFrHs,m, δp$qq. The result is then a direct consequence of [17, Lemma 3.9], where
the family of group-like elements is reduced to .

2. We proceed by induction on degpGq. If degpGq � 0, then δp$qpGq � GbG and we deduce
that

ζ�$�1pGq �
1

ζpGq
� �1.

Let us assume that the result is satis�ed for any graph H of degree   degpGq. Then

δp$qpGq � Gb |V pGq| � |ccpGq| bG�
¸

G1 bG2,

with G1 and G2 are hypergraphs with degpGq1,degpG2q   n. As degpGq ¡ 0, G has at least one
edge, and ϵδpGq � 0. Therefore, we put

ζ�$�1pGq � �
1

ζp q|V pGq|

�
1

ζp qccpGq
ζpGq �

¸
ζ�$�1pG1qζpG2q



P Z,

as ζp q � �1 and ζpG2q, ζ�$�1pG1q P Z.

This can be applied to λ0:

De�nition 2.5. We denote by λ$ the inverse of λ0 for the convolution product�$ associated to
δp$q. It exists, and for any hypergraph G, λ$pGq P Z.

Proposition 2.6. Let $ P t�,Xu. For any hypergraph G, P$pGq P ZrXs, and is a unitary
polynomial of degree |V pGq|. Moreover, the opposite of the coe�cient of X |V pGq|�1 in P$pGq is:

� the number of edges of G of cardinality 2 if $ ��.

�

¸
ePE�pGq

�
|e|

2



if $ � X.

Moreover, for any hypergraph G,

P$pGq �
¸

�PE$rGs
λ$pG |�qXclp�q. (1)

Proof. By Proposition 2.4,
P$ � P0 ø$ λ$.

This gives (1). For any hypergraph H, λ$pHq P Z, which leads to the conclusion that the
coe�cients of P$pGq are integers. Moreover, the degree of ϕ$pGq is smaller that |V pGq|. The
unique � contributing with a term of degree |V pGq| is the equality of V pGq, for which Gp|�q �
|V pGq|, so λ$pG |$�q � 1: P is unitary of degree |V pGq|.
The equivalences �P E$rGs contributing with a term X |V pGq|�1 have exactly one class tx, yu

of cardinality 2, the other ones being singleton. The connectedness condition implies that G|$tx,yu

should be the graph . For such an equivalence �,

λ$pG |$�q � λ$p
|V pGq|�2q � λ$p q � �1.

Consequently, the coe�cient of X |V pGq|�1 is the opposite of the number of such equivalences �,
that is to say the number of pairs tx, yu of G such that G|$tx,yu � . This leads directly to the
conclusion.
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See Proposition 2.18 for more results on the coe�cients of P$pGq.

Remark 2.3. In general, P�,XpHq R ZrXs, For example,

P�,XpT3q � X3 �
3

2
X2 �

1

2
X.

Proposition 2.7. There is no coproduct δp�,Xq on FrHs such that:

1. pFrHs,m,∆p�,Xq, δp�,Xqq is a double bialgebra.

2. The counit of δp�,Xq is ϵδ.

3. The character λ0 is invertible for the convolution � associated to δp�,Xq and for any hyper-
graph G, λ��1

0 pGq P Z.

4. For any hypergraph G, we can write

δp�,XqpGq �
¸

G1,G2 hypergraphs

aG1,G2pGqG1 bG2,

with aG1,G2pGq P Z for any G1, G2.

Proof. Let us assume that such a δp�,Xq exists. The unique double bialgebra morphism ϕ
from pFrHs,m,∆p�,Xq, δp�,Xqq to pKrXs,m,∆, δq is the unique bialgebra morphism ϕ from
pFrHs,m,∆p�,Xqq to pKrXs,m,∆q such that ϵδ � ϕ � ϵδ: it is Pp�,Xq. The morphism P0 is

also a bialgebra morphism from pFrHs,m,∆p�,Xqq to pKrXs,m,∆q. Denoting byø the action
induced by δp�,Xq,

P0 � Pp�,Xqø λ0.

As λ0 is invertible, Pp�,Xq � P0 ø λ��1
0 . Therefore, for any hypergraph G,

Pp�,XqpGq �
¸

G1,G2 hypergraphs

aG1,G2pGqλ
��1
0 pG2qX

|V pG1q| P ZrXs,

which is not the case for G � T3.

Corollary 2.8. There is no coproduct δ making pFrHs,m,∆p�,Xq, δq a double bialgebra, of the
form

δpGq �
¸

�PE 1rGs
G{ � bG|$�,

where E 1rGs is a set of equivalences on V pGq and $ P tX,�u.

Proof. Indeed, for such a coproduct:

� The compatibility with the product implies that if �P E 1rGs, then any class of � is included
into a single connected component of G.

� The existence of the counit implies then that the equality of V pGq belongs to E 1rGs, as well
as the one which classes are the connected components of G. Consequently, the counit is
ϵδ.

� Adapting the proof of Proposition 2.4, we obtain the condition on λ��1
0 .
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2.3 Acyclic orientations

If G is a graph, Stanley's theorem [23] gives that

PchrpGqp�1q � p�1q|V pGq|7tacyclic orientations of Gu.

We here extend this result to P�pGq and PXpGq when G are hypergraphs.

Notations 2.1. Let X be a set. Recall that a quasi-order on X is a transitive and re�exive relation
¤ on X. It is called total if for any x, y P X, x ¤ y or y ¤ x (note that x ¤ y, y ¤ x and x � y
may happen). If ¤ is a quasi-order on X, we de�ne an equivalence on X by

@x, y P X, x � y ðñ x ¤ y and y ¤ x.

The number of classes of � is denoted by clp¤q. The set X{ � is given an order by

@x, y P X{ �, x ¨ y ðñ x ¤ y.

De�nition 2.9. Let G be a hypergraph.

1. An acyclic orientation of G is a quasi-order ¤ on V pGq such that:

� For any e P E�pGq, ¤|e is a total nontrivial quasi-order on e.

� For any x, y P V pGq such that x   y, there exists a path px0, . . . , xkq in G with x � x0,
y � xk and x0   . . .   xk.

� For any x, y P V pGq, if x ¤ y and y ¤ x, then x, y belong to a same edge of G.

2. Let ¤ be an acyclic orientation of G.

� We shall say that ¤ is total if for any edge e, ¤|e is an order (hence, a total order).

� We shall say that ¤ is 1-max if for any edge e, the maximal class of ¤|e is a singleton.

Remark 2.4. Let G be a graph, considered as a hypergraph and let ¤ be an acyclic orientation
of G. By the �rst point, for any edge tx, yu of G, x   y or y   x: we obtain an orientation of
G by orienting any edge e according to  . As the vertices in an oriented path of G are strictly
increasing according to  , there is no cycle in this orientation: we recover an acyclic orientation
of G in its usual sense. Conversely, if G1 is an acyclic orientation of G in the usual sense, we
de�ne a partial order on V pGq by x ¤ y if there exists an oriented path from x to y in G1. It
is not di�cult to see that this is an acyclic orientation of the hypergraph G. Hence, acyclic
orientations of graphs G (seen as hypergraphs) are acyclic orientations in the usual sense.

Lemma 2.10. For any hypergraph G, for any $ P t�,Xu,

P$pGqp�1q �

|V pGq|¸
n�1

¸
V pGq�I1\...\In

I1,...,In�H,
@pPrns, E�pG|$Ip q�H

p�1qn,

and

Pp�,XqpGqp�1q �

|V pGq|¸
n�1

¸
V pGq�I1\...\In

I1,...,In�H,
@pPrns, E�pG

|ppqIp
q�H

p�1qn.
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Proof. Recall that P$ : pFrHs,m,∆p$qq ÝÑ pKrXs,m,∆q is a bialgebra morphism, so is a Hopf
algebra morphism. Let G be a hypergraph.

P$pGqp�Xq � S � P$pGq � P$ � S$pGq,

where S$pGq is the antipode of the Hopf algebra pFrHs,m,∆p$qq and S the antipode of pKrXs,m,∆q.
Moreover, by Takeuchi's formula [24],

S$pGq �

|V pGq|¸
n�1

¸
V pGq�I1\...\In

I1,...,In�H

p�1qnG|$I1 . . . G|$In .

Hence,

P$pGqp�1q �

|V pGq|¸
n�1

¸
V pGq�I1\...\In

I1,...,In�H

p�1qnP$pG|$I1qp1q . . . P$pG|$Inqp1q

�

|V pGq|¸
n�1

¸
V pGq�I1\...\In

I1,...,In�H

p�1qnϵδpG|$I1q . . . ϵδpG|$Inq

�

|V pGq|¸
n�1

¸
V pGq�I1\...\In

I1,...,In�H,
@pPrns, E�pG|$Ip q�H

p�1qn.

The proof is similar for Pp�,Xq.

Theorem 2.11. Let G be a hypergraph.

P�pGqp�1q �
¸

¤ acyclic orientation of G

p�1qclp¤q,

PXpGqp�1q � p�1q|V pGq||ttotal acyclic orientations of Gu|,

P�,XpGqp�1q �
¸

¤ 1-max acyclic orientation of G

p�1qclp¤q.

Proof. Let ¤ be an acyclic orientation of the hypergraph G and let ¤1 be a linear extension of
¤: ¤1 is a total quasi-order on V pGq such that

@x, y P V pGq, x ¤ y ùñ x ¤1 y,

x ¤ y and y ¤ xðñ x ¤1 y and y ¤1 x.

Let I1, . . . , Ik be the classes of �
1, indexed in such a way that for any px1, . . . , xkq P I1� . . .� Ik,

x1 ¤
1 . . . ¤1 xk. For any nontrivial edge e P EpGq, ¤|e is a nontrivial total quasiorder, so is equal

to ¤1
|e which in turn is nontrivial. As a consequence, no nontrivial edge is included in a single

class of �1: for any p P rks, E�pG|�Ikq � H.
If ¤ is a quasi-order on a set X, a linear extension of ¤ is a total quasi-order ¤1 on the same

set X, such that

@x, y P X, x ¤ y and y ¤ xðñ x ¤1 y and y ¤1 x,

x ¤ y ùñ x ¤1 y.

We put

A � tp¤,¤1q | ¤ acyclic orientation of G, ¤1 linear extension of ¤u,

B � tpI1, . . . , Ikq | V pGq � I1 \ . . .\ In, I1, . . . , In � H, @p P rns, E�pG|�Ipq � Hu,
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and, with the preceding notations, we obtain a map

ι :

"
A ÝÑ B

p¤,¤1q ÝÑ pI1, . . . , Ikq.

Let us prove that ι is injective. If ιp¤,¤1q � ιp¨,¨1q, then the classes of ¤1 and ¨1 are the
same, and in the same order: ¤1�¨1. Let us assume that x   y. As ¤ is an acyclic orientation
of G, there exists a path px � x0, . . . , xk � yq in G, with x0   . . .   xk. Then x0  

1 . . .  1 xk,
so x0  

1 . . .  1 xk. Let p P rks. xp�1 and xp are in the same edge e P EpGq. As ¨|e is a total
quasi-order, ¨|e�¨

1
|e, so xp�1   xp. By transitivity, x   y. By symmetry,  � , so ¨�¤.

Let us prove that ι is surjective. Let pI1, . . . , Inq P B. We de�ne a total quasi-order ¤1 on
V pGq by x ¤1 y if x P Ip and y P Iq, with p ¤ q. We then de�ne a partial quasi-order ¤ on V pGq
by x ¤ y if there exists a path px � x0, . . . , xk � yq in G with for any p P rks, xp�1  

1 xp. Then
¤1 is a linear extension of ¤, and it is not di�cult to prove that ¤ is an acyclic orientation of
G. Moreover, ιp¤,¤1q � pI1, . . . , Ikq.

Therefore,

P�pGqp�1q �
¸

pI1,...,InqPB

p�1qk �
¸

p¤,¤1qPA

p�1qclp¤q

�
¸

¨ acyclic orientation of G

� ¸
¨1 linear extension of ¨

p�1q|V pGq{�|

�
.

Let ¨ be the partial order on V pGq{ � induced by ¤ and Hassep¨q its Hasse graph. Then, by
the duality principle [17, Corollary 4.7], for any acyclic orientation ¤ of G,¸

¨1 linear extension of ¨

p�1q|V pGq{�| � EhrStrpHassep¨qqp�1q � p�1qclp¤q,

where EhrStr is the strict Ehrhart polynomial [17, Proposition 4.4]. Hence,

P�pGqp�1q �
¸

¤ acyclic orientation of G

p�1qclp¤q.

Let us now consider PX. We put

BX � tpI1, . . . , Inq | V pGq � I1 \ . . .\ In, I1, . . . , In � H, @p P rns, E�pG|XIpq � Hu.

If pI1, . . . , Ikq P BX, then for any I, E�pG|XIpq � E�pG|�Ipq � H, so pI1, . . . , Ikq P B. We
proved that BX � B. We put AX � ι�1pBXq. If p¨,¨

1q P AX then for any edge e of G, for any
class C of ¨1, C X e is H or is a singleton. Therefore, ¨|e�¨

1
|e (as ¨|e is total), so ¨|e is a total

order: ¨ is a total acyclic orientation of G. Conversely, let ¨ is a total acyclic orientation of G
and ¨1 a linear extension of ¨. If x �1

y, then x and y belong to a same edge of G, and then
x �1

|e y and, as �|e��
1
|e is a total order, x � y and �nally ¨1 is a total order. Hence, I1, . . . , In

are singletons. Therefore, obviously pI1, . . . , Inq P BX. We obtain

PXpGq �
¸

¤ total acyclic orientation of G

p�1qclp¤q.

Let ¤ be a total acyclic orientation of G. If x � y, then x and y belong to a common edge e of
G. As ¤|e is a total order, x � y, so the classes of ¤ are singleton and clp¤q � |V pGq|, which
gives the result.
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Let us �nally consider PX,�.

BX,� � tpI1, . . . , Inq | V pGq � I1 \ . . .\ In, I1, . . . , In � H, @p P rns, E�pG
|
ppq
X Ip

q � Hu.

If pI1, . . . , Ikq P BX,�, then for any I, E�pG|Ipq � E�pG|piqIpq � H, so pI1, . . . , Ikq P B. We

proved that BX,� � B. We put AX,� � ι�1pBX,�q. If p¨,¨1q P AX,�, then for any p, for
any edge e included in I1 \ . . . \ Ip, e X Ip is empty or is a singleton. Hence, for any edge e,
the maximal class of e (for ¨ or for ¨1, as they coincide on e), is a singleton, so ¨ is 1-max.
Conversely, Let ¨ be a 1-max acyclic orientation of G and ¨1 be a linear extension of ¨. Let
1 ¤ p ¤ n and e be a nonempty edge of G

|
ppq
X Ip

. There exists an edge f such that f � I1\ . . .\Ip

and e � f X Ip. As ¨ is 1-max, the maximal class of f is a singleton, so f X Ip is a singleton: we
obtain that e is trivial, so G|ppqIp has no non trivial edge. Therefore, p¨,¨1q P A�,X. We �nally
get

P�,XpGqp�1q �
¸

¤ acyclic 1-max orientation of G

p�1qclp¤q.

Let us give another interpretation for PX.

Notations 2.2. Let G be a hypergraph. We associate to G a graph ΓpGq, with V pΓpGqq � V pGq
and EpΓpGqq is the set of pairs tx, yu such that there exists e P EpGq, tx, yu � e. In particular,
if G is a graph, ΓpGq � G. This de�nes a species morphism from H to the species of simple
graphs Gs.

Proposition 2.12. The map Γ : pH,m,∆pX,Xq, δpXqq ÝÑ pGs,m,∆, δq is a morphism of twisted
bialgebra with a contraction-extraction coproduct. Moreover, PX � Pchr � FrΓs.

Proof. Obviously, Γ is an algebra morphism. Let G P HrXs be a hypergraph and I � X. Then
ΓpG|XIq � ΓpGq|I . If �P ErXs, then �P EXrGs if, and only if, �P EcrΓpGqs. Moreover, if this
holds,

ΓpG{ �q � ΓpGq{ �, ΓpG |X�q � ΓpGq |X� .

This implies that Γ is a coalgebra morphism. As a consequence, for any nonunitary commutative
bialgebra V , the map FV rΓs : FV rHs ÝÑ FV rGs is a double bialgebra morphism. In the
particular case V � K, by unicity of the unique double bialgebra morphism from FrHs to KrXs,

PX � Pchr � FrΓs.

Therefore, by Stanley's theorem:

Proposition 2.13. For any hypergraph G,

PXpGqp�1q � p�1q|V pGq|7tacyclic orientations of ΓpGqu.

Remark 2.5. For any hypergraph G, PXpGq is the chromatic polynomial of a graph. This is
generally not the case for P�pGq. By Example 2.1, P�pTnq � Xn � X: if n ¥ 3, this is not
the chromatic polynomial of a graph, as for such a polynomial, the non-zero coe�cients form a
connected sequence. Similarly, P�,XpGq is generally not the chromatic polynomial of a graph, as
they are generally not with integral coe�cients.

2.4 Antipodes

From [14, Corollary 2.3]:
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Corollary 2.14. For $ P tX,�u, let us denote by S$ the antipode of pFrHs,m,∆p$,$qq. For
any hypergraph G,

S�pGq �
¸

�PE�rGs

�
� ¸
¤ acyclic orientation of G{ �

p�1qclp¤q

�
G |��,

S�pGq �
¸

�PEXrGs
p�1qclp�q7t¤ acyclic orientation of G{ �uG |X� .

We cannot use the formalism of double bialgebras for the antipode of pFrHs,m,∆p�,Xqq,
which we simply denote by S. We shall use Takeuchi's formula [24]: for any nonempty hypergraph
G,

SpGq �

|V pGq|¸
k�1

p�1qk
¸

V pGq�I1\...\Ik,
I1,...,Ik�H

G|p1qI1
. . . G|pkqIk

. (2)

Let us consider the hypergraphs appearing in this sum. For such a hypergraph H, V pHq � V pGq,
and the nonempty edges of H are sets of the form e X Iθpeq, where e is a nonempty edge of G
and θpeq P rks. This leads to the following de�nition:

De�nition 2.15. Let G be a nonempty hypergraph, �P ErV pGqs and θ : EpGqztHu ÝÑ V pGq{ �
be a map such that for any nonempty edge e of G, eX θpeq � H.

1. We denote by G |θ� the graph such that

V pG |θ�q � V pGq, EpG |θ�q � teX θpeq | e P EpGqztHuu Y tHu.

2. We denote by G{θ � the oriented graph such that V pG{θ �q � V pGq{ � and with set of arcs
de�ned by the following: for any edge e P EpGq, for any π P V pGq{ � such that π X e P H
and π � θpeq, there is an arc from π to θpeq in G{θ �.

3. We shall write that p�, θq P E�,XrGs if the connected components of G |θ� are the classes
of � and if the oriented graph G{θ � is acyclic.

Proposition 2.16. For any nonempty hypergraph G,

SpGq �
¸

p�,θqPE�,XrGs

p�1qclp�qG |θ� .

Proof. Let us denote by E 1�,XrGs the set of pairs p�, θq such that the connected components of
G |θ� are the classes of �. Rewriting (2), we obtain that

SpGq �
¸

p�,θqPE 1�,XrGs

�
��������

¸
V pGq�I1\...\Ik,

I1,...,Ik�H,
G
|
p1q
I1

...G
|
pkq
Ik

�G|θ�

p�1qk

�
�������
G |θ� .

For any p�, θq P E 1�,XrGs, we put

P p�, θqpXq �
¸

V pGq�I1\...\Ik,
I1,...,Ik�H,

G
|
p1q
I1

...G
|
pkq
Ik

�G|θ�

HkpXq P KrXs,
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in such a way that (2) is rewritten as

SpGq �
¸

p�,θqPE 1�,XrGs

P p�, θqp�1qG |θ� .

By de�nition, for any N P N, P pG,�qpNq is the number of maps f : V pGq ÝÑ rN s such that

G
|
p1q

f�1p1q

. . . G
|
pNq

f�1pNq

� G |θ� .

We denote by AN the set of such maps f and by BN the set of maps g : V pGq{ �ÝÑ rN s such
that if pπ1, π2q is an arc of G{θ �, then gpπ1q   gpπ2q.

Let us now de�ne a bijection between AN and BN . Let f P AN . If x � y, then by de�nition
of E�,XrGs, x and y are in the same connected component of G |θ�, so they necessarily belong
to the same f�1piq and �nally fpxq � fpyq. Therefore, f induces a map f : V pGq{ �ÝÑ rN s
such that for any x P V pGq, fpxq � fpxq. Let us prove that f P BN . If pπ1, π2q is an arc of
G{θ �, there exists an edge e of G, such that eXπ1 � H, eXπ2 � H, π1 � π2 � θpeq. As eXπ2
is an edge of G |θ�� G

|
p1q

f�1p1q

. . . G
|
pNq

f�1pNq

, necessarily

fpπ2q � max f|e,

and fpπ1q   fpπ2q, so f P BN . We have de�ned a map"
AN ÝÑ BN

f ÞÝÑ f.

It is obviously injective. Let f P BN and let f : V pGq ÝÑ rN s be the unique map such that
for any x P V pGq, fpxq � fpxq. Let e be a nonempty edge of G. By construction of G{θ �,
the maximum of f over e is obtained on e X θpeq, so the contribution of e to the edges of
G
|
p1q

f�1p1q

. . . G
|
pNq

f�1pNq

is e X θpeq: we obtain that G
|
p1q

f�1p1q

. . . G
|
pNq

f�1pNq

� G |θ�. As a conclusion,

f P AN and AN and BN are in bijection.

As a conclusion, P p�, θqpXq is the strict Ehrhart polynomial EhrstrpG{θ �q of the oriented
graph G |θ�. If this oriented graph is acyclic, by the duality principle [17, Corollary 4.7], then

P p�, θqp�Xq � p�1q|V pGq{�|EhrpG{θ �qpXq,

where EhrpG{θ �q is the Ehrhart polynomial of G{θ �. In particular, EhrpG{θ �qp1q is the
number of maps f : V pGq{ �ÝÑ r1s such that for any arc pπ1, π2q of G{θ �, fpπ1q ¤ fpπ2q: this
is obviously 1. As a consequence, if p�, θq P E 1�,XrGs, then P p�, θqp�1q � p�1qclp�q. Otherwise,
G{θ � is not acyclic, so Ehrstrp�, θqpXq � 0, which implies that P pG{θ �qp�1q � 0. The results
immediately follows.

Remark 2.6. As pFrHs,m,∆pX,�qq is the coopposite of pFrHs,m,∆p�,Xqq, its antipode is S�1.
Moreover, as pFrHs,mq is commutative, S is involutive, so S�1 � S and the antipode of
pFrHs,m,∆pX,�qq and pFrHs,m,∆p�,Xqq are the same.

2.5 Coe�cients of the chromatic polynomials

Notations 2.3. Let G be a hypergraph. For any i, j ¥ 1, we denote by NGpi, jq the set of
hypergraphs G1 of G such that

V pG1q � V pGq, E�pG1q � E�pGq, ccpG1q � i, |E�pG1q| � j.

We denote by NGpi, jq the cardinality of NGpi, jq.

24



Lemma 2.17. Recall that λ� is the inverse of λ0 for the convolution product �� induced by δp�q.
For any hypergraph G,

λ�pGq �
¸
j¥0

p�1qjNGpccpGq, jq.

Proof. We de�ne µ P FrHs� by

µpGq �
¸
j¥0

p�1qjNGpccpGq, jq,

for any hypergraph G. Let us prove that for any hypergraph G, λ0 �� µpGq � ϵδpGq.

λ0 �� µpGq �
¸

�PE�rGs
µpG |��q

�
¸

�PE�rGs

¸
j¥0

p�1qjNGpclp�q, jq.

There is an obvious bijection

tF � E�pGq | rF | � ju ÝÑ
§

�PE�rGs
NG|��pclp�q, jq

which sends F � E�pGq to the hypergraph pV pGq, F q, belonging to NG|��pcl
1 �q, jq where

� is the equivalence on V pGq which classes are the connected components of the hypergraph
pV pGq, F q. Hence,

λ0 �� µpGq �
¸

F�E�pGq

p�1q|F |

�

#
1 if |E�pGq| � H,

0 otherwise

� ϵδpGq.

Let us deduce the following description of the coe�cients of P�pGq, which can be found in
[6, 25]:

Proposition 2.18. For any i ¥ 1, the coe�cient ai of X
i in P�pGq is

ai �
¸
j¥0

p�1qjNGpi, jq.

Proof. From Proposition 2.6,

P�pGq �
¸

�PE�rGs
λ�pG |�qXclp�q. (3)

Consequently, combining with Lemma 2.17, for any i ¥ 1,

ai �
¸

�PE�rGs,
clp�q�i

¸
j¥0

p�1qjNG|�pi, jq.

Moreover, there is an obvious bijection

NGpi, jq ÝÑ
§

�PE�rGs,
clp�q�i

NG|��pi, jq,

sending G1 to itself, seen as an an element of NG|��pi, jq, where � is the equivalence which
classes are the connected components of G1. Consequently,

ai �
¸
j¥0

NGpi, jq.
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Remark 2.7. If G is a hypergraph with n vertices, then NGpn�1, jq � 0 if j � 1 and NGpn�1, 1q
is the number of edges of G of cardinality 2. We recover the result of Proposition 2.6.

Proposition 2.19. We de�ne a map ϖ on FrHs by the following: for any hypergraph G,

ϖpGq �
¸

�PE�rGs

�¸
j¥0

p�1qjNG{�p1, jq

�
G |�� .

Then ϖ is the projector on the space PrimpFrHsq of primitive elements of FrHs which van-
ishes on p1q ` Kerpεq2 (eulerian idempotent). Consequently, a basis of PrimpFrHsq is given by
pϖpGqqG connected hypergraph.

Proof. By [14, Proposition 4.1], the in�nitesimal character lnpϵδq is given on any hypergraph G
by

lnpϵδqpGq �
¸
j¥0

p�1qjNGp1, jq.

We conclude with [14, Corollary 4.5].

2.6 Morphisms to quasishu�e algebras

We assume in this paragraph that pV, �, δV q is a nonunitary, commutative and cocommutative
bialgebra. By [16, Proposition 3.9], FV rHs is a bialgebra over V , with the coaction ρ described
as follows: if G is a V -decorated hypergraph with n vertices, we arbitrarily index these vertices
and we denote by Gpv1, . . . , vnq the hypergraph with for any i, the i-th vertex of G decorated by
vi. Then

ρpGpv1, . . . , vnqq � Gpv11, . . . , v
1
nq b v21 � . . . � v

2
n.

Notations 2.4. The map πV : T pV q ÝÑ KrXs is de�ned by

@v1, . . . , vn P V, πV pv1 . . . vnq � ϵV pv1q . . . ϵV pvnq
XpX � 1q . . . pX � n� 1q

n!
.

It is a double bialgebra morphism.

By [15, Theorem 2.7]:

Proposition 2.20. Let pV, �, δV q be a commutative, not necessarily unitary bialgebra.

1. For any hypergraph G, we denote by VCXpGq the set of surjective maps f : V pGq ÝÑ rks
such that if x and y are two distinct elements of an edge e P EpGq, then fpxq � fpyq. The
unique double bialgebra morphism over V from pFV rHs,m,∆pX,Xq, δpXqq to pT pV q,],∆, δq
sends any V decorated hypergraph G to

ΦXpGq �
¸

fPVCXrGs

�
� �¹

fpiq�1

vi

�
. . .

�
� �¹

fpiq�maxpfq

vi

�
.

Moreover, PX �ΘV � πV � ΦX.

2. For any hypergraph G, we denote by VC�pGq the set of surjective maps f : V pGq ÝÑ rks
such that if e is a nontrivial edge of G, then f takes at least two di�erent values on e. The
unique double bialgebra morphism over V from pFV rHs,m,∆p�,�q, δp�qq to pT pV q,],∆, δq
sends any V decorated hypergraph G to

Φ�pGq �
¸

fPVC�rGs

�
� �¹

fpiq�1

vi

�
. . .

�
� �¹

fpiq�maxpfq

vi

�
.

Moreover, P� �ΘV � πV � Φ�.
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Proof. Let $ P tX,�u. Both maps P$ �ΘV and πV � Φ$ are double bialgebra morphisms from
pFV rHs,m,∆p$q, δp$qq to pKrXs,m,∆, δq. By unicity of such a morphism, they are equal.

Even without the double bialgebra structure, we can de�ne a Hopf algebra morphism for
∆pX,�q, with [15, Theorem 2.3]:

Proposition 2.21. Let pV, �q be a commutative, not necessarily unitary algebra. For any hy-
pergraph G, we denote by VCX,�pGq the set of surjective maps f : V pGq ÝÑ rks such that if e
is a nontrivial edge of G, then maxtfpxq | x P eu is obtained in exactly one element of e. The
following de�nes a Hopf algebra morphism from pFV rHs,m,∆pX,�qq to pT pV q,],∆q: for any
V -decorated hypergraph G,

ΦX,�pGq �
¸

fPVCX,�rGs

�
� �¹

fpiq�1

vi

�
. . .

�
� �¹

fpiq�maxpfq

vi

�
.

Moreover, PX,� �ΘV � πV � ΦX,�.

3 Multi-complexes

3.1 De�nition

Recall that a multiset is a map X : S ÝÑ Nzt0u, where S is a set, called the support of X and
denoted by supppXq. For any x P supppXq, Xpxq is the multiplicity of x in X. Multisets are
usually seen as "sets with repetitions of elements": for example, the multiset

X :

$''&
''%

ta, b, cu ÝÑ Nzt0u
a ÞÝÑ 1
b ÞÝÑ 3
c ÞÝÑ 2

is represented by ta, b, b, b, c, cu. If X and Y are two multisets, X � Y if supppXq � supppY q
and for any x P supppXq, Xpxq ¤ Y pxq. For example, ta, a, b, b, b, cu � ta, a, a, b, b, b, c, c, c, du.

The notion of multi-complexes is introduced in [19]. Let us give a slightly modi�ed de�nition,
adapted to our setting:

De�nition 3.1. A multi-complex is a triple C � pV pCq, EpCq,¤Cq, where:

� V pCq is a �nite set, called the set of vertices of C.

� EpCq is a multiset of multisets, such that:

� For any e P EpCq, the support supppeq of e is a subset of V pCq.

� For any x P V pCq, txu is an element of the multiset EpCq of multiplicity 1.

� H is an element of the multiset EpCq of multiplicity 1.

The elements of EpCq are called the edges of C.

� ¤C is a partial order on the multiset EpCq such that:

� For any x P EpCq, for any e P EpCq, txu ¤C e if, and only if, x P supppeq.

� For any e P EpCq, H ¤C e.

� For any e, f P EpCq, if e ¤C f , then e � f .
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For any �nite set X, the set of multi-complexes C with V pCq � X is denoted by MCrXs, and
the vector space generated by MCrXs is denoted by MCrXs. Then MC is a set species and MC
is a species.

Example 3.1. Here is a multicomplex C. We put V pCq � ta, b, c, du, and

EpCq �

"
H, tau, tbu, tcu, tdu,

ta, bu, ta, cu, ta, cu, tb, du, tc, du, ta, b, cu, ta, a, cu, tb, b, du

*
,

with the partial order given by its Hasse graph:

ta, b, cu ta, a, cu tb, b, du

ta, bu

uuuuuuuuu
ta, cu ta, cu tb, du tc, du

tau

uuuuuuuuu

iiiiiiiiiiiiiiiiiiiii
tbu

IIIIIIIIII

iiiiiiiiiiiiiiiiiiiiii
tcu

KKKKKKKKKK

jjjjjjjjjjjjjjjjjjjjj
tdu

uuuuuuuuu

H

UUUUUUUUUUUUUUUUUUUUUUU

KKKKKKKKKKKK

sssssssssss

Hypergraphs are multi-complexes, with ¤ given by the inclusion; note that in this case, the
edges of C are sets, and the multiset of edges is also a set. Simplicial complexes and ∆-complexes
are also multi-complexes, see [19].

3.2 Hopf algebraic structures multi-complexes

A Hopf algebra of multi-complexes is introduced in [19]. Let us lift this to the twisted level. LetX
and Y be two disjoint sets. If C PMCrXs andD PMCrY s, the multi-complex CD PMCrX\Y s
is de�ned by

V pCDq � X \ Y, EpCDq � EpCq \ EpY q,

and for any e, f P EpCDq,

e ¤CD f if (e, f P EpCq and e ¤C f) or (e, f P EpDq and e ¤D f).

This de�nes a associative, commutative product m on MC, which unit is the empty multi-
complex.

For any �nite sets X � Y and for any multi-complex C PMCrY s, we de�ne C|X by

V pC|Xq � X, EpC|Xq � te P EpCq | supppCq � Xu, ¤C|X
� p¤Cq|EpC|Xq.

This is indeed a multi-complex. We then de�ne a coproduct ∆ on MC by the following: for any
�nite sets X and Y , for any C PMCrX \ Y s,

∆X,Y pXq � C|X b C|Y .

Proposition 3.2. pMC,m,∆q is a twisted bialgebra. Moreover, FrMCs is the Hopf algebra of
multi-complexes of [19].

Proof. Similar to the proof of Proposition 1.3.
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Let us now de�ne an extraction-contraction coproduct on MC.

Let C be a multi-complex, and let x, y P V pCq. A path from x to y is a sequence px0, . . . , xkq
of vertices of C such that:

� x0 � x and xk � y.

� For any i P rks, there exists e P EpCq such that xi�1, xi P e.

We shall say that C is connected if for any x, y P V pCq, there exists a path from x to y in C.

Let X be a �nite set, �P ErXs and C PMCrXs.

1. We shall say that �P EcrCs if for any ϖ P X{ �, C|ϖ is connected.

2. We denote by X |� the multi-complex de�ned by

V pC |�q � V pCq,

EpC |�q � te P EpCq | @x, y P supppeq, x � yu,

¤C|� � p¤Cq|EpC|�q.

In other words,

C |��
¹

ϖPX{�

C|ϖ.

3. We denote by X{ � the multi-complex de�ned by

V pC{ �q � V pV q{ �,

EpC{ �q � tπpeq | e P EpCqu,

where π� : V pCq ÝÑ V pCq{ � is the canonical surjection. It is noticeable that EpC{ �q
is a multiset, that is to say we distinguish all the πpeq, e P EpCq, in EpC{ �q, except for
the trivial edges (which are and the singletons, which remains of multiplicity 1). In other
terms, if e is a multiset of support included in V pCq{ �, its multiplicity in EpC{ �q is the
sum of the multiplicities of the edges e P EpC{ �q such that πpeq � e. The partial order
on EpC{ �q is de�ned by

π�peq ¤C{� π�pfq ðñ e ¤C f.

Example 3.2. Let us consider the multi-complex C of Example 3.1 again. Let� be the equivalence
which classes are ta, bu and tc, du. Because its classes are edges of C, �P EcrCs. Moreover,
V pC |�q � ta, b, c, du, and

EpC |�q �

"
H, tau, tbu, tcu, tdu,

ta, bu, tb, du

*
,

with the partial order given by its Hasse graph:

ta, bu tc, du

tau tbu

EEEEEEEE

tcu

yyyyyyyy
tdu

H

QQQQQQQQQQQQQQQQQ

BBBBBBBB

yyyyyyyyy
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Moreover, V pC{ �q � ta, cu, and

EpCq �

"
H, tau, tcu,

ta, au, ta, cu, ta, cu, ta, cu, tc, cu, ta, a, cu, ta, a, cu, ta, a, cu

*
,

with the partial order given by its Hasse graph:

ta, a, cu ta, a, cu ta, a, cu

ta, au

uuuuuuuuu
ta, cu ta, cu ta, cu tc, cu

tau

JJJJJJJJJ

ssssssssss

iiiiiiiiiiiiiiiiiiiiiii
tcu

uuuuuuuuuu

UUUUUUUUUUUUUUUUUUUUUUU

KKKKKKKKKK

H

KKKKKKKKKKKK

ssssssssssss

Theorem 3.3. For any multi-complex C PMCrXs and for any �P ErXs, we put

δ�pCq �

#
C{ � b C |� if �P EcrCs,
0 otherwise.

This de�nes a contraction-extraction coproduct on MC in the sense of [16], compatible with m
and ∆.

Proof. Similar to the proof of Theorem 1.6.

4 Link with hypergraphs

De�nition 4.1. Let C be a multi-complex. We de�ne the hypergraph κpCq by

V pκpCqq � V pCq, EpκpCqq � supptsupppeq | e P EpCqu.

In other words, κpCq is obtained from C by forgetting the partial order ¤C and the multiplicities
in the edges and in EpCq. This de�nes a species morphism κ : MC ÝÑ H.

The following is obtained by direct veri�cations:

Proposition 4.2. κ : pMC,m,∆q ÝÑ pH,m,∆p�qq is a twisted bialgebra morphism. Moreover,
it is compatible with the contraction-extraction coproducts δ and δp�q.

As a consequence, the unique double bialgebra morphism from FrMCs to KrXs is P� �Frκs.

From [14, Corollary 2.3]:

Corollary 4.3. Let us denote by S the antipode of pFrMCs,m,∆q. For any mutli-complex C,

SpCq �
¸

�PEcrCs

�
� ¸
¤ acyclic orientation of κpC{ �q

p�1qclp¤q

�
C |� .

By [14, Corollary 4.5]:

Proposition 4.4. We de�ne a map ϖ on FrMCs by the following: for any multi-complex C,

ϖpCq �
¸

�PEcrCs

�¸
j¥0

p�1qjNκpC{�qp1, jq

�
C |� .

Then ϖ is the projector on the space PrimpFrMCsq of primitive elements of FrMCs which
vanishes on p1q ` Kerpεq2 (eulerian idempotent). Consequently, a basis of PrimpFrMCsq is
given by pϖpCqqC connected multi-complex.
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